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PREFACE. 

The  favorable  reception  accorded  to  the  first  two  volumes  of  this  history  has 
encouraged  the  author  to  complete  promptly  the  present  third  volume  which  is 
doubtless  the  most  important  one  of  the  series. 

By  a  "form"  we  mean  a  homogeneous  polynomial  such  as  f=ax2  +  ~bxy  +  cy2,  all 
of  whose  terms  are  of  the  same  total  degree  in  x  and  y.  The  arithmetical  theory  of 
forms  has  an  important  application  to  the  problem  to  find  all  ways  of  expressing  a 
given  number  m  in  a  given  form  ff  i.  e.,  to  find  all  sets  of  integral  solutions  x,  y  of 
ax2  +  ~bxy  +  cy2  —  m.  For  this  application  we  do  not  consider  merely  the  given  form  /, 
but  also  the  infinitude  of  so-called  equivalent  forms  g  which  can  be  derived  from  / 
by  applying  linear  substitutions  with  integral  coefficients  of  determinant  unity.  It 
is  by  the  consideration  of  all  these  forms  g  that  we  are  able  to  solve  completely  the 
proposed  equation  f=m.  The  theory  needed  for  this  purpose  is  called  the  arith- 
metical theory  of  forms,  which  is  the  subject  of  the  present  volume.  This  theory 
is  applicable  to  most  of  the  problems  discussed  in  Volume  II.  The  present  methods 
have  the  decided  advantage  over  the  special  methods  described  in  Volume  II  in  that 
they  give  at  once  also  the  solution  of  each  of  the  infinitely  many  equations  g—m. 
By  thus  treating  together  whole  classes  of  equivalent  equations,  the  present  methods 
effect  maximum  economy  of  effort. 

Enough  has  now  been  said  to  indicate  that  we  are  concerned  in  Volume  III  mainly 
with  general  theories  rather  than  with  special  problems  and  special  theorems.  The 
investigations  in  question  are  largely  those  of  leading  experts  and  deal  with  the  most 
advanced  parts  of  the  theory  of  numbers.  Such  a  large  number  of  the  important 
papers  are  so  recent  that  all  previous  reports  and  treatises  (necessarily  all  very 
incomplete)  are  entirely  out  of  date. 

As  in  the  case  of  the  first  two  volumes,  no  effort  has  been  spared  to  make  the  list 
of  references  wholly  complete.  There  was  now  the  additional  burden  of  examining 
many  titles  which  turned  out  to  relate  to  the  algebraic  theory  of  forms,  rather  than 
the  arithmetical  theory. 

The  prefaces  to  the  first  two  volumes  gave  a  clear  account  of  the  leading  results  on 
the  subjects  treated.  This  was  possible  partly  on  account  of  the  elementary  nature 
of  most  of  those  subjects,  and  partly  because  the  gist  of  the  investigations  could  be 
embodied  in  definite  theorems  expressed  without  the  use  of  technical  terms.  But 
in  the  case  of  Volume  III,  it  is  a  question  not  primarily  of  explicit  results,  but  chiefly 
of  general  methods  of  attacking  whole  classes  of  problems,  the  methods  being  often 
quite  intricate  and  involving  extensive  technical  terminology.  Accordingly  it  is  not 
possible  to  present  in  this  preface  a  simple  summary  of  the  contents  of  the  volume ; 
perhaps  the  opening  sentences  of  the  preface  have  provided  sufficient  orientation  in 
the  subject.  However,  to  each  of  the  longer  chapters  is  prefixed  an  appropriate 
introduction  and  summary. 
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The  congruencial  theory  of  forms,  presented  in  the  final  chapter,  is  not  only  of 
special  intrinsic  interest,  but  has  important  applications  in  the  theory  of  congruence 
groups  and  in  the  classic  theory  of  genera  of  ordinary  arithmetical  forms  as  developed 
especially  by  Poincare  and  Minkowski  (Ch.  XI). 

The  proof-sheets  of  each  chapter  were  read  critically  by  at  least  one  specialist  in 
the  subject  of  the  chapter.  Mrs.  Mayme  I.  Logsdon  of  the  University  of  Chicago 
read  the  short  Ch.  XVII.  Miss  Olive  C.  Hazlett  of  Mount  Holyoke  College  read 
Chs.  XVIII  and  XIX.  All  of  the  earlier  sixteen  chapters  were  read  by  E.  T.  Bell 
of  the  University  of  Washington,  by  L.  J.  Mordell  of  the  University  of  Manchester, 
England,  and  by  A.  Speiser  of  the  University  of  Zurich,  each  a  well  known  expert 
in  the  arithmetical  theory  of  forms.  Both  Bell  and  Mordell  compared  many  of  the 
reports  with  the  original  papers.  Such  a  comparison  was  made  independently  by 
the  author. 

G.  H.  Cresse  devoted  five  years  to  the  preparation  of  the  report  in  Ch.  VI  on  the 
difficult  subject  of  the  number  of  classes  of  binary  quadratic  forms,  which  involves 
many  branches  of  pure  mathematics.  His  historical  and  critical  report  was  written 
as  a  thesis  for  the  doctorate  at  Chicago,  and  will  prove  indispensable  to  future 
investigators  in  this  difficult  subject.  Mordell  read  critically  the  manuscript  of  this 
long  Ch.  VI,  compared  the  reports  with  the  original  papers,  read  also  the  proof-sheets, 
and  on  each  occasion  made  numerous  important  suggestions.  Bell,  who  read  a  portion 
of  the  manuscript  and  most  of  the  proof-sheets,  made  valuable  suggestions  resulting 
in  improvement  in  the  presentation  of  the  reports  on  papers  which  follow  the  methods 
of  Hermite  and  Humbert.  A.  Ziwet  of  the  University  of  Michigan  translated  for 
Cresse  important  portions  of  papers  in  Bohemian. 

The  volume  has  been  much  improved  as  to  clearness  and  accuracy  by  the  generous 
aid  from  Bell  and  Mordell,  whose  many  investigations  in  this  field  made  their 
cooperation  most  valuable.  In  particular,  MordelPs  criticisms  proved  his  mastery 
of  practically  every  subject  in  this  extensive  and  intricate  branch  of  mathematics. 

Headers  are  requested  to  send  notice  to  the  author  of  errata  or  omissions,  which 
will  be  published  later  as  a  supplement. 
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CHAPTER  I. 

REDUCTION   AND  EQUIVALENCE   OF  BINARY  QUADRATIC  FORMS, 
REPRESENTATION  OF  INTEGERS. 

INTRODUCTION. 

There  will  be  given  in  Chapters  II- VIII  reports  of  the  literature  on  the  following 
topics  of  the  arithmetical  theory  of  binary  quadratic  forms:  Explicit  values  of  x, 
y  in  x2  +  Ay2  =  g,  composition,  orders  and  genera,  irregular  determinants,  number 
of  classes  of  forms  with  integral  coefficients,  forms  whose  coefficients  are  complex 
integers  or  integers  of  a  field,  and  their  class  number.  The  present  chapter  deals 
with  the  remaining,  miscellaneous  topics,  the  nature  of  which  will  be  clear  from  the 
following  brief  summary. 

Euler  was  the  first  to  publish  (in  1761,  1763)  proofs  of  the  facts  that  every  prime 
of  the  form  6n  + 1  can  be  represented  by  x2  +  3#2,  and  every  prime  8h  + 1  by  xz  +  2y2. 
These  and  a  few  similar  theorems  had  been  merely  stated  by  Fermat  in  1654.  In 
1773,  Lagrange  proved  many  such  facts  by  means  of  his  general  theory  of  reduc- 
tion and  equivalence  of  binary  quadratic  forms.  In  1798,  Legendre  simplified  and 
extended  Lagrange's  methods  and  tables,  being  aided  largely  by  the  reciprocity  law 
for  quadratic  residues  (although  his  proof  of  it  was  not  quite  complete). 

In  1801,  Gauss  introduced  many  new  concepts  and  extended  the  theory  in  various 
directions.  His  work  has  continued  to  occupy  the  central  position  in  the  literature, 
although  many  of  his  methods  have  since  been  materially  simplified  by  Dirichlet, 
and  to  a  less  extent  by  Arndt  and  Mertens. 

In  1851,  Hermite  developed  his  fundamental  method  of  continual  reduction. 
Closely  related  to  it  is  the  geometrical  theory  introduced  by  Smith  in  1876  and 
applied  by  him  to  elliptic  modular  functions,  later  simplified  by  Hurwitz  in  1894,  by 
Klein  in  1890,  1896,  and  by  Humbert  in  1916,  1917.  A  like  goal  was  reached  by 
Dedekind  in  1877  and  Hurwitz  in  1881,  both  by  means  of  the  equivalence  of  com- 
plex numbers. 

Selling  gave  in  1874  important  methods  of  reducing  both  definite  and  indefinite 
forms.  In  1880,  Poincare  gave  extensions  of  the  methods  of  representing  numbers 
a+.b  VD  by  points,  and  forms  by  lattices.  In  1881  and  1905,  he  constructed  trans- 
cendental arithmetic  invariants.  Kronecker  in  1883  and  Stouff  in  1889  studied 
reduction  and  equivalence  under  special  types  of  substitutions.  The  investigation 
by  Markoff  in  1879  of  the  upper  limits  of  the  minima  of  forms  was  resumed  by 
Schur  and  Frobenius  in  1913  and  Humbert  in  1916.  There  are  many  further 
investigations  of  a  special  or  miscellaneous  character. 
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DEFINITIONS  AND  NOTATIONS. 

Lagrange  considered  the  general  binary  quadratic  form 
(1)  ax2  +  bxy  +  cy2 

with  integral  coefficients.    Gauss  restricted  attention  to 
(2) 


in  which  the  middle  coefficient  is  even,  and  called  b2—ac  the  determinant  of  (2). 
The  form  (1)  is  not  only  more  general  than  (2),  but  has  the  special  advantage  of 
being  more  suitable  for  Dedekind's  important  correspondence  between  classes  of  forms 
(1)  and  certain  sets  of  algebraic  numbers  determined  by  a  root  of  ag2  +  b£+c=Q. 
The  discriminant  d=b2  —  4ac  of  this  equation  is  called  the  discriminant1  of  (1), 
and  plays  an  important  role  in  the  correspondence  mentioned.  Except  when  the 
contrary  is  expressly  stated,  the  notation  (a,  I,  c)  will  be  used  for  (2),  and  not 
for  (1). 

If  there  exist  integers  x,  y  for  which 

(3)  ax2  +  bxy  +  cy2  =  m, 

the  form  (1)  is  said  to  represent  m.    According  as  x  and  y  are  relatively  prime  or 
not,  the  representation  (x,  y}  is  said  to  be  proper  or  improper. 
If  to  the  form  /  defined  by  (1)  we  apply  a  substitution 


(4) 

with  integral  coefficients  of  determinant  A  =  a8  —  /?y  =^0,  we  obtain 

(5) 

where 

(6)  a'=a 


The  discriminant  df  of  /'  is  equal  to  A2d.  Thus  d'  =  d  if  and  only  if  A=  ±1.  The 
latter  is  a  necessary  and  sufficient  condition  that  the  inverse  of  the  substitution  (4) 
shall  have  integral  coefficients.  When  this  is  the  case,  the  forms  /  and  /'  evidently 
represent  the  same  numbers  and  are  said  to  be  properly  or  improperly  equivalent, 
according  as  A=  +1  or  A=  —  1. 

Fermat2  stated  that  he  had  a  solution  of  a  problem  he  had  proposed  to  Frenicle  de 
Bessy  :  To  find  in  how  many  ways  a  given  number  is  the  sum  of  the  two  legs  of  a 
right  triangle.  In  his  reply,  Frenicle3  stated  that  every  prime  of  the  form  Sn  ±  1  is 
the  sum  of  the  two  legs  of  a  right  triangle,  and  every  number  which  is  the  sum  of 
the  legs  of  a  primitive  right  triangle  is  of  the  form  Sn±  1.  Every  product  of  primes 
of  the  forms  Sn  ±  1  is  the  difference  between  the  legs  of  an  infinitude  of  primitive 

1  This  is  in  accord  with  Dedekind,  Kronecker,  Weber,  and  others.    But  in  the  Encyclopedia 

des  sc.  math.,  t.  I,  v.  3,  p.  101,  p.  132,  4ac  —  b2  is  called  the  discriminant  of  (1),  and 
ac  —  b2  that  of  (2). 

2  Oeuvres,  2,  1894,  221,  226  (§  11);  letters  to  Mersenne  and  Frenicle,  June  15,  1641. 

3  Oeuvres  de  Fermat,  2,  1894,  231,  235;  letters  to  Fermat,  Aug.  2,  Sept.  6,  1641. 
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right  triangles.  [The  surn  of  the  legs  x2  —  y2,  2xy  is  (x  +  y)2  —  2y2  and  their  differ- 
ence is  (x-y)2-2y2  or  2y2-  (x-y)2.} 

Fermat4  stated  that  every  prime  8n  +  l  or  8^  +  3  is  of  the  form  x2  +  2y2,  that  every 
prime  3n+l  is  of  the  form  x2  +  3y2,  and  conjectured  that  the  product  of  two  primes 
ending  in  3  or  7,  and  each  having  the  form  4n-f  3,  is  of  the  form  x2  +  5y2.  Fermat5 
stated  that  no  prime  3n  —  1  is  of  the  form  x2  +  3y2. 

L.  Euler6  stated  that,  if  x  and  y  are  relatively  prime,  2x2+y2  has  no  prime  divisor 
other  than  2  and  primes  of  the  forms  8n+l  and  8rz  +  3;  if  8n-f  1  or  8n+3  is  a 
prime  it  is  expressible  in  the  form  2x2  +  y2  in  one  and  but  one  way.  Every  odd  prime 
divisor  of  2x2  —  y2  is  of  the  form  Sn±l. 

Euler7  stated  many  special  empirical  theorems  on  the  representability  of  primes 
by  x2±Ny2,  where  x  and  y  are  relatively  prime  (in  connection  with  empirical 
theorems  on  the  linear  forms  of  the  prime  divisors  of  xz±Ny2,  to  be  quoted  under 
the  quadratic  reciprocity  law  in  Vol.  IV).  Every  prime  8n±l  can  be  expressed  in 
the  form  x2  —  2y2  in  infinitely  many  ways.  Every  prime  12n±~L  can  be  expressed 
in  either  of  the  forms  x2-3y2,  3x2-y2  in  infinitely  many  ways.  Every  prime 
2071+1  or  20tt  +  9,  and  the  double  of  any  prime  20n+3  or  20n  +  7  is  of  the  form 
x2  +  5y2.  Any  prime  l±n+tc  (fc  =  l,  9  or  11)  is  of  the  form  x2  +  7y2.  Similar  state- 
ments are  made  for  x2  +  Ny2,  N  =  ll,  13,  17,  19.  Any  prime  24n  +  l  or  24?i  +  7  is  of 
the  form  x2  +  6y2',  any  prime  24n  +  5  or  24n  +  ll  is  of  the  form  3x2  +  2y2;  analogous 
results  were  stated  for  N=  2  -  5,  2  -  7,  3  •  5,  3  -  7,  5  •  7. 

Euler8  stated  that  every  prime  8n±l  is  represented  by  2t2  —  u2  and  by  u2  —  2t2. 
A  like  result  holds  for  2  and  any  square,  and  hence  for  any  product  of  primes  8n  ±  1, 
2  and  a  square,  since 

(2a2-p2)(2y2-t2)  =  (2ay  +  (3Z)2-2(p7  +  a§)2,         x2  -2y2  =  2(x  +  y)  2  -  (x  +  2yy. 

Chr.  Goldbach9  stated  erroneously  that  any  prime  4n+l  is  of  the  form  dx2  +  y2 
if  d  is  any  divisor  of  n.  Euler10  remarked  that  this  is  probably  true  if  x,  y  are 
permitted  to  be  rational,  but  not  always  for  integers.  Thus  89  =?£=llx2  +  y2  in 
integers,  but 


At  least  for  d=  1,  2,  3,  a  representation  by  fractions  implies  one  by  integers.  Euler11 
and  Goldbach11  discussed  special  methods  of  expressing  a  prime  4dk  +  1  in  the  form 
dx2  -f  y2,  where  x,  y  are  rational. 

4  Oeuvres,  2,  1894,  313,  403-5;  letters  to  Pascal,  Sept.,  1654,  and  to  K.  Digby,  June,  1658 

(French  transl.  of  the  second  letter  in  Oeuvres,  3,  1896,  315-7).    Wallis,  Opera,  2,  1693, 
858. 

5  Oeuvres,  2,  1894,  431  ;  letter  to  Carcavi,  Aug.,  1659. 

6  Correspondance  Mathematique  et  Physique  (ed.,  P.  H.  Fuss),  St.  Petersbourg,  1,  1843,  146, 

149;  letter  to  Goldbach,  Aug.  28/1742.    Also,  Euler1,  Theorems  4,  5,  42.    Cf.  this  His- 

tory, Vol.  II,  p.  260,  Euler.12 
7Comm.  Acad.  Petrop.,  14,  (1744-6)  1751,  151-181;  Comm.  Arith.  Coll.,  St.  Petersbourg,  1, 

1849,  35-49;  Opera  Omnia,  (1),  II,  194-222. 
8Novi  Comm.  Acad.  Petrop.,  2,  (1749)  1751,  49;  Comm.  Arith.  Coll.,  1,  1849,  69-70;  Opera 

Omnia,  (1),  II,  236-7. 

9  Corresp.  Math.  Phys.  (ed.,  Fuss),  1,  1843,  602,  March  12,  1753. 

10  Ibid.,  604,  April  3,  1753. 

11  Ibid.,  610,  615,  616,  619,  621,  625. 
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Euler12  proved  that  every  prime  divisor  of  2x2+y2,  where  x  and  y  are  relatively 
prime,  is  itself  of  that  form.  First,  if  N=  2a2  +  b2  is  divisible  by  a  prime  P=2p2  +  q2, 
the  quotient  is  of  that  form.  For,  P  divides  a2P—p2N=a2q2  —  b2p2  and  hence 
divides  one  of  its  factors.  Let  aq±bp  =  mP.  Then  a=mq+  (2mp  +  b)p/q.  Hence 
(2mp  +  b)/q  is  an  integer,  say  =Pn.  Then 

b  =  nq±2mp,        a  =  mq  +  np,        N=P(2m2  +  n2). 

The  last  identity  shows  also  that  the  product  of  several  numbers  of  the  form  2a2  +  b2 
is  itself  of  that  form.  It  now  follows  that  if  2a2  +  b2  is  divisible  by  a  number  not  of 
that  form,  the  quotient  is  not  a  prime  2x2  +  y2  nor  the  product  of  primes  of  that  form. 
To  prove  the  main  theorem,  suppose  that  2x2  +  y2  (x  and  y  relatively  prime)  has 
a  prime  divisor  A'  not  of  that  form.  We  may  set 

x=mA'±a,        y  =  nA'±b,        O^agJA',        0  g  I  g  $A'. 

Hence  A'  divides  A  =  2a2  +  b2<$A'*.  The  quotient  and  hence  A  has  a  prime  factor 
W  not  of  the  form  2r2  +  s2.  Also  ~B'<\Af.  In  case  A>\E'\  we  obtain  as  before  a 
number  B  =  2  c2  +  d2  divisible  by  B',  where  c  and  d  are  relatively  prime,  and  5<fI?'J; 
in  the  contrary  case,  we  take  B  =  A.  Similarly,  B  has  a  prime  divisor  (7/<jBr, 
where  C'  is  not  of  the  form  2x2+y2  but  is  a  divisor  of  a  number  (7=2e2+/2<}C"', 
e  and  /  relatively  prime.  Continuing  thus  we  get  smaller  and  smaller  numbers 
2z2  +  w2  (z  prime  to  w),  divisible  by  numbers  not  of  that  form.  But  the  small  num- 
bers 2z2  +  w2  have  all  their  divisors  of  that  form. 

Euler  noted  (§46)  that  the  method  is  not  applicable  to  mxz  +  y2  if  J(m  +  l)>l, 
while  for  m  =  3,  2  divides  3x2+y2  for  x=y  =  ~L  but  is  not  of  that  form,  so  that  the 
method  does  not  apply  immediately  to  3x2  +  y2. 

Euler13  later  noted  the  modification  of  the  preceding  method  which  proves  that 
every  prime  divisor  =^2  of  3x2  +  y2  (x,  y  relatively  prime)  is  itself  of  that  form. 
We  now  have  a  prime  divisor  A'  =^=  2  of  A  =  3a2  +  b2  <^4".  If  A  is  odd,  the  quotient 
A/  A'  has  as  before  a  prime  factor  B'  ^=  2  not  of  the  form  Sr'  +  s2.  If  A  is  even  it  is 
divisible  by  4  and  it  is  easily  seen  that  J  (3a2  +  b2)  is  of  the  form  3c2  +  d2.  After  thus 
removing  all  the  factors  2,  we  are  led  to  the  first  case. 

Euler  then  concluded  as  follows  that  every  prime  p=6w  +  l  is  of  the  form 
Let  a  and  b  be  any  integers  not  divisible  by  p.    Then  p  divides 


The  second  factor  is  of  the  form  f2+fg  +  g2,  which  is  equal  to 

(/+feOa  +  3(i0)»,  if  g  is  even;  (t^V  +  3  (f-^)\  X  1  and  g  are  odd. 

\   A  I          \   &   I 

But  if  p  divides  x2  +  3y2  it  is  of  that  form.    The  first  factor  a2n  —  b2n  is  not  always 
divisible  by  p;  take  b  =  1  ;  the  differences  of  order  2n  of 

2*"_l,    32w-l,...,     (6n)2n-l 
are  equal  to  (2n)  !,  so  that  these  binomials  are  not  all  divisible  by  p. 

12Novi  Comm.  Acad.  Petrop.,  6,  (1756-7)  1761,  185-230;  Comm.  Arith.  Coll.,  I,  1849,  174- 
192;  II,  573-5  (with  the  first  step  of  the  proof  modified)  ;  Opera  Omnia,  (1),  II,  459-492. 

"Novi  Comm.  Acad/  Petrop.,  8  (1760-1)  1763,  105-128;  Comm.  Arith.  Coll.,  I,  287-296; 
Opera  Omnia,  (1),  II,  556-575. 
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Euler  stated  that  a  similar  method  does  not  lead  to  a  proof  that  every  prime 
8n  +  3  is  of  the  form  x2  +  2y2,  but  applies  to  8n  +  l.  In  §  56  of  his  earlier  paper, 
Euler12  stated  that  he  was  not  able  to  treat  either  case.  Euler14  elsewhere  noted  that 
a  prime  8?i  +  l  divides 


for  some  values  of  a,  b,  not  divisible  by  8n  +  l,  and  hence  is  of  the  form  x2  +  2y2. 

Euler15  later  gave  a  more  elegant  proof  (like  that  for  x2  +  y2  in  this  History,  Vol. 
II,  p.  231)  that  any  divisor  (except  2  when  ra  =  3)  of  x2  +  my\  m  =  2  or  3,  x  and  y 
relatively  prime,  is  of  that  form. 

Jean  Bernoulli16,  III,  tabulated  the  primes  a2-10&2  up  to  3000. 

E.  Waring17  proved  that,  if  N=a2  —  rb2,  then  N2m+1  and  N2m  can  be  expressed  in 
[at  least]  ra  +  1  different  ways  in  the  form  p2  +  rq'.  For, 


N2m=      L(a2  +  rb2Ym~21-      ~        (a2+rb2)2m-21       (Z  =  0,  1,       .,  m), 
4  4 


where 


Let  the  expansion  of  s  be  e  +  /V  —  r.    Then 


To  derive  the  expression  for  N2m+1  we  have  only  to  replace  the  exponents  21  in  s, 
t  by  21  +  1.  Hence  HM,N,  ...  can  be  expressed  in  the  form  a?  +  rb2  in  m,  n,  ... 
ways,  then  MaN&. . .  can  be  expressed  in  the  form  p2+rq2  in 

.  . .  mn .  .  . 

ways  if  a,  /?,  ...  are  odd,  while  if  any  factor,  as  a+1,  is  odd  it  must  be  replaced  by 
a +2.  If  P=mp2  +  q2  is  a  prime  factor  of  N=ma2  +  b2,  the  quotient  N/P  has  that 
form.  From  p2N—a2P,  we  see  that  aq±bp  is  a  multiple  rP  of  P.  Thus  a=rq+tp/q, 
t  =  mrp  +  b.  Hence  t=+sq,  N=P(mr2  +  s2). 

J.  L.  Lagrange18  made  the  first  general  investigation  of  binary  quadratic  forms. 
He  introduced  no  special  terms  such  as  are  given  in  the  Introduction  above.  We 
shall  employ  those  terms  in  this  report  for  the  sake  of  brevity  and  for  ease  in  com- 
parison with  later  writings.  In  particular,  Lagrange  made  no  distinction  between 
proper  and  improper  equivalence. 

Theorem  I.  If  m  is  a  divisor  o$Pt2  +  Qtu+Ru2  =  mq,  where  t  and  u  are  relatively 
prime,  m  can  be  represented  properly  by  a  form  of  discriminant  d  =  Q2  —  £PR. 

14Corresp.  Math.  Phys.  (ed.,  Fuss),  1,  1843,  628;  letter  to  Goldbach,  Aug.  23,  1755.  Euler 
stated  (ibid.,  p.  622)  that  he  had  recently  found  a  proof  that  any  primes  8n-\-l, 
I2n  -+ 1  are  of  the  respective  forms  of  -f-  2yz,  re2  +  3y2,  but  could  not  prove  that  primes 
20n  +  1  or  20n  +  9  are  of  the  form  3?  +  5y*. 

15  Nova  Acta  Eruditorum,  1773,  193-211;  Acta  Acad.  Petrop.,  1777:  II,  1780,  48-69;  Comm. 
Arith.  Coll.,  I,  541-4;  Opera  Omnia,  (1),  III,  224-9. 

leNouv.  Mem.  Ac.  Berlin,  annee  1771  (1773),  323. 

17  Meditationes  algebraicae,  Cambridge,  1770,  205-6;  ed.  3,  1782,  350-3. 

18Recherches  d'arithmetique,  Nouv.  Mem.  Acad.  Berlin,  annee  1773,  265-312;  Oeuvres,  III, 
693-758. 
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Let  g  denote  the  g.c.d.  of  q  and  u,  and  write  q=glc,  u—gx.  Then  Pt2,  and  hence 
P,  is  divisible  by  g.  Write  P=Eg.  Thus 

mk  =Ht2  +  Qtx+  Rgx2. 

Since  k  and  x  are  relatively  prime,  there  exist  integers  6  and  y  for  which  t  =  0x  +  yk. 
Inserting  this  value  of  t,  we  get 

mJc  =  lx2  +  bTcxy  +  cJcy2)      l=H62  +  QO  +  Rg,      b  =  2H6  +  Q,      c  =  HJc. 

Thus  I  is  divisible  by  Tc.  Write  l=ak.  Hence  (3)  follows.  The  discriminant  of  (3) 
is  equal  to  d. 

Theorem  II.  A  form  (1),  whose  discriminant  is  not  a  perfect  square,19  and  in 
which  b  is  numerically  greater  than  either  a  or  c,  is  properly  equivalent  to  a  form 
aX  +  Mi#i  +  ci2/?  in  which  |&±|<|&|. 

For,  if  |6|>|a|,  write  x=x1+py1,  y  —  y\-  Then  b1  =  b  +  2an  will  be  numerically 
<b  for  a  suitably  chosen  integer  /*. 

If  either  a^  or  c±  is  numerically  <bly  we  pass  to  a  third  properly  equivalent  form 
azx\  +  b  2x2y2  +  c2yl  in  which  |62|<|&i|  j  e^c-  Since  the  integers  b,  b1}  b2,  ...  decrease 
numerically,  the  process  must  terminate.  Hence  we  have  the  following  conclusion  : 

Theorem  III.    Any  form  is  properly  equivalent  to  a  form 

(7)  Ax2  +  Bxy  +  Cy2,       \B\^\A\,       \B\^\C\. 

The  given  discriminant  d  of  (7)  may  be  negative  or  positive. 

(i)  Let  d=-K,  K>0.  Then  4A  C=B2+K>0.  By  (7),  \AC\^  B2.  Hence 
K  ^  3B2.  According  as  K  is  even  or  odd,  B  may  take  the  even  or  odd  integral  values 
numerically  5^  VK/3.  For  each  Bf  A  and  C  are  the  factors,  neither  numerically 


(ii)  Let  d>0.  Then  \AC\  >  B2  requires  that  AC  be  negative.  Thus  d  >  5B2. 
According  as  d  is  even  or  odd,  B  may  take  the  even  or  odd  integral  values  numerically 
^V?/5.  For  each  B,  A  and  C  are  factors,  neither  numerically  <|B|,  of  $(B2-d). 

Hence  for  a  given  discriminant  not  a  perfect  square,  there  is  a  finite  number  of 
forms  (7).  In  view  also  of  Theorem  I,  the  latter  are  spoken  of  as  the  forms  of  the 
divisors  of  f=Pt2  +  Qtu+Ru2.  These  forms  of  the  divisors  depend  therefore  only 
upon  the  discriminant  d  of  /.  This  follows  also  from  4:Pf=z2  —  du2,  where 
z  =  2Pt+Qu,  whence  the  divisors  of  /  are  divisors  of  z2  —  du2. 

For  t2  +  au2,  a>0,  we  have  P=l,  Q  =  0,  R  =  a,  d=  -K-  -4a.  Hence  B  is  even 
and  will  be  replaced  by  2B.  Since  A  C  is  positive,  the  form  represents  positive  num- 
bers only  when  A  and  B  are  positive.  If  C<A,  we  replace  x  by  y  and  y  by  —x. 
Hence  we  may  always  take  C  ^  A.  "We  obtain  the  reduced  form 

(8)  A 


of  given  negative  determinant  B2  —  AC=—a.     Here    |B}2gVa/3.     Hence   every 
positive  divisor  of  t2  +  aw2,  with  t  and  u  relatively  prime,  can  be  properly  represented 

19  The  omission  of  this  requirement  led  Lagrange  to  errors  noted  below.  His  proof  fails 
if  a  =  0.  Similarly,  given  |  b  \  >  |  c  \ ,  we  write  x  =  &,  y  =  yi-}-  pxi,  and  obtain 
bi  =  b-^-2cfi,  which  can  be  made  numerically  <b  if  c^O. 
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by  one  of  the  forms  (8).  For  a  =1,  2,  3,  5,  these  are  x2  +  y2,  x2  +  2y2,  x2  +  3y2  and 
2x2±2xy  +  2y2,  x2  +  5y2  and  2x2  ±  2xy  +  3y2,  the  double  of  the  last  being  (2x± 
y)2  +  5y2.  Hence  for  a  =  2  or  3  we  have  the  results  proved  by  Euler12'  13  by  a  method 
not  applicable  when  a>3. 

Lagrange  investigated  (§22)  the  equivalence  of  (8)  with  another  reduced  form 
A'x'2jr  ...  of  the  same  determinant  —  a  under  the  substitution 


As  shown  in  the  Introduction  above,  Mn  —  Nm=  ±1.  Let  |lf|>|.ZV|,  since  the 
argument  with  M  and  N  interchanged  applies  when  |JV|>|Jtf|.  We  can  determine 
an  integer  /*  ^  2  such  that  \M'\  <  \N\  in  M  =  fjiN-{-M'.  Determine  m'  by  w  =  / 
For  these  values  of  M  and  m,  we  get  B'=iiC'  +  B",  where 


By  hypothesis,  C'^2|.B'|,  whence  \B'\<C'.  Since  /*  ^  2,  B"  must  be  of  sign 
opposite  to  pC',  and  |B"|>C".  In  terms  of  y"  =  fj&'+y',  our  substitution  becomes 
x=M'x*+Ny",  y  =  m'x'  +  ny",  which  has  the  determinant  ±1  and  replaces  (8)  by 
A"x"  +  2B"x'y"  +  C'y"'.  Thus  A"C'-B"*=a>0,  whence  A">\B"\,  since  \B"\ 
>  C".  Since  |  N  \  >  |  M  '  \  ,  we  may  write  N  =  \i!~M.'  +  N',  where  /  is  an  integer  ^  2,  and 
|jy'|<|2lP|.  Writing  also  n=ij.'m'+n',  x"  =  n'y"  +  x',  we  see  that  our  substitution 
becomes  x  —  Wx"  +  N'y",  y  =  m'x"  +  n'y",  of  determinant  ±  1  .  As  before  it  replaces 

(8)  by  a  form  A."xm+W"x"y"  +  C"y"*  with  B'^/^'+B'",  whence  \B'"\> 
\A"\,  \B'"\<\C"\.    The  series  of  decreasing  integers  \M\,  \N\,  \M'\,  \N'\,  ... 
terminates  with  zero.    Assuming  that  N'=Q  for  example,  we  readily  conclude  from 
the  above  relations  that  the  two  reduced  forms  are  identical.    But  Lagrange  failed 
to  treat  the  case  in  which  M  and  N  are  numerically  equal  (and  hence  equal  to  ±1)  ; 
in  this  case  the  series  M,  N,  M',  .  .  .  does  not  terminate  with  zero,  but  contains  only 
terms  ±  1.    Contrary  to  his  conclusion,  x—xf  —  y',y  —  yp  transforms  Ax2  +  Axy  +  Cy2 
into  Ax2—  Axy  +  Cy2.     The  only  other  exceptional  case  is  that  in  which   C=A 
(Gauss,35  Art.  172). 

Similarly,  every  divisor  of  t2  —  au2  (a>0,  t,  u  relatively  prime)  can  be  represented 
properly  by  one  of  the  forms  (some  of  which  may  be  equivalent) 

(9)  ±Ax2  +  2Bxy  +  Cy2,         C^A^2\B\, 

of  determinant  B2  +  AC=a.  Thus  |5|^=Va/5.  For  a  =2,  there  are  two  such  forms 
x2  —  2y2  and  —  x2  +  2y2,  and  the  former  is  transformed  into  the  latter  by  x=x'  +  2y', 
y  =  x'  +  y'.  Hence  every  divisor  of  t2  —  2u2  is  of  the  form  x2  —  2y2. 

Lagrange  (§§  23,  24)  gave  the  following  method  of  testing  the  equivalence  of 
forms  (9)  having  a  given  positive  determinant  a.  For  this  purpose  he  used  the 
notation 


(10)         r' 

This  form  is  transformed  by  y=-m'y'  +  y"  into 

/'  =  r'y"2  +  2q'y"y'  -  r"y">         <?'  =  <?  +  **'<         r'r  "  -f  f  =  a. 
If  possible,  select  an  integer  m'>0  such  that  %\q'\  exceeds  neither  r'  nor  r'7;  then 
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/'  is  of  type  (10).  If  such  a  choice  is  impossible,  take  as  ra'  the  largest  integer 
<  ( Vo  —  q)/r^.  Then  y'  =  m"y"  +  y'"  transforms  f  into 

/"  =  r'"y"*+  2  q"y"y'"  -  r"y"'  \         q"  =  q'-  r"ra",  r»r"'  +  q"2 = a. 

If  possible,  select  an  integer  ra">0  such  that  %\q"\  exceeds  neither  r"  nor  r'n '; 
then  /"  is  of  type  (10).  If  such  a  choice  is  impossible,  take  as  ra"  the  largest 
integer  <  ( Vo+g')  A"  and  replace  y"  by  m'"y'"+y"",  etc.  Note  the  alternations 
of  signs,  so  that,  for  the  next  step,  ra'"  is  the  largest  integer  <  ( Va— <?")/r'".  We 
find  in  this  manner  the  finite  period  of  forms  (10)  equivalent  to  one  of  them. 

For  example,  y2-7y'*  is  of  type  (10).  Thus  q>  =  m'>Q,  r"=7-g'3.  Since  %'| 
here  exceeds  rr— 1,  we  take  m'=2,  the  largest  integer  <  V7.  Then  q'=%,  r"=3. 
Next,  2"  =  2-3ra",  r'"=  (7-g//2)/3.  Thus  2\q"\  will  not  exceed  r"  if  and  only  if 
ra"  =  1.  We  obtain  /"  =  2?/"2  -  2y"y'"  -  3y'"*,  of  type  ( 10 ) .  The  next  transformed 
2y""a  +  2y""y'"-3y'"2  is  of  type  (10).  After  another  step,  we  obtain  the  initial 
form.  Hence  yz  —  Vz2,  2yz±2yz  —  3z2  are  equivalent  to  each  other,  but  not  equivalent 
to  the  negative  of  one  of  the  three.  The  six  exhaust  thp  forms  (9). 

For  o=l,  x2  —  y2  is  the  only  form  (9).  It  is  stated  (§20)  that  every  divisor  of 
t2— uz,  with  t,  u  relatively  prime,  is  of  the  form  x2—y2.  But  the  discriminant  4  is  a 
perfect  square  and  the  general  theory  is  not  applicable  (see  Theorem  II).  Nor  is  the 
present  conclusion  correct.  For  t  =  5,  u  =  l,  t2  —  u2  =  24:  has  the  divisor  6;  if 
6  =  xz  —  y2,  then  x  =  y  (mod  2),  xz  =  yz  (mod  4). 

The  paper  closes  with  a  table*  of  the  forms  pyz±2qyz+rzz(pr—qz  =  a)  of  the  odd 
divisors  of  tz  +  auz,  and  a  table  of  the  forms  py2±2qyz  —  rz2(pr  +  q2  =  a)  of  the  odd 
divisors  of  tz  —  auz  for  a=l,  . . .,  31,  with  a  not  divisible  by  a  square. 

Lagrange20  noted  that  we  can  readily  determine  the  integers  &  not  exceeding  2a 
numerically  such  that  all  integers  represented  by  pyz  +  2qyz±rz2  are  of  the  form 
4an  +  &,  where  a=pr+q2.  For  example,  if  #  =  0,  we  may  take  y  =  2mr±p, 
z=2m'p±<a,  where  p  is  chosen  from  1,  . . .,  r,  and  w  from  1,  .  . .,  p;  then  pyz±rzz  = 
4an'+&',  b'=ppz±ruz,  and  we  may  write  &'=4fln"+&,  where  |&|^i  2\a\. 

It  now  follows  from  his  former  paper  that  every  divisor  of  tz±au2  is  of  one  of  the 
forms  4an+b.  For  the  positive  integers  a  ^  30  not  divisible  by  a  square,  he  listed 
in  Table  III,  IV  the  values  of  I  giving  the  forms  4an+&  of  the  odd  divisors  prime 
to  a  of  tz  ±  auz,  and  in  Tables  V,  VI  the  remaining  values  of  &  numerically  less  than 
and  prime  to  2a.  These  tables  are  applied  to  the  factoring  of  a  number  N.  By 
expressing  N  or  a  multiple  of  ^V  in  the  form  tz±au2,  where  0<a<31,  we  have  the 
possible  forms  lan+b  of  a  divisor  of  N. 

He  readily  proved  (p.  780)  that  if  a  prime  4n  — 1  is  [or  is  not]  a  divisor  of  a  num- 
ber of  the  form  tz—auz,  it  is  not  [or  is]  a  divisor  of  a  number  of  the  form  tz  +  auz. 
For  example,  a  prime  p  =  Sn  +  3  is  not  a  divisor  of  a  number  of  the  form  tf2  —  2w2, 
by  Table  VI,  and  hence  is  a  divisor  of  a  number  t2  +  2u2.  Then,  by  Table  I,  p  is 
representable  by  yz-\-2xz  [Fermat4].  There  are  proved  similarly  many  theorems  on 
the  representation  of  primes  4n  — 1  by  yz±az2,  a  5s  30. 

*  Errata  for  a  =  29,  30  were  noted  in  the  next  paper,  p.  328,  §  33,  but  were  corrected  in 

Oeuvres  without  comment. 
20Nouv.  Mem.  Acad.  Berlin,  annee  1775  (1777),  323-356;  Oeuvrea,  III,  759-795. 
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A  further  device  (p.  789)  is  necessary  for  the  much  more  difficult  case  of 
primes  4&+1.  Let  p  =  4na  +  l  be  a  prime.  Then  z2no+l,  being  a  factor  of  x^1  —  1, 
is  divisible  by  p  for  a  suitably  chosen  integer  x.  Write  xn  =  r,  r2  + 1  =  s.  Then 


Hence  r  can  be  found  such  that  R  is  divisible  by  p.  For  a  =2,  then  R  =  s2  —  2r2,  so 
that  every  prime  8n  +  l  is  a  divisor  of  a  number  of  the  form  t2  —  2u2  and  hence  of  a 
number  of  the  form  t2  +  2u2.  Thus,  by  results  in  the  first  paper,  every  prime  8n  +  l 
is  representable  by  each  of  the  forms  y2  +  2z2,  y2  —  2z2,  2z2  —  y2.  In  this  way  it  is 
shown  that  the  primes  4an  +  &  belonging  to  the  divisors  of  t2±au2  are  actually 
divisors  of  numbers  of  these  forms  when  &  =  9,  a=5,  10,  and  6  =  1,  a=l,  2,  3,  5,  6, 
7,  10,  14,  15,  21,  30.  Hence  for  these  cases  there  are  obtained  theorems  on  the 
representability  of  primes  4an+6  by  t2±au2. 

P.  S.  Laplace21  stated  that  no  one  had  proved  that  every  prime  p  =  8n  +  3  is  of  the 
form  x2  +  2y2  (Euler13  having  sought  a  proof  in  vain),  and  gave  the  following  proof. 
By  Fermat's  theorem,  p  divides  ab,  where  a=24n+1  —  1,  6  =  24n+1  +  l.  If  p  divides 
a=2(22n)2-I2,  it  has  the  form  p=2u2-s2.  Since  s  is  odd,  s2  =  8Z  +  l.  If  u=2i, 
p  +  l  =  S(i2-l)}  whereas  /?  +  l  =  4(2n+l).  If  «=2t+l,  p  =  8(i2+i-l)  +1.  Hence 
p  divides  6  =  2(22n)2  +  l  and  thus  is  of  the  form  x2  +  2y2. 

It  is  proved  similarly  that  every  prime  8n+l  is  of  the  form  2x2  —  y2,  since  a 
divisor  of  2(22"-1)2  +  l  is  of  the  form  z2  +  2^2. 

L.  Euler22  observed  that  it  is  very  remarkable  that  every  prime  Sn+1  or  8n  +  3  is 
expressible  in  one  and  but  one  way  in  the  form  a2  +  2b2.  For  proof,  a  prime  8n+  1  is 
a  factor  of  c8n  —  1  if  not  of  c.  Take  c  so  that  8n  +  1  is  not  a  factor  of  c4n  —  1.  Hence 
it  is  a  factor  of 


and  hence  is  expressible  in  the  form  &2  +  2&2.    For  a  prime  8?i  +  3,  use  the  product 
of  24n+1  +  1  by  24"*1  -  1  and  note  that  a  factor  of  the  second  is  of  the  form  SJc  ±  1. 

Euler23  repeated  this  proof  for  8r&+l.  If  p  is  a  prime  8^+3,  it  divides  one  of 
a-a^  +  b-b4".  Take  a=c2,  b  =  2d2.  Thus  p  divides  A2±2B2.  But  A2-2B2  is 
known  to  have  only  divisors  of  the  form  8n±l.  Hence  A2  +  2B2  is  divisible  by  p. 

A.  M.  Legendre24  employed  LagrangeV8  method  of  reduction  to  a  reduced  form, 
but  gave  details  only  when  the  middle  coefficient  is  even.  The  fact  that  no  two 
reduced  forms  of  the  same  negative  determinant  —  A  are  equivalent  follows  from  the 
theorem  that,  if  p,  q,  r  are  positive  integers  such  that  2q  exceeds  neither  p  nor  r, 
while  pr—  q2  =  A>0,  the  least  number  represented  by  py2  +  2qyz  +  rz2  is  the  smaller 
of  p  and  r.  To  prove  the  last  theorem,  note  that  this  form  exceeds  P=py2  — 
2qyz+rz2  when  yt  z  are  positive  integers.  Let  y^z.  Replacing  y  by  y  —  1,  we  see 
that  P  becomes 

P'=P-2q(y-z)  -y(p-2q)  -p(y-l)  <P, 

21  De  la  Place,  Theorie  abregee  des  nombres  premiers,  1776,  29  pp.    He  apparently  had  not 

seen  Lagrange's  second  paper. 
32  Posth.  paper,  Comm.  Arith.  Coll.,  II,  606-7. 

23  Opera  postuma,  1,  1862,  15&-9  (about  1783). 

24  Theorie  des  nombres,  1798,  pp.  69-76;  ed.  2.  1808,  pp.  61-67;  ed.  3,  1830,  I,  pp.  72-80 

(German  transl.  by  H.  Maser,  I,  1893,  pp.  73-81). 
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and  P'  is  not  negative  since  the  factors  of  P  are  imaginary.  By  thus  diminishing 
the  larger  of  y,  z,  we  finally  obtain  y=z  =  l,  for  which  the  value  p  +  r—2q  of  P  is 
greater  than  or  equal  to  the  larger  of  p,  r.  Of.  Hermite.53 

Legendre25  investigated  the  equivalence  of  reduced  forms  ay2  +  2byz  —  cz2  of  posi- 
tive determinant  b2+ac=AJ  where  a,  c  are  positive  and  not  less  than  2b.  Use  is 
made  of  the  development  into  a  continued  fraction  of  a  root  of  ax2  +  2bx  —  c  =  Q.  In 
this  way  he  computed  his  three-page  Table  I  of  reduced  forms  of  positive  determi- 
nant A  ^  136,  and  his  Table  II  of  reduced  forms  Lyz  +  Myz+Nz2,  where  M  is  odd 
and  M2  —  4JjN  is  positive  and  ^  305.  Table  III  lists  not  merely  the  reduced  forms 
py2  +  2qyz+ry2  whose  determinant  a=q2—  pr  is  positive  and  ^  79  (called  quadratic 
divisors  of  t2  —  au2),  but  also  the  linear  forms  4ax+b  of  the  odd  divisors  of  t2—au2. 
Table  IV  gives  the  analogous  material  for  t2  +  au2,  0<&=4rt  +  l  ^  105.  Table  V 
lists  the  reduced  forms  Ly2+Myz+Nz2  with  4LN—M2  =  a  when  M  is  odd,  but  with 
LN—  %M2  =  a  when  M  is  even,  for  0<a=4n  +  3  ^  103,  as  well  as  the  linear  forms 
2ax+b  of  the  odd  divisors  of  t2  +  au2.  Tables  VI  and  VII  list  the  reduced 
forms  py2-{-2qyz  +  ry2  with  0<pr—  q2  =  2a  rg  106  and  the  linear  forms  Sax+b 
of  the  odd  divisors  of  t2  +  2au2.  Errata  have  been  noted  by  D.  N.  Lehmer26  and 
A.  Cunningham.27 

A.  Cayley28  stated  that  Legendre's  Tables  I-VII  are  of  comparatively  little  value 
since  his  classification  of  forms  takes  no  account  of  the  distinction  between  proper 
and  improper  equivalence,  nor  of  their  orders  and  genera. 

Legendre29  noted  that  if  p  is  any  divisor  of  t2  +  au2,  and  P  is  the  quotient,  where 
t,  u  are  relatively  prime,  and  hence  also  pf  u,  we  can  choose  integers  y,  q  such  that 
t=py  +  qu.  Hence 


Since  P,  as  well  as  p,  is  a  divisor  of  t2  +  au2,  it  follows  that  any  divisor  of  tz+au2 
is  not  only  a  divisor  of  x2  +  af  but  also  of  py2  +  .  .  .  ,  and  hence  of  a  reduced  form. 
A  simple  examination  of  the  reduced  forms  shows  that  any  divisor  of  one  of  the 
forms  t2+u2,  t2  +  2u2,  t2  —  2u2  is  of  that  form,  respectively.  It  is  then  shown  that 
the  primes  Sn  +  l,  8n  +  3  (and  no  others)  are  of  the  form  y2  +  2z2,  while  the  primes 
8n  ±1  (and  no  others)  are  of  the  form  y2  —  2z2. 

Legendre30  used  the  reduced  forms  P=py2  +  2qyz±rz2  of  the  divisors  of  t2±cu2 
to  find  by  trial  the  linear  forms  4cx+a  of  the  divisors  [Lagrange20]  .  For,  we  need 
not  try  integers  yt  z  exceeding  2c,  since  if  we  replace  y  by  2c+y  and  z  by  2c+z, 
P  becomes  P+4cM.  The  reciprocity  law  also  limits  the  form  of  the  linear  divisors. 
This  work  may,  however,  be  abbreviated  by  use  of  the  generalized  reciprocity  law.31 

25  Theorie  des  nombres,  1798,  pp.  123-132;  ed.  2,  1808,  pp.  111-120;  ed.  3,  1830,  1,  pp.  130-140 

(Maser,  I,  pp.  131-142). 

26  Bull.  Amer.  Math.  Soc.,  8,  1902,  401. 

27  Messenger  Math.,  46,  1916-7,  51-52. 

28  British  Assoc.  Report  for  1875,  326. 

29  Theorie  des  nombres,  1798,  pp.  187-196;  ed.  2,  1808,  pp.  172-181;  ed.  3,  1830,  I,  pp.  200-9 

(Maser,  I,  pp.  200-210). 

30  Ibid.,  pp.  243-277  (espec.  p.  254)  ;  ed.  2,  1808,  pp.  223-254  (232)  ;  ed.  3,  1830,  I,  261-298 

(272)  (Maser,  I,  pp.  258-294).    Mem.  Acad.  Roy.  Sc.  Paris,  1785,  524-559. 

31  Dirichlet,  Zahlentheorie,  §  52,  or  Matthews,  Theory  of  Numbers,  1892,  50-53. 
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Legendre32  proved  that  if  l=4:cx+a  is  one  of  the  possible  linear  forms  of  divisors 
of  t2  ±  cu2,  every  prime  A  of  the  form  I  is  a  divisor  of  t2  ±  cu2  and  therefore  also  of 
one  the  quadratic  forms  P=py2  +  2qyz±rz2  corresponding  to  I.  By  hypothesis, 
P—l,  where  the  determinant  q2  +  pr  is  equal  to  the  determinant  +  c  of  t2±cu2. 
Thus  P  =  4cX  +  A  .  Multiplication  by  p  gives  (py  +  qz)2±cz2  =  4pcX  +  pA  .  Hence  * 
(pA/B)  =  1  if  0  is  any  prime  factor  of  c.  If  c  is  a  product  of  two  primes  a,  /?,  it  is 
shown  by  means  of  the  reciprocity  law  that  (±ap/A)  =  +1  for  A=  ±1  (mod  4), 
whence  A  is  a  divisor  of  t2-\-a^u2.  It  is  stated  that  this  conclusion  doubtless  holds 
also  when  c  is  a  product  of  more  than  two  primes. 

There  are  given  various  theorems  on  the  number  of  ways  in  which  a  prime  or  its 
double  can  be  represented  by  a  quadratic  form. 

Legendre33  spoke  of  f=pyz  +  2qyz-\-rz2,  of  determinant  —c  =  q2  —  pr,  not  merely 
as  a  quadratic  divisor  of  t2  +  cu2,  but  also  as  a  trinary  (quadratic)  divisor  of  t2-\-cu2 
in  case  /  is  expressible  as  a  sum  of  three  squares  of  linear  functions  of  y,  z  with 
integral  coefficients.  A  necessary  condition  is  that  c  be  a  sum  of  three  squares.  Con- 
versely, given  such  a  c,  we  can  find  a  trinary  quadratic  divisor  of  t2  +  cu2.  If34  c  is  a 
prime  or  the  double  of  a  prime,  two  distinct  representations  of  c  as  a  sum  of  three 
squares  cannot  correspond  to  the  same  trinary  divisor  of  t2  +  cu2.  A  quadratic 
divisor  f  of  t2-\-cu2  is  called  reciprocal  if,  for  every  integer  N  represented  by  /,  c  is 
a  divisor  of  t2+Nu2.  Two  proofs  are  given  of  the  principal  theorem  that  every 
reciprocal  divisor  of  t2+Nu2  is  expressible  as  a  trinary  form  in  2*"1  ways,  where  i  is 
the  number  of  distinct  odd  prime  factors  of  N.  Table  VIII  shows  the  trinary 
quadratic  divisors  of  t2  +  cu2  for  each  c  ^  251  which  is  expressible  as  a  sum  of  three 
squares. 

C.  F.  Gauss35  (Arts.  147-9)  applied  the  reciprocity  law  to  find  the  linear  forms 
of  the  divisors  of  x2  —  A,  where  A  may  be  taken  free  from  square  factors  without  loss 
of  generality.  If  A  =  1  (mod  4),  the  numbers  of  which  A  is  a  quadratic  residue  from 
%4>(A)  arithmetical  progressions  Ag  +  n  (i=l,  .  .  .,  ^<j>(A))  ;  those  of  which  A  is  a 
non-residue  form  %<j>(A)  progressions  Az-\-ni.  Here  the  r»  and  m  together  give  the 
numbers  <A  and  prime  to  A;  n  is  a  non-residue  of  an  even  number  of  the  prime 
factors  of  A  ;  each  m  is  a  non-residue  of  an  odd  number  of  the  factors.  Like  results 
hold  for  A=  —  Q  or  A=  ±2Qf  where  Q  =  l  (mod  4),  the  common  difference  for  the 
progressions  being  4§  or  8Q,  respectively. 

Gauss  (Art.  153)  restricted  his  important  investigation  of  binary  quadratic  forms 
to  the  case  F=ax2  +  2bxy  +  cy2  whose  middle  coefficient  is  even,  and  designated  it  by 
(a,  b,  c).  It  is  said  (Art.  154)  to  have  the  determinant  D=~b2  —  ac,  assumed  =7^0, 
and  to  represent  M  if  there  exist  integers  x—mty  —  n,  for  which 


*  The  Legendre  symbol  (fc/0)  denotes  +1  or  —  1  according  as  k  is  a  quadratic  residue  or 

non-residue  of  6,  i.  e.,z?  =  k  (mod  0)  is  or  is  not  solvable. 
32Theorie  des  nombres,  1798,  pp.  27&-303,  441-450;  ed.  2,  1808,  255-278,  380-5;  ed.  3,  1830, 

I,  229-325,  II,  50-56  (Maser,  I,  pp.  294-321;  II,  pp.  50-57). 

33  Theories  des  nombres,  1798,  pp.  321^00;  ed.  2,  1808,  pp.  293-339;  ed.  3,  1830,  I,  pp.  342-396 

(Maser,  I,  pp.  337-389).    Cf.  this  History,  Vol.  II,  p.  261. 

34  An  omitted  case  in  the  proof  was  treated  by  T.  Pepin,  Jour,  de  Math.,  (3),  5,  1879,  21-30. 

35  Disquisitiones  Arithmeticae,  1801;  Werke,  1,  1863;  German  transl.  by  H.  Maser,  1889; 

French  transl.  by  A.  C.  M.  Poullet-Delisle,  1807. 
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If  m,  n  are  relatively  prime,  then  D  is  a  quadratic  residue  of  M.    For,  if  /A,  v  are 
integers  such  that  p.m  +  vn=l,  then 


where  v=n(mb  +  nc)  —v(ma+nb).    Hence  D  =  v2  (mod  M). 

If  (Art.  155)  we  employ  a  second  set  of  integers  //,  v'  such  that 
and  denote  by  v'  the  expression  corresponding  to  v,  we  have  vf  —  v=(i/v—iw')M. 
Moreover,  we  can  choose  /*',  v'  so  that  vf  will  equal  any  assigned  integer  which  is 
congruent  to  v  modulo  M.  The  representation  of  M  by  F  with  x  —  m,  y—n}  is  said 
to  belong  to  the  particular  root  vofv2  =  D  (mod  jlf  )  . 

Let  (Art.  156)  m1?  %  be  another  pair  of  relatively  prime  integers  giving  a  repre- 
sentation of  M  by  F.    Write 


If  v  =  Vi  (mod  ^f),  the  two  representations  of  M  are  said  to  belong  to  the  same  root 
of  v2  =  D  (mod  M).  They  are  said  to  belong  to  different  roots  if  there  do  not  exist 
integers  /M,  v,  /t1?  v±  for  which  v  =  vl  (mod  M).  If  v=  —  v19  the  representations  are 
said  to  belong  to  opposite  roots. 

If  (Art.  157)  the  form  F=ax*  +  2bxy  +  cy2  is  transformed  into  F'=a'af*  +  ...  by 
a  substitution  with  integral  coefficients, 


(11)  & 

F  is  said  to  contain  (enthdlt)  F',  while  F'  is  contained  in  F.    Then 


If  also  F'  contains  Ff  D  and  ZX  divide  each  other  and  have  the  same  sign,  so  that 
D=D',  A=  ±  1.  Then  F  and  F'  are  called  equivalent. 

According  as  A  is  positive  or  negative,  the  substitution  is  called  proper  (eigent- 
lich)  or  improper,  respectively.  According  as  F  is  transformed  into  F'  by  a  proper 
or  improper  substitution,  F'  is  said  to  be  contained  properly  or  improperly  in  F. 

If  (Art.  158)  F  and  F'  have  equal  determinants  and  F'  is  contained  in  F,  then  F 
is  contained  in  F'  properly  or  improperly,  according  as  F*  is  contained  in  F  properly 
or  improperly.  If  F  and  F'  are  contained  properly  (improperly)  in  each  other,  they 
are  called  properly  (improperly)  equivalent. 

If  (Art.  159)  F  contains  F',  and  F'  contains  F",  then  F  contains  F".  Let  (11) 
replace  F  by  F',  and  let 

(  12  )  xf  =  a  V  +  p'y",        y'  =  y'x"  +  8'y'  ',        A'  =  a'S'  -  £'/  =7^  0, 

replace  F'  by  F".  By  eliminating  a/,  y',  we  obtain  a  substitution  of  determinant  AA' 
which  replaces  F  by  F".  Hence  F  contains  F"  properly  or  improperly,  according 
as  A,  A'  are  of  like  or  opposite  signs.  The  form  (a,  &,  c)  is  improperly  equivalent 
to  its  opposite  form  (a,  —I,  c)  and  to  (c,  &,  a),  and  properly  equivalent  to  (c,  —  I,  a). 
If  (Art.  160)  ft  +  J'sO  (mod  c),  (a,  &,  c)  has  the  right  neighboring  form  (c,  V,  c') 
provided  their  determinants  are  equal.  The  latter  form  has  the  former  as  a  left 


CHAP.  I]  BINARY  QUADRATIC  FORMS.  13 

neighboring  form.    The  two  are  always  properly  equivalent,  since  the  first  is  trans- 
formed into  the  second  by 

*=-/,  y  =  x'+*±^y',         A=+l. 

c 

If  (Art.  161)  the  form  (a,  I,  c)  contains  (a',  &',  c'),  the  g.c.d.  of  a,  I,  c  is  a  divisor 
of  a',  &',  c',  and  that  of  a,  21,  c  is  a  divisor  of  a',  2&',  c'. 

Given  (Art.  162)  two  substitutions  (11)  and  (12)  both  of  which  replace  F=  (A, 
B,  C)  by  the  same  form  /=  (a,  I,  c),  and  such  that  A,  A'  have  the  same  sign,  we  see 
from  Art.  157  that  D&2  =  D&?*,  whence  A  =  A'.  Employ  the  abbreviations 


(13)      a'  =  Aaa'  +  B(ay'  +  ya')  +Cyy', 


If  m  is  the  g.c.d.  of  a,  26,  c,  we  can  choose  integers  51,  53,  (£  such  that 
(£c=m.    Write 


An  extended  computation  shows  that 
(14)  T2 

Given  a  pair  of  integral  solutions  of  (14)  and  given  the  first  substitution  (11),  it 
is  shown  by  computation  that  the  coefficients  of  the  second  substitution  (12),  having 
A'=A,  are  such  that 

(     .  ma.' 

my' 

The  resulting  substitution  (12)  actually  transforms  F  into  /,  and  has  A'  =  A.  In 
case  the  determinants  D  and  doiF  and  /  are  not  equal,  the  coefficients  of,  .  .  .  ,  8'  need 
not  be  integers  (cf.  Art.  214).  But  the  latter  are  integers  for  all  integral  solutions 
T  ,  U  when  D=d.  [While  Lebesgue50  obtained  (15)  by  a  simpler  calculation,  the 
main  difficulty  was  avoided  by  Dirichlet57  by  finding  all  transformations  of  F  into 
itself.  Cf.  Grave.162] 

An  ambiguous  form  (a,  b,  c)  is  defined  (Art.  163)  to  be  one  for  which  2b  is 
divisible  by  a.  It  has  (c,  b,  a)  as  a  left-neighboring  form  and  hence  is  properly 
equivalent  to  the  latter.  But,  by  means  of  x=y',  y  —  x*,  (c,  b,  a)  is  improperly 
equivalent  to  (a,  b,  c)  ,  which  is  therefore  improperly  equivalent  to  itself.  Hence  a 
form  F  will  contain  another  form  F'  both  properly  and  improperly  if  there  exists  an 
ambiguous  form  which  contains  F'  and  is  contained  in  F. 

The  converse  (Art.  164)  of  this  theorem  is  true;  the  proof  is  long.  In  particular 
(Art.  165),  if  F  and  F'  are  both  properly  and  improperly  equivalent,  there  exists  an 
ambiguous  form  equivalent  to  each  (proved  also  in  Art.  194).  A  simpler  proof  was 
given  by  Dirichlet.60 

If  (Art.  166)  F  contains  F',  every  number  represent  able  by  Ff  can  be  represented 
by  F.  For,  if  (11)  transforms  F  into  F',  and  if  F'=M  for  particular  values  of 
a',  y'y  then  F=M  for  the  corresponding  values  of  xf  y  given  by  (11).  Different 
pairs  of  values  of  x',  y'  correspond  to  different  pairs  x,  y.  In  particular,  if  F,  F' 


14  HISTORY  OF  THE  THEORY  OF  NUMBERS.  [CHAP.  I 

are  equivalent,  a  number  can  be  represented  in  as  many  ways  by  one  form  as  by  the 
other;  then  if  x',  y'  are  relatively  prime,  also  x,  y  are  relatively  prime. 

If  (Art.  167)  F,  F'  are  equivalent  and  have  the  determinant  Df  and  if  F'  is  trans- 
formed into  F  by 


and  if  F=M  for  particular  relatively  prime  numbers  x,  y,  and  hence  Ff  —  M  for  the 
preceding  values  x',  y',  also  relatively  prime,  then  both  representations  of  M  belong 
to  the  same  root  or  to  opposite  roots  of  v2^=D  (mod  M),  according  as  the  above  sub- 
stitution is  a  proper  or  improper  one,  i.  e.,  aS  —  fiy  =  +  1  or  —  1. 

If  (Art.  168)  M  =4=0  is  represented  by  axz  +  2bxy  +  cy2  with  relatively  prime 
values  ra,  n,  of  x,  y,  and  this  representation  belongs  (Art.  155)  to  the  root  v=Nf 
then  (a,  b,  c)  is  properly  equivalent  to  G=  (M,  Nf  (N2  —  D)/M). 

If  (Art.  169)  w',  n'  are  relatively  prime  numbers  giving  a  second  representation 
of  M  by  (a,  b,  c)  belonging  to  the  same  root  N,  then  (af  bt  c)  is  transformed  into  G 
by  the  further  proper  substitution 


x  =  m'x'+y'(m'N-m'b-n'c)/M,        y  =  n'x'  +  y'(n'N  +  m'a+n'b)/M. 

Conversely,  given  any  proper  transformation  (11)  of  F  into  G,  we  see  that  M  is 
represented  by  F  for  x—  a,  y  =  y,  and,  since  o8—/ty  =  l,  the  root  to  which  the  repre- 
sentation belongs  is  equal  to  N.  Hence  given  all  proper  transformations  of  F  into  G, 
we  obtain  all  representations  of  M  by  F  belonging  to  the  same  root  N.  Thus,  by 
Art.  162,  given  one  representation  x  =  a,  y  —  y,  of  M  by  F,  all  representations  belong- 
ing to  the  same  root  N  are  furnished  by 

T=aT-(ab+yc)U  ^          y_  yT  +  (afl  +  yft)  U  ^ 
m  m 

where  m  is  the  g.c.d.  of  a,  2b,  c,  while  T,  U  range  over  all  integral  solutions  of 
T*-DU*=m*. 

Forms  of  negative  determinant  —D,  where  D  is  positive,  are  treated  in  Arts.  171- 
181  [cf.  Lagrange18].  Any  form  of  determinant  —  D  is  properly  equivalent  to  a 
reduced  form  (A,  B,  C)  in  which  A  is  neither  greater  than  either  Vf#  or  C,  nor 
smaller  than  2\B\.  Two  distinct  reduced  forms  (a,  &,  c)  and  (a',  b',  c')  of  the  same 
determinant  —D  are  properly  equivalent  (Art.  172)  if  and  only  if  they  are  opposite 
forms  and  at  the  same  time  either  ambiguous  (with  2b=  ±a)  or  a,  —  c—d'  =  cf. 

The  number  (Art.  174)  of  reduced  forms  of  determinant  —  D  is  finite;  two  simple 
methods  of  finding  them  are  given. 

If  (Art.  175)  we  omit  from  the  list  of  reduced  forms  of  a  given  determinant  —D 
one  of  each  pair  of  distinct  properly  equivalent  forms,  we  obtain  a  representative  of 
each  class  of  forms,  such  that  two  forms  of  any  class  are  properly  equivalent,  while 
forms  in  different  classes  are  not.  Forms  whose  outer  coefficients  a,  c  are  both 
negative  constitute  as  many  classes  as  do  the  forms  with  a,  c  both  positive,  and  the 
types  of  classes  have  no  form  in  common  ;  the  former  classes  may  be  omitted. 

Given  (Art.  178)  two  properly  equivalent  forms  F0,  /0  of  the  same  negative 
determinant,  we  can  find  a  proper  transformation  of  F0  into  /0  by  employing  a  series 
of  right  neighboring  forms  which  starts  with  F0  and  ends  with  a  reduced  form  Fm, 
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and  a  similar  series  /0,  .  .  .,  /„.  Then  there  are  two  cases.  First,  Fm  and  /„  are 
identical  or  both  opposite  and  ambiguous.  Then  Fm-i  is  a  left  neighboring  form  to 
/n-i=  (c,  -6,  a)  if  /„-!  =  (  a,  6,  c).  Then  F0,  J?i,  .  .  .,  *Vi,  fr-i,7n-2,  •  •  .,  fo,  /o  con- 
stitute a  series  of  neighboring  forms,  from  which  we  can  find  a  proper  transformation 
of  FQ  into  /0  by  an  algorithm  (Art.  177)  employed  for  continued  fractions.  Second, 
if  Fm  and  /„  are  opposite  and  their  four  outer  coefficients  are  equal,  F0,  ....  Fm, 
/n_i,  .  .  .  ,  /0,  f0  constitute  a  series  of  neighboring  forms. 

If  F,  f  are  improperly  equivalent,  the  form  /'  opposite  to  /  is  properly  equivalent 
to  F.  From  a  proper  transformation  of  F  into  f,  we  obtain  an  improper  transforma- 
tion of  F  into  /  by  changing  the  signs  of  the  coefficients  of  the  second  variable. 

If  (Art.  179)  F  and  /  are  equivalent,  we  can  find  all  transformations  of  F  into  /. 
We  employ  Art.  178  to  obtain  one  such  transformation,  or  both  a  proper  and  an 
improper  one  if  F,  f  are  both  properly  and  improperly  equivalent.  Then  all  trans- 
formations of  F  into  /  follow  by  Art.  162  from  the  integral  solutions  of  t2  +  Du2  =  m2, 
where  m  is  the  g.c.d.  of  the  coefficients  A,  2B,  C  of  F.  Since  B2—AC=—D  is 
negative,  the  solutions  are 


u  =  Q,  t=±m,  if 

u  =  Q,  t=±m;       u=±l,  t  =  Q,  if  4Z>=4w2; 

u=Q,  t=±m;       u  =  l,  t=±%m',    u=  —  l9  t=±%m,  if  4Z>=3ra2; 

while  4:D=2m2  or  4:D=m2  are  impossible. 

To  find  (Art.  180)  all  representations  of  a  given  integer  M  by  F=ax2  +  2bxy  +  cy2 
of  determinant  —D,  with  x,  y  relatively  prime,  we  seek  the  incongruent  roots  ±N, 
±N',  ...  of  N2=  —  D  (mod  M  )  and  treat  in  turn  each  root  as  follows  :  If  F  is  not 
properly  equivalent  to  /=  (M,  Nf  (D+N2)/M),  there  exists  no  representation  of  M 
belonging  to  the  root  N  (Art.  168).  But  if  they  are  properly  equivalent,  we  seek 
(Art.  179)  the  proper  transformations  (11)  of  F  into  /.  Then  x=a,  y  —  y  give  the 
representations  of  M  b>  F  belonging  to  the  root  N. 

To  obtain  (Art.  181)  the  representations  of  M  by  F  in  which  the  g.c.d.  of  x=fief 
y=pf  is  /*>!,  note  that  x=ef  y=f  give  a  relatively  prime  representation  of  N/p2 
by  F,  and  hence  are  found  by  Art.  180. 

Application  of  this  theory  is  made  (Art.  182)  to  prove  the  theorems  stated  by 
Fermat,4  and  proved  by  Euler13'  22  and  Lagrange,18  on  the  representation  of  primes 
by  rc2  +  Jfcy2(fc  =  l,  2,  3). 

Forms  whose  determinant  D  is  a  positive  integer,  not  a  square,  are  treated 
in  Arts.  183-212.  Every  such  form  is  properly  equivalent  to  a  reduced  form 
(A,  B,  C)  in  which  \A\  lies  between  VD+B  and  VF-5,  while  0<B<V~D.  Now 
(Art.  184)  many  reduced  forms  are  equivalent.  If  (a,  &,  c)  is  a  reduced  form,  a  and 
c  have  unlike  signs,  and  \c\,  as  well  as  |a|,  lies  between  VXM-6  and  V-D  —  &.  Hence 
also  (cfl},a)  is  reduced.  Further,  &  lies  between  "\l  D  and  "V  rD—  \a\.  Every  reduced 
form  has  a  single  right  (or  left)  neighboring  reduced  form. 

The  number  (Art.  185)  of  all  reduced  forms  of  a  given  positive  determinant  D  is 
finite  and  they  are  readily  found  by  either  of  two  methods. 

If  (Art.  186)  F  is  a  reduced  form,  F'  its  unique  reduced  right  neighboring  form, 
F"  that  of  F',  etc.,  this  series  contains  a  form  F(n)  identical  with  F.  If  n  is  the 
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least  such  value  >1,  F,  F',  .  .  .,  F(n~^  are  distinct  and  are  said  to  constitute  the 
period  of  F. 

The  number  n  (Art.  187)  is  always  even.  All  reduced  forms  of  determinant  D 
may  be  separated  into  periods,  no  two  of  which  have  a  form  in  common.  Two  forms, 
as  (a,  b,  —a')  and  (—a',  b,  a),  are  called  associated  forms  if  their  coefficients  are 
the  same  but  taken  in  reverse  order.  They  determine  two  associated  periods.  If  the 
form  associated  with  F  occurs  in  the  period  determined  by  F,  the  period  is  said  to  be 
associated  with  itself  ;  a  necessary  and  sufficient  condition  is  that  the  period  contain 
exactly  two  ambiguous  forms. 

We  may  determine  (Arts.  188-9)  a  proper  substitution  which  replaces  a  form  by 
any  form  of  its  period  by  means  of  an  algorithm  used  in  the  theory  of  continued 
fractions. 

If  (Art.  191)  the  reduced  form  (a,  "b,  —  a')  of  determinant  D  is  transformed  into 
the  reduced  form  (A,  B,  —A')  of  determinant  D  by  the  substitution  (11)  with  the 
coefficients  a,  /?,  y,  8,  then  (±VD—b)/a  lies  between  a/y  and  ft/8  if  y8  ^=  0,  where 
the  upper  sign  is  to  be  taken  when  either  both  limits  have  the  same  sign  as  a,  or  one 
has  the  same  sign  as  a  and  the  other  is  zero,  but  the  lower  sign  is  to  be  taken  when 
neither  of  the  limits  has  the  same  sign  as  a.  Likewise,  (  ±  VI)  +  1  )  /a'  lies  between 
y/a  and  8//J,  with  a  similar  determination  of  the  sign. 

In  Art.  193  the  preceding  theorem  is  applied  at  length  to  prove  the  fundamental 
result  that  two  properly  equivalent  reduced  forms  belong  to  the  same  period  (simpler 
proofs  by  Dirichlet57  and  Mertens105). 

Given  (Art.  195)  any  two  forms  $  and  <£  with  the  same  determinant,  we  can 
decide  whether  or  not  they  are  equivalent  by  employing  respective  reduced  forms  F 
and  /  and  observing  whether  or  not  F  or  its  associated  form  occurs  in  the  period  of  /, 
the  equivalence  of  3>  and  <f>  being  proper  or  improper  in  the  respective  final  cases. 
All  forms  of  a  given  determinant  constitute  as  many  classes  as  there  are  periods, 
those  which  are  properly  equivalent  constituting  a  class. 

Given  (Art.  196)  two  properly  equivalent  forms,  we  can  find  by  the  method  of 
Art.  183  a  proper  substitution  which  transforms  one  of  them  into  the  other.  From 
one  such  substitution  we  can  find  (Arts.  197,  203-4)  all  by  Art.  162;  we  need  the 
least  positive  solution  of  t2  —  Du?  =  m2.  This  can  be  found  (Arts.  198-9)  if  we  are 
given  any  form  (M,  N,  P)  of  determinant  D  such  that  the  g.c.d.  of  Mf  2Nf  P  is  ra. 
We  pass  to  its  reduced  form  f=(a,b,  —a')  and  determine  its  period  /,  /',  .  .  .,  /(tt~1), 
whence  f(n)=f.  By  Arts.  188-9  we  find  a  proper  substitution  replacing  /  by  /(n). 
The  same  is  true  of  the  identity  substitution  x=x',  y—y^  From  these  two  substitu- 
tions we  obtain  a  solution  t,  u  by  Art.  162.  The  positive  values  of  i,  u  are  proved  to 
give  the  least  positive  solution  T,  U.  From  the  latter  (Art.  200),  we  obtain  all 
positive  solutions  te,  ue  from 


ra  ra 


We  may  now  (Art.  205)  find  all  representations  of  a  given  number  by  a  given 
form  by  the  method  of  Arts.  180-1. 

Forms  whose  determinant  is  a  square  h2  are  treated  in  Arts.  206-212.  Such  a 
form  is  properly  equivalent  to  one  of  the  2h  reduced  forms  (A,  hf  0),  Q^A^2h  —  1, 
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no  two  of  which  are  properly  equivalent.  If  Ff  F'  are  properly  equivalent  forms  of 
determinant  h2,  we  readily  find  one,  and  then  every,  proper  substitution  which  trans- 
forms F  into  F'.  Conditions  for  improper  equivalence  are  obtained  in  Art.  210. 
All  representations  of  a  given  number  by  a  given  form  are  readily  determined 
(Art.  212). 

Given  (Art.  213)  a  form  /  of  determinant  D  and  a  form  F  of  determinant  De2, 
where  e  is  an  integer  >  1,  to  decide  whether  or  not  /  contains  F  properly,  i.  e.,  can  be 
transformed  into  F  by  a  proper  substitution  (11)  with  a8  —  /ty  =  e>0,  we  have  only 
to  decide  whether  or  not  F  is  properly  equivalent  to  one  of  the  m^  +  m2  +  .  .  .  forms 
derived  from  /  by  the  substitutions 

x  =  mix'  +  kiy',       y  —  niyf  (fci  =  0,  1,  .  .  .,  ra*  —  1), 

where  m19  ra2,  .  .  .  denote  the  positive  divisors  (including  1  and  e)  of  e,  while 
e  =  m^n-i  =  m2n2  =  ....  If  (Art.  214)  /  contains  F  properly,  we  can  readily  find  all 
proper  substitutions  of  /  into  F.  A  more  practical  solution  was  given  by  Arndt.48 
Cf.  Pepin.156 

A  form  (Art.  215)  of  determinant  zero  is  expressible  as  m(gx+hy)2,  where  g,  h 
are  relatively  prime  integers,  so  that  the  theory  reduces  essentially  to  that  of  a 
linear  form. 

Legendre36  proved  that  every  reduced  form  of  determinant  —N  represents  at  least 
one  integer  <7V  and  prime  to  N  or  •JJV. 

G.  L.  Dirichlet37  discussed  in  an  elementary  manner,  in  connection  with  the 
biquadratic  character  of  2  modulo  p, 


where  p  is  a  prime  and  \j/  may  be  taken  to  be  a  multiple  of  4.    If  m  is  the  g.c.d.  of 
(f>  =  m<l>'  and  u=mu'}  it  is  shown  that 


i-^i-FL,      m2  =  EF,      <j>'a-2u"=KL, 

where  E  and  F  are  relatively  prime,  whence  E  is  a  square  and  E=l  (mod  8)  .  Since 
K  is  an  odd  divisor  of  f-Zu",  K  =  l  or  7,  t+^  =  l  or  7.  Thus  if  ^r  =  0,  *  =  1  or  7; 
but,  if  «A  =  4,  t  =  3  or  5  (mod  8).  Cf.  Jacobi.45 

C.  F.  Gauss38  noted  that  the  positive  definite  *  form  ax2  +  2bxy  +  cy2  represents  the 
square  of  the  distance  between  any  two  points  in  a  plane  whose  coordinates,  with 
respect  to  two  axes  making  an  angle  whose  cosine  is  &/V&C,  differ  by  xVa,  y"Vc.  Let 
Xj  y  take  only  integral  values.  Then  the  form  relates  to  a  parallelogrammatic  system 
of  points  which  lie  at  the  intersections  of  two  sets  of  parallel  lines.  The  lines  of 
each  set  are  at  equal  distances  apart,  one  interval  measured  parallel  to  the  lines  of 
the  second  set  being  Va,  and  the  other  interval  measured  parallel  to  the  lines  of  the 
first  set  being  Vci  Hence  the  plane  is  divided  into  equal  parallelograms  of  area 

*With  a,  c  and  5  =  ac  —  b2  all  positive,  whence  af=(ax  +  by)2  +  dy2,  so  that  the  form  / 

represents  only  positive  integers. 
3«Theorie  des  nombres,  ed.  2,  1808,  pp.  407-411;  ed.  3,  1830,  II,  pp.  80-85  (German  transl. 

by  Maser,  II,  pp.  79-84). 
"  Jour,  fur  Math.,  3,  1828,  40;  Werke,  I,  69,  70. 
38  Gottingische  gelehrte  Anzeigen,   1831,  1074;   reprinted,  Jour,  fur  Math.,  20,   1840,  318; 

Werke,  II,  1863,  194.    Cf.  Klein."» 
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Vac  —  &2,  whose  corner  points  constitute  the  set  of  points.  Any  such  set  of  points 
can  be  arranged  parallelogrammatically  in  infinitely  many  ways,  the  corresponding 
quadratic  forms  being  all  equivalent.  If  one  form  can  be  transformed  into  another, 
but  is  not  equivalent  to  it,  the  second  relates  to  a  set  of  points  forming  only  a  part 
of  the  set  to  which  the  first  form  relates  [compare  their  determinants].  For  two 
improperly  equivalent  forms  the  parallelograms  are  equal  but  arranged  in  reverse 
order  (as  if  the  plane  were  folded  over). 

P.  Minding39  proved  that  a  reduced  form  (a,  I,  c)  of  negative  determinant,  where 
a,  21,  c  have  no  common  divisor,  represents  a  given  prime  number  in  a  single  way, 
apart  from  changes  of  sign  of  x  or  y  and,  if  a=c,  also  their  interchange,  unless 
a=2b,  when  from  one  representation  we  obtain  a  second  by  replacing  x  by  x+y, 
y  by  —  y-  The  proof  is  long  and  employs  Legendre's24  result  that  the  least  number 
represented  by  the  reduced  form  is  the  smaller  of  &f  c.  He  discussed  forms  of  positive 
determinant  (pp.  148-171)  by  the  continued  fraction  for  a  root  of  a  quadratic, 
somewhat  as  had  Legendre,25  but  developed  the  theory  more  fully. 

Dirichlet40  recalled  that  Lagrange20  was  able  to  prove  only  in  special  cases  his 
conjectured  (converse)  theorem  that  every  prime  4/Z-  +  1  which  is  of  one  of  the  pos- 
sible linear  forms  of  the  divisors  of  f=t2  +  cu2  is  actually  a  divisor  of  /,  and  that 
Legendre32  showed  that  this  theorem  depends  upon  the  reciprocity  law.  For  sim- 
plicity, Dirichlet  restricts  c  to  be  ±  pf  where  p  is  a  prime.  Then  the  linear  forms  of 
the  divisors  of  /  constitute  1  or  2  groups  according  as  ±p=  —  1  or  +1  (mod  4). 
The  characteristic  properties  of  the  individual  quadratic  forms  belonging  to  a  group 
cannot  be  expressed  by  the  linear  forms  of  the  primes  represented  by  the  quadratic 
form,  but  depend  upon  an  element  not  previously  introduced  into  the  theory.  Let 
a=8k  +  l  be  a  prime  which  is  a  quadratic  residue  of  two  primes  p,  q  of  the  form 
4n  +  l.  By  a  quadratic  divisor  4n+l  is  meant  one  which  represents  no  odd  number 
not  of  the  form  4n  +  l.  Hence  p  and  q  are  each  represented  by  one  and  but  one 
quadratic  divisor  4n  +  l  of  F=t2  +  au2.  Assume  that  both  p  and  q  are  represented 
by  the  same  quadratic  divisor.  Then  their  product  pq  is  known  to  be  of  the  form  F. 
By  use  of  the  reciprocity  law,  it  is  proved  that 


where  both  signs  are  +  if  p,  q  are  both  of  the  form  8»+  1  or  both  of  the  form  8/1  +  5, 
while  the  signs  are  unlike  if  one  of  p,  q  is  of  the  form  8n  +  l  and  the  other  of  the 
form  8n+5.  Two  primes  are  said  to  be  in  biquadratic  reciprocity  if  each  is  either  a 
biquadratic  residue  of  the  other  or  each  a  biquadratic  non-residue  ;  but  in  biquadratic 
non-reciprocity  if  one  prime  is  a  biquadratic  residue  of  the  other,  and  the  other  a 
biquadratic  non-residue  of  the  first.  Then  the  above  result  is  shown  to  imply  that 
p,  q  are  either  both  in  biquadratic  reciprocity  with  a  or  both  in  biquadratic  non- 
reciprocity  with  a.  The  complete  theorem  is  the  following  :  If  a  is  a  prime  8n+l, 
the  primes  represented  by  the  same  quadratic  divisor  471  +  1  of  t2  +  au2  are  all  in 
biquadratic  reciprocity  with  a  or  all  in  biquadratic  non-reciprocity  with  a.  In  the 
respective  cases  a  quadratic  divisor  4n  +  l  is  said  to  be  of  the  first  or  second  type 


39  Anfangsgriinde  der  Hoheren  Arithmetik,  Berlin,  1832,  105-110. 
4°  Abh.  Akad.  Wiss.  Berlin,  1833,  101-121;  Werke,  I,  195-218. 
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(class).  The  divisor  t2-\-au2  itself  is  proved  to  be  of  the  first  type.  With  Legendre, 
(2a,  ft,  y)  and  (a,  /?,  2y)  are  called  conjugate  divisors.  If  the  prime  a=Sn  +  l  is 
expressed  in  the  form  </>2-f^2,  any  two  conjugate  divisors  4n+l  of  tz  +  au2  are  of  the 
same  type  or  different  types  according  as  <f>  +  \f/=±l  or  ±5  (mod  8).  A  self-con- 
jugate divisor  is  of  the  form  4n  + 1  or  4rc  +  3  according  as</>-}-^=±lor±5  (mod  8) . 
A.  Gopel41  proved  that  if  A  is  a  prime  4n+3  or  its  double,  we  can  obtain  the 
representation  of  A  by  </>2±2^2  from  the  development  of  VA  into  a  continued 
fraction.  To  go  more  into  details,  let  first  A  be  a  prime  8n  +  3  or  its  double;  then 
in  the  continued  fraction  for  V-4  occur  always  three  successive  complete  quotients 

/  VZ+7' 

—  >          ~^—> 

v 

in  which  D  is  WQ,  \Df  or  %.(DQ  +  D'),  and  A  =  I2  +  2D2  in  the  first  two  cases,  while 
in  the  third  case 


where  I— I'  is  even  and  D0  —  D'  is  divisible  by  4.  Next,  if  A  is  a  prime  8n+  7  or  its 
double,  the  continued  fraction  for  VA  has  two  successive  complete  quotients  given 
by  the  first  two  numbers  (16) ;  then  D+D0  =  2I,  A  =  2I2-$(D-D0)2.  This  method 
is  strictly  analogous  to  that  used  by  Legendre  (this  History,  Vol.  II,  p.  233)  to 
obtain  4:n+l  =  D2  +  I2.  The  method  was  further  generalized  by  Stern.61  Cf. 
Hermite,53  Smith,  79' 108  Cantor,84  and  Roberts.100 

G.  L.  Dirichlet42  noted  that  the  number  of  representations  of  a  positive  odd 
integer  n  by  x2  +  2y2  is  double  the  excess  of  the  number  of  divisors  =1  or  3  (mod 
8)  of  n  over  the  number  of  divisors  =  —  1  or  —3  (mod  8).  Also,  the  number  of 
representations  with  0  g  3^<2z  of  a  positive  odd  number  n  by  x2  —  2y2  is  the  excess 
of  the  number  of  divisors  =  ±1  (mod  8)  of  n  over  the  number  of  divisors  =  ±3 
(mod  8).  These  results  were  obtained  as  special  cases  of  general  theorems  on  repre- 
sentation by  any  quadratic  form.  He43  later  deduced  them  from  the  following: 
If  n  is  an  odd  number  prime  to  D  and  if  a— I  or  2,  the  number  of  all  representations 
of  crn  by  all  the  forms  of  a  complete  system  of  representative  primitive  forms  of 
determinant  D  (properly  or  improperly  primitive  according  as  o-=l  or  2)  is 
^(D/S),  summed  for  all  the  divisors  8  of  n,  where  (D/B)  is  the  Legendre- Jacobi 
symbol  ±1,  while  K  =  l  if  #>0,  *  =  4  if  D=-l,  /c  =  6  if  D=-3  and  o-=2,  K  =  2  in 
all  remaining  cases. 

41  De  aequationibus  secundi  gradus  indeterminatis,  Diss.,  Berlin,  1835 ;  reprinted,  Jour,  fiir 

Math.,  45,  1853,  1-14.  Report  by  Jacobi,  ibid.,  35,  1847,  313-5;  Werke,  II,  1882,  145-152, 
who  separated  the  A  <1000  into  three  lists  corresponding  to  the  cases  D  =  $D0, 
$D',  £U>o +  />');  French  transl.,  Jour,  de  Math.,  15,  1850,  357-362;  Nouv.  Ann.  Math., 
12,  1853,  136-8  (170-1,  where  Lebesgue  remarked  that  the  solvability  of  A  =  <t>*  ±  2ty* 
was  proved  otherwise  by  Legendre,  Theorie  des  nombres,  ed.  3;  1830,  I,  pp.  305-6. 

42  Jour,  fiir  Math.,  21,  1840,  3,  6;  Werke,  I,  463,  466.    The  same  results  were  deduced  simi- 

larly by  H.  Suhle,  De  quorundam  theoriae  numerorum,  Diss.  Berlin,  1853;  and  by 
L.  Goldschmidt,   Beitrage  zur  Theorie  der  quadratischen  Formen,  Diss.  Gottmgen, 
Sondershausen,  1881,  who  deduced  expressions  for  the  number  of  lattice  points  in  an 
ellipse  or  hyperbola. 
«  Zahlentheorie,  §  91,  1863;  ed.  2,  1871,  p.  226;  ed.  3,  1879,  228;  ed.  4,  1894,  229. 
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A.  L.  Cauchy44  derived  from  the  theory  of  elliptic  functions  the  identity 


and  stated  that  it  implies  that  the  number  of  sets  of  positive,  negative,  or  zero 
integral  solutions  x,  y  of  x2  +  3y2  =  n  is 

N=(-l)n+i^(-l)a+n/a 


summed  for  all  divisors  a  of  n.  If  n  is  not  divisible  by  3  and  if  n  has  an  odd  number 
of  divisors,  then  N  is  odd.  If  n  is  an  odd  prime,  the  formula  gives  $N=  1  ±  1,  where 
the  sign  is  the  same  as  in  n=  ±1  (mod  3).  Cf.  Genocchi.86 

C.  G.  J.  Jacobi45  noted  that  Dirichlet's37  theorem  is  equivalent  to  the  following: 
If  a  prime  Sh  +  1  is  represented  by  the  two  forms 


then  m  +  n  and  it/  are  both  even  or  both  odd.  From  infinite  series  arising  from 
elliptic  functions,  this  theorem  appears  in  the  following  more  general  form.  For 
every  number  P,  the  excess  of  the  number  of  solutions  of  f=P  in  which  m  +  n  is  even 
over  the  number  in  which  m  +  n  is  odd  is  equal  to  the  excess  of  the  number  of  solu- 
tions of  g=P  in  which  n'  is  even  over  the  number  in  which  n'  is  odd.  Other  theorems 
are  said  to  follow  for  pairs  of  forms  x2  +  ky2,  but  are  not  explicitly  stated.  However, 
at  the  end  of  the  paper  is  a  collection  of  formulas  expressing  equality  of  two  infinite 
series  in  q  whose  exponents  are  two  different  ones  of  the  forms  x2  +  ky2(k  =  l,  2,3,  6), 
or  x2  +  ky2(k=l,  2)  with  2x2  +  3y2,  etc. 

L.  Wantzel48  established  a  g.c.d.  process  for  numbers  x+yVc,  where  x,  y,  c  are 
integers,  c  =  —  3,  —  2,  —  1,  2,  3,  5,  and  thence  proved  that  a  prime  p  which  divides 
x2  —  cy2  is  of  that  form,  except  when  p  =  2,  c=—3,  c=5  [and  c  =  3].  Likewise  for 
x2  +  7y2,  x2  -  13y2,  x2  -  lly2. 

P.  L.  Tchebychef47  made  a  complete  determination  of  the  linear  forms  of  the 
divisors  of  x2±ay2.  These  linear  forms  are  tabulated  for  a=l,  .  .  .,  101,  but  with 
practically  the  same  errata  (corrected  in  the  1901  edition)  as  in  Legendre's25  table. 

F.  Arndt48  gave  a  new  treatment  of  the  problem  of  Gauss  (Arts.  213-4,  with  /,  F 
interchanged),  since  his  solution  involved  impracticable  computations.  Let  F= 
(A,  B,  (7),  of  determinant  D,  be  transformed  into  /=  (a,  ~b,  c),  of  determinant  I>e2, 
by  a  substitution  with  the  coefficients  a,  ft,  y,  8,  where  08—  j8y  =  e>l.  Let  n  be  the 
positive  g.c.d.  of  a=naQ  and  y=ny0.  Then  e  =  nm.  Choose  integers  /?0,  80  so  that 
a080  —  /?0y0  =  l.  Then  /?=/?0ra  +  fca0,  8  =  80m  +  ky0.  We  may  assume  that  J30,  80  were 


44  Comptes  Rendus  Paris,  19,  1844,  1385  (17,  1843,  580,  with  the  four  plus  signs  in  the  second 
and  fourth  fractions  changed  to  minus);  Oeuvres,  (1),  VIII,  384  (64). 

«  Jour,  fur  Math.,  37,  1848,  61-94,  221-254;  Werke,  II,  1882,  217-288.  Cf.  H.  J.  S.  Smith, 
Report  Brit.  Assoc.  for  1865,  322,  seq.,  Arts.  128-9;  Coll.  Math.  Papers,  I,  311-321. 

46  Soc.  Philomatique  de  Paris,  Extraits  des  Proces-Verbaux  des  Seances,  1848,  19-22. 

47  Theorie  der  Congruenzen,  in  Russian,  1848,  1901  ;  in  German,  1889,  209-237,  255-272. 

48  Archiv  Math.  Phys.,  13,  1849,  105-112. 
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chosen  so  that  0  ^  k  5±  m  —  1.    From  the  expressions  for  a,  I,  c  in  terms  of  A,  B,  G, 
a,  .  ..,8,  we  get 


m2n2 

Thus  F  is  transformed  into  F'=  (A',  B',  C')  by  the  substitution  with  the  coefficients 
*o>  &>  7o>  8o  of  determinant  unity.  By  the  values  of  A',  £',  n  divides  b  =  nb'. 

Hence  if  we  choose  any  divisor  n  of  e  =  nm  whose  square  divides  a=n2A'  and 
hence  also  b  =  rib'  (in  view  of  b2  —  ac  =  De2),  and  if  we  find  that  (&'  — A'k)/m  and 
(c  —  2b'k  +  A'~k2}/m2  are  not  both  integers  (B'  and  C')  for  some  value  of  fc  between 
0  and  m  —  1,  inclusive,  we  conclude  that  /  is  not  contained  in  F.  But  if  there  exist 
values  of  n,  Tc  for  which  the  preceding  conditions  of  divisibility  are  all  satisfied,  and 
if  one  of  the  forms  F'=  (A',  B',  C")  is  properly  equivalent  to  F,  then  and  only  then 
is  /  contained  in  F  properly.  Furthermore,  if  we  obtain  all  proper  transformations 
«o>  £o>  7o,  8o  of  F  into  F',  all  proper  transformations  of  F  into  /  have  the  coefficients 
na0,  mpo  +  fca0,  ny0,  m80  +  fcy0,  and  all  these  transformations  are  distinct. 

Ch.  Hermite49  gave  an  elementary  proof  by  continued  fractions  that  if  p  is  any 
divisor  of  x2+Ay2,  a  suitably  chosen  power  of  p  can  be  represented  by  xz  +  Ayz. 

V.  A.  Lebesgue50  obtained  the  formulas  (15)  of  Gauss  (Art.  162)  by  a  simpler 
calculation,  but  under  the  assumption  that  the  determinants  A,  A7  of  the  two  substi- 
tutions which  replace  F  by  /  are  both  equal  to  ±1.  From  the  two  sets  of  values  of 
a,  b,  c  in  terms  of  A,  B,  C,  we  find  that 


for  some  integer  U,  since  the  quantities  in  parenthesis  are  proportional  to  A,  2B,  C, 
whose  g.c.d.  is  denoted  by  m.  Write  2T  for  m(a8/  +  a/8  —  p'y— fiy').  Solving  these 
equations,  we  obtain  Gauss'  formulas  (15)  with  m  replaced  by  ±m  and 

T+BU=m(aS'-py'),      T-BU=m(a'S-p'y),      T2-DU2  =  m2. 

G.  L.  Dirichlet51  employed  Gauss'38  geometrical  representation  of  a  positive  binary 
quadratic  form  lx2  +  2mxy-{-ny2.  A  fundamental  parallelogram  is  called  reduced 
if  no  one  of  its  sides  exceeds  either  diagonal.  Given  any  lattice  whose  points  are  the 
intersections  of  two  systems  of  equidistant  parallel  lines,  we  can  arrange  the  points 
parallelogrammatically  so  that  the  fundamental  parallelogram  POQR  is  reduced. 
Without  loss  of  generality  we  may  evidently  assume  that  angle  POQ  is  not  obtuse 
and  that  OP^OQ.  Write  0Pr=V<T,  OQ  =  yn.  Then  the  minimum  distance  of 
points  of  the  lattice  from  0  is  VI  If  P  is  one  of  the  points  at  this  distance,  the 
(second)  minimum  distance  from  0  of  points  not  on  OP  is  "Vn.  The  first  minimum 
occurs  only  at  P,  and  .the  second  only  at  Q  or  at  points  P',  Q'  symmetrical  with  them 

49  Jour,  de  Math.,  14,  1849,  451-2;  Oeuvres,  I,  274-5. 

50  Nouy.  Ann.  Math.,  8,  1849,  83-86.    We  interchange  a  and  A,  b  and  B,  c  and  C,  to  accord 

with  Gauss'  notations. 
«  Jour,  fur  Math.,  40,  1850,  213-220;  Werke,  II,  34-41. 
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with  respect  to  0,  except  when  a  side  is  equal  to  a  diagonal  or  another  side.  Write 
cos  POQ  =  m/\/!n.  Then 

0  ^  2m  ^  I         2m  ^  nf 

which  are  LagrangeV8  conditions  for  a  reduced  form.  The  points  of  the  plane  which 
are  nearer  to  0  than  to  any  other  lattice  point  are  the  points  (and  no  others)  which 
lie  inside  the  hexagon  whose  sides  are  perpendicular  bisectors  of  OP,  OQ,  OS,  OP', 
OQ',  OS',  where  OS  is  parallel  and  equal  to  PQ,  and  8'  is  symmetrical  to  S  with 
respect  to  0. 

P.  L.  Tchebychef  52  noted  that  Euler  used  forms  of  negative  determinants  to  test 
for  primes.  In  practice,  it  is  simpler  to  use  positive  determinants  D.  Let  x2  —  Dy2 
be  a  form  all  of  whose  quadratic  divisors  are  of  the  form  \x2—^y2.  Let  N  be  a 
number  prime  to  D  and  having  the  form  of  a  linear  divisor  contained  in  a  single 
quadratic  form  /=  ±  (xz  —  Dy2).  Then  N  is  a  prime  if,  within  the  limits 


(17) 


where  a  is  the  least  z>l  satisfying  x2  —  Dy2  =  l,  there  is  a  single  representation  of 
N  by  /,  and  if,  in  this  representation,  x  and  y  have  no  common  factor.  In  all  other 
cases,  N  is  composite.  He  tabulated,  for  each  D  ^  33  without  a  square  factor,  the 
limits  (17)  and  the  linear  forms  of  N. 

Ch.  Hermite63  proved  that  any  form  f=ax2  +  2bxy  +  cy2  with  real  coefficients  of 
negative  determinant  bz—ac=—D  is  equivalent  (under  linear  transformation  with 
integral  coefficients  of  determinant  unity)  to  a  reduced  form  F=AX2  +  2BXY+CY2 
in  which  2B  is  numerically  less  than  A  and  C.  From  the  forms  obtained  from  /  by 
all  such  transformations  select  the  set  in  which  the  coefficient  of  X2  is  a  minimum 
and  from  this  set  select  the  form  F  in  which  the  coefficient  of  Y2  is  a  minimum  ;  then 
F  is  reduced.  The  proof  is  like  that  by  Legendre24  (for  the  case  of  integral  coeffi- 
cients). If  5>0,  the  first,  second  and  third  minima  of  AX2  -  2BXY  +  CY2  for 
integral  values  of  X,  Y  are  A,  C,  A  -  2B  +  C. 

Next,  let  f=a(x  +  ay)  (x  +  a'y)  have  a  positive  determinant,  so  that  a,  a'  are  real. 
With  /  associate  the  positive  definite  form 


where  A  is  a  positive  real  variable.  The  totality  (/)  of  reduced  forms  is  defined  to  be 
the  set  of  forms  obtained  by  applying  to  /  all  the  substitutions  with  integral  coeffi- 
cients of  determinant  unity  which  replace  </>  by  a  reduced  form  when  A  varies  con- 
tinuously from  0  to  +  oo  .  To  carry  out  this  continual  reduction  of  </>,  start  with 
a  reduced  form  r  of  </>  whose  extreme  coefficients  (the  first  two  minima  of  <£)  are 
distinct.  When  A,  increasing  continuously,  reaches  a  value  beyond  which  r  ceases  to 
reduced,  on  account  of  the  interchange  of  the  second  and  third  minima,  one  of  the 
substitutions  P:  x=X+Y,  y  =  Y,  or  P~1  will  reduce  r.  But  if  there  was  an  inter- 
change of  the  first  and  second  minima,  the  substitution  Q:  x=Y,  y=  —  X  will  reduce 
r.  Hence  the  forms  in  (/)  are  obtained  from  /  by  a  succession  of  these  substitutions. 

52  Jour,  de  Math.,  16,  1851,  257-282;  Oeuvres,  I,  73-96.    Exposition  by  Mathews.137 

53  Jour,  fur  Math.,  41,  1851,  193-5,  203-213  (§§  III,  VII-XI)  ;  Oeuvres,  I,  167-8,  178-189. 
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A  reduced  form  in  (/)  is  called  principal  or  intermediate,  according  as  the  extreme 
coefficients  of  the  corresponding  <f>  are  equal  or  distinct.  The  principal  reduced  forms 
correspond  to  those  of  Gauss. 

Let  the  coefficients  of  /  be  integers.  Since  the  coefficients  of  the  forms  in  the  set 
(/)  are  limited  (Hermite1  of  Ch.  XIV),  there  is  only  a  finite  number  of  reduced 
forms  (/).  Hence  in  the  continual  reduction  of  <£  we  ultimately  reach  a  form 
already  obtained  and  the  set  (/)  is  composed  of  a  finite  period  of  forms  repeated  an 
infinitude  of  times.  Each  form  of  the  period  is  a  right  neighbor  to  its  predecessor. 
While  these  periods  are  not  exactly  the  same  as  the  periods  with  Gauss  (Art.  187), 
they  may  be  computed  similarly.  The  method  of  continual  reduction  leads  also  to  all 
the  transformations  into  itself  of  a  reduced  form  in  a  more  natural  manner  than  by 
Gauss  (Art.  162). 

In  §  XI  it  is  shown  that  D  is  representable  by  2x2  +  y2  if  az  —  Dbz=—2  is  solvable, 
and  similar  theorems  (cf.  Gopel41). 

V.  Bouniakowsky54  took  the  residues  modulo  4  of  the  terms  of  his  relation  (10), 
p.  284  of  Vol.  I  of  this  History.  Hence 

<r(n)  +  <r(2)o-(tt-2)  +a(3)<r(w-4:)  +  .  .  .  +  <r(k+l)<r(n-2k)  +  ...  =M  (mod  4), 

where  v(n)  is  the  sum  of  the  divisors  of  n.  Let  n+  2  be  the  prime  P=  16e  +  7.  Then 
M  =  2  (mod  4).  Then  no  two  terms  on  the  left  are  odd,  whence  one  term,  say 
ff(k+l)<r(q),  must  be  =2  (mod  4),  where  q=P—2  —  2k.  Thus  one  of  the  factors 
is  odd.  Either  q  is  not  a  square,  and  k  +  l  =  ra2,  where  r=l  or  2,  whence  v(q)  =2 
(mod  4),  q  =  Qc2,  or  vice  versa,  q  —  l2,  k  +  l  =  rQc2.  Here  Q  is  a  prime  4Z  +  1. 
Hence  P  is  of  one  of  the  forms  2u2  +  Qv2,  u2  +  Qv2,  u2  +  2Qv2,  the  last  two  being  ex- 
cluded by  the  reciprocity  law.*  Hence  every  prime  16e  +  7  is  of  the  form  2u2  +  Qv2, 
where  Q  is  a  prime  8Z+  5.  This  is  said  to  establish  a  relation  of  equality  between  two 
primes,  no  such  case  being  previously  known,  while  the  reciprocity  law  is  merely  a 
relation  of  congruence  between  primes.  J.  Liouville55  noted  that  a  similar  method 
shows  that  the  double  of  a  prime  8/*4  3  is  always  expressible  as  the  sum  of  a  square 
and  the  product  of  another  square  by  a  prime  8&  +  5. 

A.  Genocchi56  wrote  N2  for  the  number  of  sets  of  positive  integral  solutions  of 
xz  +  3y2  =  n  and  N^  for  the  number  of  sets  in  which  one  unknown  is  zero.  Then 
Cauchy's44  identity  gives 


where  d±  (or  dz)  is  the  number  of  divisors  d  of  n  whose  complementary  divisors  n/d 
are  of  the  form  3m  +  1  and  differ  from  them  by  an  odd  (or  even)  number,  while 
ds  (or  d4)  is  the  number  of  divisors  whose  complementary  divisors  are  of  the  form 
3m  +  2  and  differ  from  them  by  an  odd  (or  even)  number.  Similarly, 


*  Or  at  once  by  taking  residues  modulo  8. 

s*  Mem.  Acad.  Sc.  St.  Petersbourg  (Sc.  Math.  Phys.),  (6),  5,  1853,  319-320  (being  Pt.  I  of 
tome  VII  of  the  full  series  VI  of  Sc.  Math.  Phys.  Nat.). 

55  Jour,  de  Math.,  (2),  2,  1857,  424;  proof,  (2),  3,  1858,  84-88  (249  for  a  proof  of  Bouma- 

kowsky's  theorem;  cf.  History,  Vol.  II,  p.  331). 

56  Nouv.  Ann.  Math.,  13,  1854,  167-8. 
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implies  for  x2  +  2y*  =  n  that  ^  +  2^2  =  ^1  +  ^3  —  ^5  —  ^7;  where  dj  is  the  number  of 
divisors  of  the  form  8n  +  j  of  n  (cf.  Stieltjes112). 

G.  L.  Dirichlet57  simplified  the  theory  of  forms  f=  (af  &,  c)  whose  determinant  D 
is  positive  and  not  a  square.  Of  the  two  roots  (  —  ~b  +  ^/D)/c  of  a+2&w  +  cw2  =  0, 
that  with  the  upper  sign  is  called  the  first  root  belonging  to  /,  and  that  with  the 
lower  sign  the  second  root.  One  root  and  D  completely  determine  /.  Let  a 
substitution 


replace  /  by  the  (properly)  equivalent  form  F=  (A,  B,  C).    Then  if  <o  and  O  are 
both  first  roots  or  both  second  roots  of  f,  F, 


Conversely,  this  relation  and  aS  —  (3y  =  l  imply  that  the  substitution  (18)  replaces 
/  by  F.  The  form  /  is  called  reduced  if  the  absolute  value  of  the  first  root  exceeds 
unity  and  that  of  the  second  root  is  less  than  unity  and  if  the  roots  have  opposite 
signs.  Then  0<&<  V#,  ac  is  negative,  and  the  first  root  is  of  the  same  sign  as  a. 

A  reduced  form  (a,  &,  a')  has  a  unique  reduced  right  neighboring  (contiguous) 
form  (a',  &',  a").  Here  &'  is  the  unique  integer  between  VZ>  and  V#—  \a'\  for 
which  &'  =  —  &  (mod  a')  .  Writing  b'=—b  —  a'8,  we  have  w  =  8  —  !/<«/,  where  <•>,  «/  are 
the  first  roots  of  the  two  forms.  Hence  any  form  determines  a  period  of  2n  forms 
(as  in  Gauss,  Arts.  186-7).  Choose  the  initial  form  </>0  of  the  period  s6  that  its  first 
coefficient  is  positive.  Consider  two  consecutive  forms  </>„,  <j>v+l  of  the  period.  Then 
the  sign  of  the  first  root  «>„  of  <£„  is  that  of  (  —  1)".  Let  lcv  denote  the  greatest 
integer  <  |  «>„  |  and  write  8*  =  (  —  1  )  vkv.  Then 


which  is  a  periodic  continued  fraction.  If  two  reduced  forms  </>0,  $0,  whose  first 
coefficients  are  positive,  are  equivalent  under  a  substitution  (18),  their  first  roots 
w0,  O0  are  such  that 

«»=(*.,*„  ...),      0.=  (*„*„...),      ^ 

where  the  Tc's  and  ^'s  are  positive.  It  is  shown  by  the  last  relation  that  o>0=  (A,  m, 
.  .  .,  r,  v,  O0),  where  ra,  .  .  .,  r  are  positive  and  even  in  number.  Inserting  O0,  we 
can  give  to  the  continued  fraction  for  w0  its  normal  form  in  which  all  elements  are 
positive.  If  none  of  the  elements  following  Kv  were  disturbed  by  the  normalization, 
the  number  of  elements  preceding  Kv  was  varied  by  an  even  number  2h.  Since  the 
final  result  is  identical  with  (k^lc^  .  .  .  ),  we  have  Kv=k2ff+2J,+J,.  It  follows  readily 
that  &o  =  <}>2m  for  a  certain  minimum  2m,  so  that  3>0  is  in  the  period  of  <f>0.  This 

"Abh.  Akad.  Wiss.  Berlin,  1854,  99-115;  French  transl.,  Jour,  de  Math.,  (2),  2,  1857,  353 
(with  additions);  Werke,  II,  139-158,  159-181.  Zahlentheorie,  §§72-82,  1863;  ed.  2, 
1871,  pp.  170-197;  ed.  3,  1879,  pp.  172-199;  ed.  4,  1894,  pp.  173-200. 
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furnishes  a  simple  proof  of  the  most  difficult  theorem  of  the  theory :  forms  belonging 
to  different  periods  are  not  equivalent  (Gauss,35  Art.  193). 

Given  one  transformation  of  /  into  Ff  we  may  evidently  reduce  the  problem  to 
find  all  the  transformations  of  /  into  F  to  the  simpler  problem  of  finding  all  trans- 
formations of  /  into  itself  [an  important  logical  advance  over  Gauss,85  Art.  162]. 
The  details  are  quoted  on  p.  376  of  Vol.  II  of  this  History. 

The  number  of  forms  in  the  period  of  <f>0  is  either  equal  to  the  number  of  k's  in 
the  least  period  in  the  continued  fraction  for  o>0  or  is  double  that  number,  according 
as  (a,  b,  c)=<f>0  is  not  or  is  equivalent  to  (—a,  b,  —c)  [Zahlentheorie,  §83,  long 
foot-note] . 

G.  Oltramare58  proved  that  every  divisor  of  a2  +  kb2  of  like  form  can  be  expressed 
in  one  and  but  one  way  in  the  form  x2 -\-Tcy2  where  x,  y  constitute  a  solution  of 
ax+bky  =  z(x2  +  lcy2),  with  x  relatively  prime  to  y  and  k.  Every  prime  /x  or  one  of 
its  multiples  gfjL(g<2\/^Jc  if  fc>0,  g<l-Jc  if  fc<0)  can  be  expressed  in  the  form 
x2  +  Icy2  if  —  k  is  a  quadratic  residue  of  /*,  but  no  multiple  of  n  can  be  so  expressed 
if  —  k  is  a  quadratic  non-residue  [original  erroneous,  p.  160].  Various  special  cases 
are  noted. 

V.  A.  Lebesgue59  noted  that  if  ax*  +  2bxy+cy2  is  known  to  take  its  minimum 
value  of  for  x=mf  y  —  n,  we  can  find  at  once  the  reduced  form.  Let  ran0  —  wi0n=l, 
x=mx'  +  m0y',  y—nxf-\-n^y'.  We  get  /'=aV*+ . . .  with  a' ^  c',  by  hypothesis. 
If  of  ^  25',  /'  is  reduced.  In  the  contrary  case,  replace  m0,  n0  by  ra0  +  rav,  n0  +  nv, 
and  determine  v  so  that  (a',  &'-fa'v,  c")  is  reduced.  But  if  a'  is  not  given,  use  the 
method  of  reduction  due  to  Gauss35  (Arts.  171,  177). 

G.  L.  Dirichlet60  gave  a  very  simple  proof  of  the  theorem  of  Gauss  (Arts.  164-5)  : 
Given  an  improper  substitution  (of  determinant  —1)  of  a  form  into  itself,  we  can 
always  find  an  equivalent  ambiguous  form  (i.  e.,  one  in  the  same  class  and  having 
its  middle  coefficient  2b  divisible  by  the  first  coefficient  a) . 

A.  Stern61  noted  that  while  Gopel41  limited  the  statement  of  his  theorem  to  the 
case  in  which  A  is  a  prime  Sn  +  3  or  its  double,  his  proof  leads  to  the  generalization 
that  if  2  is  the  middle  term  of  the  continued  fraction  for  VX  and  if  there  is  an  even 
number  of  terms  in  the  period  of  partial  denominators,  we  may  deduce  the  explicit 
values  of  x,  y  in  one  of  the  representations  (the  only  one  in  Gopel's  case)  of  A  by 
x2  +  2y2.  Proof  is  given  (p.  78)  by  continued  fractions  of  the  known  theorem  that 
any  prime  expressible  in  the  form  x2  +  ky2,  fc>0,  has  only  one  such  representation. 
Gb'pel  distinguished  three  types  of  numbers  represented  by  x2  +  2y2.  Similarly 
(p.  82)  there  are  three  types  for  x2  —  2y2  and  (p.  97)  six  types  for  x2  +  3y2. 

R.  Lipschitz61a  proved  that  every  primitive  form  of  determinant  Dd2  is  contained' 
in  a  form  of  determinant  D. 

G.  Mainardi62  gave  a  more  direct  solution  than  had  Gauss  (Art.  162)  of  the 
problem  to  find  all  transformations  of  one  form  into  another,  given  one  such  trans- 
formation. 

58  Jour,  fur  Math.,  49,  1855,  142-160. 
™  Jour,  de  Math.,  (2),  1,  1856,  403-5. 

60  Jour,  de  Math.,  (2),  2,  1857,  273-6;  Werke,  II,  209-214. 

61  Jour,  fur  Math,  53,  1857,  54-102. 
61»  Jour,  fur  Math.,  53,  1857,  238. 

62  Atti  Institute  Lombardo  Sc.  Let.  ed  Arti.  Milan,  1,  1858,  106-7. 
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V.  A.  Lebesgue63  proved  that  a  prime  cannot  be  represented  in  two  ways  by  x2  +  Icy2. 
If  x2  +  Jc  =  py  (k  =  l,  2,  or  3),  where  p  is  a  prime  [p>2  if  fc  =  3],  he  proved  by 
developing  x/p  into  a  continued  fraction  that  every  divisor  of  x2  +  k  is  of  the  form 
a2  +  M2.  [For  fc  =  l,  Hermite,  p.  237  of  Vol.  II  of  this  History.] 

A.  M.  Legendre64  stated  in  effect,  but  attempted  no  proof,  that  a  quadratic  form 
which  represents  all  the  numbers  represented  by  another  form  can  be  transformed 
into  the  latter.  Cf  .  Schering,65  Bauer.146 

E.  Schering65  noted  that  the  last  theorem  may  fail  unless  the  forms  are  properly 
primitive.  Proof  is  made  by  use  of  the  composition  of  forms  and  of  Dirichlet's 
theorem  on  the  infinitude  of  primes  in  an  arithmetical  progression.  Call  the  g.c.d. 
0  of  A,  E,  C  the  order  of  (A,  B,  C).  The  latter  is  of  the  Eih  kind  if  OE  is  the 
g.c.d.  of  A,  2B,  C,  whence  E  =  ~L  or  2,  according  as  (A/0,  B/0,  C/0)  is  properly  or 
improperly  primitive. 

Theorem  I.  If  (a,  I,  c)  is  of  order  o,  determinant  df  and  of  the  eth  kind,  and 
represents  all  the  numbers  which  can  be  represented  by  (A,  B,  0),  which  is  of  order 
0,  determinant  D,  and  of  the  Efh  kind,  then  EO  is  divisible  by  eo,  and  E2D/(e2d)  is 
the  square  of  an  integer. 

Theorem  II.  In  order  that  the  form  f=(2a,  2b/e,  2c)  of  order  2/e,  determinant 
d,  and  of  the  eth  kind,  shall  represent  all  numbers  which  can  be  represented  by 
F=  (2A,  2B/E,  20)  of  order  2/Ef  determinant  D,  and  of  the  Eth  kind,  it  is  neces- 
sary and  sufficient  that  /  contain  F  when  E  ^  e;  but  if  e  =  l,  E  =  2,  it  is  necessary 
that,  when  a,  b  are  assumed  odd  (as  may  be  assumed  without  loss  of  generality), 
(2o>  }),  c/2)  contain  Ff  that  the  number  of  properly  primitive  classes  of  determinant 
d/4:  shall  not  exceed  the  number  of  improperly  primitive  classes  of  the  same  determi- 
nant, and  that  D  ^  1  (mod  8)  . 

Theorem  III.  A  necessary  and  sufficient  condition  that  the  forms  in  Theorem  I 
shall  represent  the  same  numbers  is  that  at  least  one  of  the  forms  shall  contain  the 
other,  that  oe  =  OE,  e2d=E2Df  and  that,  if  e  ^=E,  D/02  be  of  the  form  8fc  +  5,  and 
that  for  this  number  as  determinant  there  are  as  many  improperly  primitive  as 
properly  primitive  classes. 

J.  Liouville66  stated  that  the  double  of  any  prime  24/x-f  7  can  be  expressed  in  an 
odd  number  of  ways  by  x2  +  q*l+1y2,  where  x,  y  are  positive  odd  integers,  and  q  is  a 
variable  prime  24v  +  3  not  dividing  y;  also  similar  theorems. 

Liouville67  stated  that  if  m  is  a  prime  of  either  of  the  forms  16&  +  7  or  16&+11, 
there  exists  at  least  one  pair  of  distinct  primes  p,  q  of  the  form  8v+3  such  that 


has  positive  odd  solutions  prime  to  p,  q.    If  there  are  several  such  pairs  p,  q,  their 
number  is  odd  when  q,  p  is  not  distinguished  from  p,  q.     If68  m  =  4/^  +  1  and 

63  Exercises  d'analyse  numerique,  1859,  109-112. 

64  Theorie  des  nombres,  ed.  3,  1830,  I,  p.  237-8.    Granted  that,  for  every  pair  of  relatively 

prime  integers  y  and  z,  we  can  find  integers  t  and  u  for  which  t*  +  u2  =  2,fy*  -f-  2gyz  +  f&2 
[false  if  /  —  y  =  3,  z—  1]  Legendre  stated  without  proof  that  the  equation  becomes  an 
identity  in  y,  z  for  t  =  Ay  +  Bz,  u  =  My  -f-  Nz,  where  A,  B,  M,  N  are  integers. 

es  Jour,  de  Math.,  (2),  4,  1859,  253-270;  Werke,  I,  87-102. 

ee  Jour,  de  Math.,  (2),  4,  1859,  399,  400;  (2),  6,  1861,  28-30. 

"/bid.,  (2),  5,  1860,  103-4. 

68  Ibid.,  119-120;  (2),  7,  1862,  19-20. 
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are  primes,  the  number  of  sets  of  primes  p  and  odd  integers  x,  y  not  divi- 
sible by  p  of  2m  =  x2  +  p4ll+1y2  is  =/A  +  O-+!  (mod  2),  where  a  denotes  the  number  of 
primes  45+1  which  divide  ab,  where  2m  =  a2  +  b2;  he  stated  also  a  similar  theorem. 
He69  stated  many  theorems  of  the  following  type  :  Any  prime  8/x+  5  can  be  expressed 
in  an  odd  number  of  ways  in  the  form  2x2-\-p4l+1y2,  x,  y  odd,  p  a  variable  prime 
8v-f  3  not  dividing  y.  He70  stated  several  theorems  of  the  type  that  the  product  of 
any  prime  8fc-f  3  by  any  prime  Sh  +  5  can  be  expressed  in  an  old  number  of  ways  in 
the  form  x2  +  q4l+ly2)  x,  y  odd,  q  a  variable  prime  S/*  +  3  not  dividing  y. 

Liouville71  stated  that  the  quadruple  of  a  prime  8/x  ±  3  can  be  expressed  in  an  odd 
number  of  ways  in  the  form  x2  +  p*l+ly2,  x=  ±1  (mod  8),  y  odd  and  positive,  p  a 
variable  prime  Sv  +  3  not  dividing  y. 

He72  stated  that,  if  N  is  the  number  of  decompositions  (disregarding  the  signs  of 
x,  y)  of  a  prime  ra  into  4:X2  +  q*l+ly2,  x,  y  odd,  q  a  variable  prime  8i/  +  5  not  dividing 
y,  then  N  =  b  (mod  2),  where  m  =  a2  +  8b2,  uniquely;  also  many  similar  theorems. 

He73  considered  the  number  N  of  decompositions  of  the  product  of  a  prime 
m=S/jt.+3  by  the  square  of  a  prime  a=8v+7  into  the  form  x2  +  2p4l+ly2,  where  x  is 
not  divisible  by  a,  and  y  not  divisible  by  the  variable  prime  p,  and  stated  that  N  is 
odd  or  even  according  as  a  is  a  quadratic  residue  or  non-residue  of  ra. 

He74  stated  that  if  m  is  a  prime  8/*  +  3,  m4  can  be  expressed  an  odd  number  of 
ways  in  the  form  16x2  +  p*l+1y2,  x,  y  positive,  p  a  variable  prime  not  dividing  y; 
likewise  for  2m2  =  x2  +  p*l+'Ly2,  x,  y  odd. 

Finally/5  he  stated  that  if  m  is  any  prime  20&  +  3  or  20&  +  7,  8m  can  be  expressed 
in  an  odd  number  of  ways  in  the  form  5z2  +  2?4m2/2,  x>  y  0(^  an(i  positive,  p  a  variable 
prime  not  dividing  y;  and  likewise  for  xf  +  Sp^^y2. 

H.  J.  S.  Smith76  gave  a  resume  of  the  work  of  Gauss.  In  §  89  he  pointed  out  the 
basis  of  the  theorem  of  Gauss  (Art.  162),  the  principles  underlying  whose  proof  are 
concealed.  Let  /=  (a,  I,  c)  be  transformed  into  F=  (A,  B,  C)  by  two  substitutions 


Z0  =  a0x  +  pQy,  Y0  = 

of  equal  determinants,  so  that  /(X0,  F0)  =/(Zt,  YJ=F(x,  y).    In  view  of  the 
relation  between  the  first  roots  w,  O  of  /  and  F  (Dirichlet57)  ,  it  follows  that 


is  the  same  equation  as  A  +  2Bn  +  CV2  =  Q.     In  other  words,  XQY^-X^YQ  is  the 
product  of  F(xf  y)  by  a  constant.    Another  function  with  the  same  property  is 


as  follows  from  the  formula  of  composition  of  /(3T0,  F0),  f(X->.,  FJ  in  Gauss  (Art. 

69  Jour,  de  Math.,  (2),  5,  I860,  139-140,  300-2,  309-312,  387-392;  (2),  6,  1861,  7-8;  (2),  7,  1862, 

17-18;  (2),  8,  1863,  137-140. 

70  Ibid  ,  (2),  5,  1860,  303-4;  (2),  6,  1861,  185-206;  (2),  7,  1862,  21-22. 

71  Ibid.  (2),  6,  1861,  1-6,  93-96;  (2).  8,  1863.  85-88,  102-4;  (2),  9,  1864,  135-6. 
•"Ibid.,  (2),  6,  1861,  31-32,  55-56,  97-112,  147-152,  219-224. 

73  Ibid.,  207-8. 

7*Ibid.,  (2),  7,  1862,  23-24,  136. 

75  Ibid.,  (2),  9,  1864,  137-144. 

78  Report  British  Assoc.  for  1861,  292-340;  Coll.  Math.  Papers,  1,  pp.  163-207. 
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229,  report  in  Ch.  IV).  Let  m  be  the  positive  g.c.d.  of  A,  2B,  C.  Let  U,  T  be  the 
g.c.oVs  of  the  coefficients  of  x2,  xy,  y2  in  X^Y^— X^YQ  and  G  respectively,  the  signs 
of  Uf  T  being  such  that 

F(x,y)  _  Z0Fa-Z1F0_G 
m  U  T' 

We  obtain  at  once  Gauss'  formulas  (14),  (15),  expressed  in  the  present  notations. 

There  is  given  (§93)  a  treatment  of  forms  of  positive  determinant  not  materially 
different  from  that  of  Dirichlet.67 

G.  Skrivan77  gave  other  proofs  of  the  elementary  results  of  Gauss  (Art.  154,  and 
final  paragraph  of  Art.  166). 

L.  Kronecker78  proved  that  if  D,  D',  ...  are  the  distinct  numbers  for  which  an 
odd  prime  p  can  be  represented  by  x2  +  Dy2,  x2  +  D'y2,  . . .,  with  y  odd,  and  if 
(a\>  &i>  ci)>  (a-2>  b->>  C2)>  •••  give  all  the  reduced  properly  primitive,  positive  forms 
of  determinants  —  D,  —D',  ...,  then  the  congruences  aiZ2  +  2biZ  +  Ct  =  0  (mod  p) 
have  p  distinct  roots,  each  occurring  twice,  provided  we  count  as  two  each  root  of 
those  congruences  in  which  the  coefficient  of  z2  does  not  have  the  same  absolute  value 
as  one  of  the  remaining  two  coefficients.  If  p  =  4n+3,  there  is  no  properly  primitive 
ambiguous  form  (with  a=  ±2b  or  a  =  c)  having  one  of  the  determinants  —D,  —  Df, 
. . .,  so  that  the  roots  form  a  complete  set  of  residues  modulo  p. 

If  p  is  an  odd  prime  and  d  is  a  positive  integer  <  Vp  and  if  (ai,  bi,  d)  are  the 
positive  reduced  forms  of  determinant  d2  —  p  in  which  one  of  the  outer  coefficients 
is  odd  and  the  middle  coefficient  is  =>  0,  then  the  expressions  (±b  +  d)/a form  a  com- 
plete set  of  residues  modulo  p  if  we  admit  the  four  combinations  of  signs  except  for 
a=2b  (when  we  take  only  the  minus  sign  before  b)  and  for  a=c  (when  we  take  only 
the  upper  signs).  This  theorem  is  said  to  admit  of  generalization  to  a  composite  p. 

A  summary  of  the  rest  of  the  paper  is  given  in  Ch.  VI. 

H.  J.  S.  Smith79  gave  an  exposition  of  the  results  of  Gauss38  and  Dirichlet51  on 
the  geometrical  representation  of  quadratic  forms  of  negative  determinants.  He 
applied  continued  fractions  to  the  representation  of  numbers  by  quadratic  forms  by 
the  method  used  for  special  cases  by  Gopel.41 

V.  Simerky80  gave  an  exposition  of  the  theory  of  binary  quadratic  forms. 

J.  Liouville81  stated  that,  for  fc  =  10,  18,  22,  28  or  58,  every  prime  of  the  form 
A2  +  2kB2,  where  B  is  odd,  can  be  expressed  in  an  odd  number  of  ways  in  the  form 
kx2  +  p*l+'Ly2,  where  x,  y  are  positive  odd  integers,  and  p  is  a  prime  not  dividing  y. 

He82  stated  that  every  prime  m  of  the  form  4^12  +  552,  where  A  is  odd,  is  ex- 
pressible in  the  form  2(10rc  +  fc)2  +  p4my2  an  odd  number  of  ways,  where  y  is  positive 
and  odd,  p  is  a  prime  not  dividing  y,  and  Jc  =  3  or  1  according  as  m  =  1  or  9  (mod  40) . 

C.   Traub83   investigated  the   primes   represented   properly  by   x2  —  Dy2,   where 

77  Archiv  Math.  Phys.,  38,  1862,  259. 

78  Monatsber.  Akad.  Berlin,  1862,  302-311.    French  transl.,  Ann.  Sc.  Ecole  Normale  Super., 

(3),  3,  1866,287-294. 
7»  Report  Brit.  Assoc.  for  1863,  768-86;  Coll.  Math.  Papers,  I,  263-8,  283-8. 

80  Abh.  K.  Bohmischen  Gesell.  Wiss.  Prag,  12,  1863,  193-259  (in  Bohemian). 

81  Jour,  de  Math.,  (2),  10,  1865,  281-296. 
**Ibid.,  (2),  11,  1866,41-48. 

83  Theorie  der  Sechs  einfachsten  Systeme  complexer  Zahlen,  Progr.  Lyceums  in  Mannheim, 
1867,  1868,  20-26,  81-86. 
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D=—l,  ±2,  ±3,  5,  after  showing  that  there  exists  a  g.c.d.  process  for  algebraic 
numbers  a  +  bVD. 

G.  Cantor84  proved,  without  the  use  of  continued  fractions,  the  double  theorem 
due  under  restrictions  to  Gopel.41  If  D  is  a  prime  p  =  8n  +  3  [or  8n+7]  or  its 
double,  and  if  Z>=</>2  +  2^2  [or  <£2-2^2],  where  \f/  =  l  (mod  4)  when  D  =  p,  but 
^=1  or  3  (mod  8)  when  D=2p,  then  (  —  2^.  <£,  ^)  [or  (2i£,  <£,  $)~\  is  equivalent  to 
(1,0,  -D).  For,  -2  [or  +2]  is  representable  by  sz-Dt2. 

P.  Bachmann85  based  a  theory  of  quadratic  forms  on  the  representation  of  num- 
bers, making  no  use  of  algebraic  transformation.  Two  forms  of  the  same  determi- 
nant D  are  called  equivalent  if  every  number  m  which  can  be  represented  by  one  of 
them  has  also  a  representation  by  the  other  which  belongs  to  the  same  root  of  zz  =  D 
(mod  m).  Two  forms  equivalent  by  this  definition  are  equivalent  according  to 
Gauss'  definition.  Pell's  equation  enters  as  by  Smith.76  This  theory  was  amplified 
in  his86  text. 

F.  Valles87  stated  that  every  prime  13n  —  1,  13n—  3  or  13n—  4  can  be  expressed 
in  one  of  the  forms  ±  (x2  —  I3y2)  ;  if  the  prime  is  also  of  the  form  42V+1,  it  can  be 
expressed  also  in  the  form  z2  +  13^2.  He  stated  analogous  theorems  on  primes 
7n  +  k.  The  theorem  that  a  prime  of  the  form  5n±l,  also  of  the  form  8^V+1  or 
8.ZV  +  5,  is  expressible  by  x2  +  5y2  is  equivalent  to  the  known  theorem  that  a  prime 
20&  +  1  or  20&  +  9  is  expressible  by  x 

L.  Lorenz88  employed  the  identities 

+  00 


to  show  that  the  number  of  solutions  of  N=m2  +  2n2  is  double  the  excess  of  the 
number  of  divisors  of  the  forms  8n+.l,  8n-f  3  of  ^V  over  the  number  of  the  forms 
8n-f  5,  8n+7';  and  that  the  number  of  solutions  of  ^V=m2  +  3n2  is 


where  Nk  denotes  the  number  of  divisors  of  the  form  k  of  N. 

J.  Liouville89  stated  that,  if  (x,  y)  is  unaltered  by  the  change  of  sign  of  x  or  y, 


where  a,  ft  range  over  all  sets  of  integral  solutions  of  a2  -{-  3/?2  =  ra,  where  m  is  a 
given  odd  integer,  while  i,  i'  range  over  all  sets  of  positive  odd  integral  solutions 
of  ;2  +  3i"=4m. 

B.  Minnigerode90  employed  Dirichlet's67  definition  of  the  first  and  second  roots 
of  a  form  /  of  positive  discriminant  D,  proved  that  any  /  is  equivalent  (by  passing  to 

84  Zeitschrift  Math.  Phys.,  13,  1868,  259-61. 

85  Zeitschrift  Math.  Phys.,  16,  1871,  181-9. 

86  Bachmann,  Zahlentheorie,  I,  1892,  165-213. 

87  Bull.  Sc.  Soc.  Philomatiques  de  Paris,  1870-1,  191-3;  L'Institut,  Jour.  Universal  des  Sc. 

et  des  Soc.  Sav.  en  France  et  a  1'Etranger,  40,  1872,  1957. 
88Tidsskrift  for  Mathematik,  (3),  1,  1871,  106-8. 
8»  Jour,  de  Math.,  (2),  18,  1873,  142-4.    Cf.  Bell."* 
90  Gottinger  Nachr.,  1873,  619-652. 
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successive  right  neighboring  forms)  to  one  whose  first  root  exceeds  2  and  whose  third 
coefficient  is  greater  than  or  equal  to  the  first  coefficient  (apart  from  signs),  and 
called  such  a  form  (and  those  in  the  same  period)  reduced  (although  not  in  the 
sense  of  Gauss  or  Hermite53).  Using  continued  fractions  with  negative  quotients, 
he  developed  the  first  root  of  a  reduced  form  F,  the  g.c.d.  of  whose  coefficients  is  <r,  to 
obtain  all  transformations  of  F  into  itself  and  hence  to  deduce  all  solutions  of 
t2  —  Du2  =  o-2  from  the  least  positive  solution. 

W.  Goring91  proved  that  any  prime  6m  +  1  is  represented  by  x2  +  3y2  in  one  and 
but  one  way. 

E.  Selling92  considered  a  positive  form  (A,  K,  B)  in  which  A,  B  and  the  invariant 
I-AB-K2  are  all  positive,  while  A,  K,  B  are  real.  The  conditions  -A  ^  2K  fg 
A  ^  B  for  a  reduced  form  adopted  by  Lagrange  and  Gauss  are  here  replaced  by  the 
conditions  that  K  is  not  positive  and  —  K  is  not  greater  than  A  or  B.  If  (A,  K,B} 
is  one  reduced  form  and  if  A  +  H+K=Q,  B  +  K+G=Q,  C+G+H=Q,  then  (A, 
K,  B),  (B,  G,  C)  and  (C,  H,  A)  are  reduced  and  are  permuted  cyclically  by  the 
substitution  (_?})•  These  three  forms  are  simultaneously  reduced  forms  if  no  one 
of  G,  II,  K  is  positive  (or  if  A,  B,  C  are  positive  and  the  sum  of  any  two  is  not  less 
than  the  third).  There  are  only  three  reduced  forms  in  a  class;  for,  if  (A,  K,  B)  is 
reduced,  A,  B,  C  are  the  least  numbers  represented  properly  by  forms  of  the  class. 
Every  class  contains  reduced  forms. 

Employing  Gauss'38  geometrical  representation  of  positive  forms,  we  see  that 
G=Q,  H^Q,K^Q  imply  that  the  exterior  angles  of  the  triangle  formed  by  the 
lines  of  lengths  VA,  V#,  V<7  are  obtuse,  so  that  the  triangle  is  acute.  Let  px+o-y, 
p'x  +  v'y  be  the  conjugate  complex  factors  of  Ax2  +  2Kxy  +  By2,  and  write  p  = 
o-  =r)  +77^.  Then 

(19)  e  +  tt  =  A, 

Consider  an  indefinite  form  (a,  Tc,  b)  with'the  invariant  I=k2  —  ab>0.  Denoting 
its  factors  by  (|±£1)o;+  (rj  +  rj^y,  we  have 

(20)  e-g  =  a,        bi-Srti  =  k,        ^-r,l  =  b. 

Take  any  set  of  real  numbers  £,  £1?  77,  ^  satisfying  (20)  and  insert  them  in  (19)  ; 
we  obtain  a  positive  form  (A,  K,  B)  corresponding  to  (a,  k,  b).  Necessary  and 
sufficient  conditions  for  corresponding  forms  are 


i.  e.,  their  determinants  are  equal  except  as  to  sign,  and  their  simultaneous  invariant 
vanishes.  If  the  same  substitution  (  "  $  )  be  applied  to  an  indefinite  form  and  to  the 
corresponding  positive  form,  the  new  positive  form  corresponds  to  the  new  indefinite 
form.  An  indefinite  form  (a,  k,b)  with  a>0  is  called  reduced  if  the  corresponding 
positive  form  (A,  E,B)  is  reduced  whatever  set  of  real  solutions  of  (20)  is  employed, 
with  the  restriction  that  K  is  zero  for  one  of  these  sets.  The  purpose  of  the  last 
restriction  and  a>0  is  to  insure  that  only  one  of  the  forms  (a,  k,  b),  (b,  g,  c), 

91  Math.  Annalen,  7,  1874,  382. 

92  Jour,  fiir  Math.,  77,  1874,  143-164;  revision  (in  French)  in  Jour,  de  Math.,  (3),  3,  1877, 

21-42. 
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(cf  Ti,  a)  shall  be  reduced,  where  h,  g,  c  are  defined  by  a+h  +  k  =  Q, 
c  +  g  +  h  =  0.    It  is  proved  by  use  of  Gauss'  geometric  interpretation  that  an  indefinite 
form  is  reduced  if  and  only  if  its  first  coefficient  is  positive  and  third  coefficient 
is  negative. 

Applying  to  a  reduced  form  (a,  k,  b)  the  substitutions  (J  J),  (J  J),  we  obtain 
(a,  a+k,  a  +  2k  +  b),         (a+2k  +  b,  k  +  b,  b), 

the  first  or  second  of  which  is  reduced,  according  as  a  +2k  +  1  is  negative  or  positive. 
Any  reduced  form  determines  in  this  manner  a  finite  period  of  reduced  forms.  A 
special  reduced  form  is  one  for  which  not  only  a  and  b,  but  also  a—  2k  +  b  and 
a+2k  +  b,  are  of  opposite  signs;  as  noted  by  Lipschitz  (Berichte  Akad.  Wiss.  Berlin, 
1865,  184),  these  conditions  are  equivalent  to  those  of  Gauss  and  Dirichlet57  for  a 
reduced  form. 

Selling  compared  his  definition  of  reduced  forms  with  that  of  Hermite63,  and  con- 
sidered at  length  the  case  in  which  I  =  k2  —  ab  is  a  square.    Cf.  Voronoi42  of  Ch.  XI. 

E.  Hiibner93  noted  that,  of  the  conditions  that  ax2  +  2bxx1  +  alxl  become  cy 
for  x=ay  +  fiyi,  xi  =  aly  +  /3iyI)  two  determine  c  and  Ci,  and  the  third  is 


If  a,  "b,  a^  have  no  common  factor,  all  solutions  of  the  third  condition  in  which  a  is 
prime  to  a17  and  ft  to  ft,  are  found  by  assigning  relatively  prime  values  to  a,  c^  and 
taking  ft  and  —  ft  as  the  quotients  of  aa  +  ba^  and  'ba  +  a1a1  by  their  g.c.d. 

If  me  and  me+k  are  representable  properly  by  a  form  of  determinant  —Df  when  m 
is  prime  to  D}  some  power  of  m  between  me  and  m2e+k  is  representable  properly  by 
(1,  0,  D).  If  D=8n  —  1>0,  at  least  one  power  2k  is  representable  properly  by  (1,  0, 
D)  ;  the  least  k  is  g  2H—  1,  where  H  is  the  number  of  classes  of  forms  of  determi- 
nant —  D.  If  D  is  not  divisible  by  the  pr.ime  p,  and  if  —  D  is  a  quadratic  residue  of 
p,  some  power  pk  is  representable  properly  by  (1,  0,  D)  ;  the  least  k  is  g  2H—1. 

R.  Gent94  proved  that,  if  n>l  is  an  odd  integer,  the  number  of  decompositions  of 
4n  into  x2  +  3y2,  where  x  and  y  are  odd  and  positive,  is  the  excess  of  the  number  of 
divisors  of  the  form  3/1  +  1  of  n  over  the  number  of  the  form  3h  +  2.  He  tabulated 
all  decompositions  4ip  =  x2  +  3y2  for  the  possible  ^<500. 

The  difficulty  with  the  determinant  —  7  is  that  there  are  two  reduced  forms  (  1,  0, 
7)  and  (2,  1,  4).  He  conjectured  that  the  number  of  solutions  of  8n  =  x2  +  7y2, 
#>0,  y>0,  is  the  excess  of  the  number  of  divisors  of  n  which  are  quadratic  residues 
of  7  over  the  number  which  are  quadratic  non-residues  of  7. 

H.  J.  S.  Smith95  associated  with  the  form  (a,  b,  c)  of  determinant  N=b2  —  ac>0 

the  semi-circle  ,  ,  ,    2X     A 

[a,  b,  c]  :  a+2bx+c(x2  +  y2)=Q,        #>0. 

Two  points  w  and  n  in  the  upper  half  H  of  the  complex  plane  are  called  equivalent  if 


93  Ueber  die  Transformation  einer  homog.  binaeren  quad.  Form  in  ein  Aggregat  von  2  Quad- 

raten,  Progr.,  Memel,  1875. 

94  Zur  Zerlegung  der  Zahlen  in  Quadrate,  Progr.,  Liegnitz,  1877. 

95Atti  R.  Accad.  Lincei,  Mem.  fis.  mat.,  (3),  1,  1876-7,  136-49;  abstr.  in  Transunti,  (3),  I, 
68-69;  Coll.  Math.  Papers,  II,  224-241. 
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where  a.  .  . .,  8  are  integers  such  that  /?  =  y  =  0  (mod  2),  a  =  <$==!  (mod  4).  Such  a 
substitution  is  called  normal.  If  two  forms  are  equivalent  under  a  normal  substitu- 
tion ("  f),  the  corresponding  circles  are  equivalent  under  it.  Every  point  of  H 
is  equivalent  to  one  and  but  one  reduced  point,  i.  e.,  in  the  reduced  region  [funda- 
mental polygon]  2  lying  above  the  circles 

Q:x2  +  y2-x=Q,        Q~'L:x2  +  y2  +  x=Q 

and  on  or  between  the  lines  P :  x—  1  and  P~* :  x  —  —  1.  Replace  the  points  of  a  circle 
[a,  b,  c]  by  the  corresponding  reduced  points;  the  circle  is  thereby  replaced  by  a 
series  of  disconnected  circular  arcs  which  are  of  six  types,  designated  by  (PP"1), 
(QQ'1),  (PQ),  (PQ'1),  (P~1Q),  (P^Q'1),  each  specifying  the  two  boundaries  of  2 
which  terminate  the  arc.  The  first  two  correspond  to  intermediate,  and  the  last  four 
to  principal  reduced  forms  of  Hermite.53  If  we  deform  2  into  a  closed  surface  such 
that  P  coincides  with  P~x,  and  Q  with  Q'1,  the  series  of  disconnected  arcs  will  become 
a  continuous  curve,  which  represents  the  class  of  forms  equivalent  to  (a,  &,  c).  For 
Smith's  application  of  this  theory  to  elliptic  modular  functions  and  class  number,  see 
the  latter  topic  in  Ch.  VI. 

C.  F.  Gauss96  employed  the  substitution  (21)  subject  to  the  same  congruencial 
conditions  with  (a=i/t'}  ^l  —  i/t,  and  also  a  region  obtained  from  Smith's  2  by  rota- 
tion clockwise  through  90°.  Gauss  considered  also  all  substitutions  (21)  in  connec- 
tion with  modular  functions. 

R.  Dedekind97  called  o>  and  O  equivalent  numbers  if  they  are  connected  by  a  rela- 
tion (21)  where  a,  . . .,  8  are  any  integers.  All  complex  numbers  equivalent  to  a 
given  one  are  equivalent  to  each  other  and  are  said  to  form  a  class.  Every  complex 
number  o)  =  x+yi,  y>Q,  and  every  rational  real  number,  is  equivalent  to  one  (and  in 
general  to  only  one)  number  w0  =  x0-\-y0i  for  which  x0  ^  J,  x0  ^  —  -J,  zl  +  yl  5>  1, 
whence  the  point  <o0  lies  in  the  region  between  the  two  lines  parallel  to  the  y-axis  and 
at  a  distance  1/2  from  it,  and  at  the  same  time  is  above  the  circle  of  radius  unity  and 
center  at  the  origin.  The  proof  is  similar  to  that  of  the  existence  of  one  (and  in 
general  only  one)  equivalent  reduced  binary  quadratic  form  of  negative  determinant. 
Application  is  made  to  elliptic  modular  functions  (cf.  Dedekind128  of  Ch.  VI). 

E.  de  Jonquieres98  employed  representations  of  N2  by  z2  +  tv2  and  relations  between 
them  and  representations  of  N  by  x2  +  tu2  to  deduce  the  latter  representations. 

T.  Pepin"  proved  that  a  primitive  form  /=  (a,  ~b,  c},  whose  determinant  D  has  no 
square  factor,  represents  an  infinitude  of  integers  p  prime  to  D.  Let  a  be  the  g.c.d. 
of  a=a'a,  D  =  D'a.  If  p  is  a  quadratic  residue  of  D,  then  aD' ',  o&',  —a'D'  are 
quadratic  residues  of  a',  D',  a,  respectively,  and  conversely.  A  necessary  and 
sufficient  condition  that  /  shall  represent  squares  is  that  it  can  represent  positive 
integers  which  are  prime  to  D  and  are  quadratic  residues  of  D. 

S.  Roberts100  applied  continued  fractions  to  the  representation  of  numbers  by 
x2  +  At/2,  chiefly  for  A>0.  It  is  a  sequel  to  the  papers  by  Gopel41  and  Smith.79 

96  Post,  fragment,  1827;  Werke,  III,  1876,  477-8  (386) ;  VIII,  1900,  105  (remarks  by  R.  Fricke). 

97  Jour,  fur  Math.,  83,  1877,  269-273.    Cf .  Hurwitz,i°6  Mathews,137  Weber.145    Exposition  by 

A.  L.  Baker,  Amer.  Math.  Monthly,  8.  1901,  163-6. 
98Comptes  Rendus  Paris,  87,  1878,  399-402;  Assoc.  frang.,  7,  1878,  40-49. 

99  Atti  Accad.  Pont.  Nuovi  Lincei.  32,  1878-9,  81-87. 

100  Proc.  London  Math.  Soc.,  10,  1878-9,  29^1.    Partial  report  in  Vol.  II,  p.  383. 
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A.  Korkine  and  Gr.  Zolotareff101  stated  that  the  precise  limit  of  the  minima  of 
all  binary  quadratic  forms  of  positive  determinant  D  for  integral  values,  not  all  zero, 
of  x,  y  is  V|A  which  is  the  minimum  of  f0=y%D(x2  —  xy  —  y2)  and  forms  equiva- 
lent to  it ;  while  the  precise  limit  of  the  minima  for  all  other  forms  is  Vl^.  Proof 
by  Humbert.183 

A.  Markoff102  stated  that  Korkine  had  communicated  to  him  the  fact  that  VJ1>  is 
the  minimum  of  forms  equivalent  to  /x  =  V %D (x2  —  2xy  —  y2).  Here  Markoff  proved 
that  VlOOZ)/221  is  the  precise  limit  of  the  minima  of  all  forms  equivalent  to 
neither  /0  nor  /±,  and  is  the  minimum  of  forms  equivalent  to 


and  obtained  a  continuation  of  this  series  down  to  /9.  By  the  use  of  continued  frac- 
tions, he  proved  that  if  I  is  a  given  number  >f,  there  is  only  a  finite  number  of 
classes  of  forms,  of  a  given  determinant  D,  whose  values  are  not  numerically  <ZV-#. 
This  number  of  classes  increases  indefinitely  when  I  approaches  §.  For  another 
statement  of  this  result  and  a  similar  one,  see  Schur.174  Another  theorem  by 
Markoff  will  be  quoted  under  Frobenius.175 

H.  Poincare103  associated  with  a  definite  form  F=am2  +  2bmn  +  cn2  a  parallelo- 
grammatic  lattice  R  whose  points  have  the  coordinates 


To  a  form  F'  equivalent  to  F  corresponds  a  lattice  R'  with  the  same  points  as  R. 
We  may  convert  R  into  R'  by  a  rotation  about  the  origin  through  a  certain  angle  0, 
called  the  angle  of  the  transformation.  Given  0,  we  can  compute  the  coefficients  of 
the  transformation.  An  arithmetical  covariant  of  a  form  is  defined  as  a  function 
of  its  coefficients  which  is  equal  to  the  product  of  the  analogous  function  of  the 
coefficients  of  any  equivalent  form  by  a  function  of  the  angle  6  of  the  transformation. 
If  we  know  a  covariant,  we  may  test  the  equivalence  of  two  forms  by  finding  0  and 
then  the  coefficients  of  the  transformation.  The  covariants 


/ 
V« 

may  be  computed  by  means  of  infinite  series  or  a  definite  integral. 

H.  Poincare104  showed  how  the  usual  representation  of  definite  quadratic  forms 
by  lattices  may  be  applied  to  indefinite  forms.  Let  ^.=  [^J]  denote  the  lattice 
composed  of  the  points  with  the  coordinates 

(22)  x  =  am  +  l>nf      y  =  cm  +  dn  (m,  n  ranging  over  all  integers). 

101  Math.   Annalen,   6,    1873,   369-370;    Korkine's   Coll.   Papers,   1,   1911,  296.     Report   in 

Ch.  XI." 

102  /bid.,  15,  1879,  381-406;  17,  1880,  379-399. 

108Comptes   Rendus    Paris,   89,    1879,   897-9.     For   details    on   related    matters,   see   his 

papers.104-  109>  157. 
10*Jour.  ecole  polyt.,  t.  28,  cah.  47,  1880,  177-245.     Report  of  Parts  IV,  V  is  made  in 

Ch.  Ill  .« 
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Call  ad  —  be  the  norm  of  the  lattice.  A  lattice  A  is  called  a  multiple  of  a  lattice  B 
if  all  points  of  A  belong  to  B.  Two  lattices  are  equivalent  if  all  points  of  each  belong 
to  the  other.  If  A'  —  AE  under  matrix  multiplication,  lattice  R  is  said  to  be  the 
ratio  of  A'  to  A.  Proof  is  given  of  Eisenstein's  theorem  that  every  lattice  with 
integral  elements  is  equivalent  to  one  with  d  =  Q.  The  system  of  points  common  to 
two  lattices  is  called  their  least  common  multiple.  The  g.c.d.  of  A  and  A'  is  defined 
to  be  the  system  of  points 

=  am  +  bn  +  a'm'  +  b'n', 


ra  b  a'&'~| 
\_c  d  c'  d']: 


where  ra,  n,  m',  nf  take  all  integral  values.  If  d=d'  =  Q,  it  is  shown  how  to  find  the 
l.c.m.  and  g.c.d.,  they  being  of  the  form  ['  Q].  A  prime  lattice  is  one  whose  norm  is 
a  prime.  There  is  a  study  of  special  lattices  composed  of  the  points  whose  coordinates 
are  integers  satisfying  a  congruence  ax+by  =  Q  (mod  c). 

Part  II  (pp.  200-9)  deals  with  the  representation  of  numbers  a+b^/D  by  points. 
If  D<0  it  is  usually  represented  by  the  point  m  with  the  coordinates  af  &V—  D  in  a 
plane  P.  Take  a  plane  Q  cutting  P  along  the  z-axis  and  making  with  it  a  dihedral 
angle  equal  to  arc  cos  l/y—D.  The  coordinates  of  the  projection  of  m  on  Q  are  a,  b. 
Whether  D  is  positive  or  negative,  the  point  (x,  y)  is  taken  as  the  representative  of 
a;  +  yV^  whose  modulus  and  argument  are  defined  as 

yx2  —  Dy2,  ;     arc  tan 

If  real,  the  modulus  is  the  ratio  of  the  vector  from  the  origin  0  to  C=  (x,  y)  to  the 
vector  from  0  to  the  intersection  of  the  former  vector  with  the  ellipse  or  hyperbola 
I2  —  Dr)2  =  l.  But  if  x2  —  Dy2<Q,  the  modulus  is  V  —  1  times  the  ratio  of  the  similar 
vectors  for  £2  —  Dr)2=  —  1.  The  real  component  of  the  argument  is  double  the  area 
comprised  between  the  vector  OC,  the  re-axis,  and  £2  —  Zfy2  =  l.  The  modulus  of  a 
product  is  the  product  of  the  moduli  of  the  factors.  The  argument  of  a  product  is 
the  sum  of  the  arguments  (properly  chosen)  of  the  factors. 

Part  III  (pp.  209-226)  treats  of  the  representation  of  forms  by  lattices.  The 
lattice  of  points  (22)  is  said  to  represent  the  form  (am  +  bn)2  —  D(cm  +  dn)2. 
Then  any  form  aN2  +  2bNM  +  cM2  is  represented  by  the  lattice 

Val 


2  —  ac 
Da' 

In  the  usual  representation  of  a  definite  form  (with  D<0),  the  corner  element  is 
V(#c  —  &2)/a;  it  is  here  divided  by  V  —  D  to  obtain  the  projection  on  the  plane  Q 
of  the  lattice  placed  in  the  plane  P.  For  Z><0  the  present  representation  differs 
from  the  classic  one  only  in  multiplying  the  coordinates  of  points  of  the  lattice  by 
fixed  factors.  Henceforth  let  D>0.  By  a  fundamental  triangle  OAB  is  meant 
(p.  222)  one  formed  by  the  origin  0  and  two  points  A  and  B  of  the  lattice  and  con- 
taining in  its  interior  no  other  point  of  the  lattice.  It  is  called  an  ambiguous 
triangle  if  the  first  "asymptote"  ^/T)x  —  y  is  interior  to  the  angle  at  0  of  the  tri- 
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angle,  while  the  second  asymptote  —  ~\/Dx=y  is  exterior  to  this  angle.  If  we  complete 
the  parallelogram  OABC  whose  half  is  a  fundamental  triangle  OAB,  the  triangles 
OAC  and  OBC  are  aso  fundamental  and  are  called  derived  triangles  of  OAB.  Also, 
OA  B  is  said  to  be  the  primitive  of  OAC.  Any  lattice  has  ambiguous  triangles.  If  a 
triangle  is  ambiguous,  one  and  only  one  of  its  two  derived  triangles  is  ambiguous,  and 
a  single  one  of  its  two  primitives  is  ambiguous.  Hence  there  exist  infinitely  many 
ambiguous  triangles  forming  a  period  such  that  each  of  them  is  the  derived  of  the 
preceding  triangle  and  the  primitive  of  the  following  one.  Each  triangle  of  the 
period  has  a  side  in  common  with  the  following  triangle.  Thus  in  general  several 
consecutive  triangles  of  the  period  have  a  common  side  and  are  said  to  form  a  series, 
so  that  the  period  is  divided  into  series.  The  last  triangle  of  a  series  is  the  first  one 
of  the  next  series  ;  such  a  triangle  belonging  to  two  series  corresponds  to  a  reduced 
form. 

The  lattice  (23)  is  designated  by  Am  +  Bn  +  A'm'  +  B'n',  where 


In  particular,  the  lattice  (22)  is  Am  +  Bn.    Employing  also  the  conjugates 


of  A,  B,  we  see  by  the  first  sentence  of  the  report  on  Part  III  that*the  quadratic  form 
(in  the  variables  m,  n) 

(Am  +  Bn)  (Am  +  Bn)  =  (am  +  l>n)2-D(cm  +  dn)2 

is  represented  by  either  of  the  lattices  Am+Bn,  Am  +  Bn. 

F.  Mertens105  gave  an  elementary  proof,  without  using  continued  fractions  (as 
had  Dirichlet57),  of  Gauss'  theorem  (Art.  193)  that  two  properly  equivalent  reduced 
forms  of  positive  determinant  belong  to  the  same  period.  Cf.  Frobenius,175 
Mertens.139'  19° 

A.  Hurwitz106  developed  the  theory  of  Dedekind's97  fundamental  region  and  noted 
that  it  leads  to  a  simple  geometrical  theory  of  the  reduction  of  quadratic  forms. 

K.  Kiipper107  investigated  primes  p  =  m2  +  kn2. 

H.  J.  S.  Smith108  proved,  by  means  of  the  functions  (q»  ...,  qn)  giving  the 
numerators  of  the  continued  fraction  with  the  quotients  g1?  q2,  ----  that  every  prime 
12n  +  7  is  of  the  form  x2  +  3y2,  and  every  prime  12n  +  ll  is  of  the  form  3x2-y2.  By 
the  same  method  he  treated  the  representation  of  primes  by  2x2±y2.  Cf.  Gopel.41 

H.  Poincare109  obtained  arithmetical  invariants  of  a  linear  or  quadratic  form 
F(xf  y],  i.  e.,  functions  of  the  coefficients  of  F  which  are  unaltered  under  every  linear 
substitution  X  =  ax'  +  Py',  y  =  yx'  +  $y',  where  a,  ft  y,  8  are  integers  such  that 
a8  —  Py  —  1  .  Consider 

«fr  (  g)  s  2  (g™  +  ")"'*'  _ 

105  Jour,  fur  Math.,  89,  1880,  332-8. 
™«  Math.  Annalen,  18,  1881,  528-540. 

107  Casopis  math,  fys.,  Prag,  10,  1881,  10  (Bohemian). 

108  Coll.  Math,  in  memoriam  D.  Chelini,  Milan,  1881,  117-143;  Coll.  Math.  Papers,  II,  287-311. 
109Assoc.  frang.  av.  scf.,  10  (Alger),  1881,  109-117.    See  Poincare.157 
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summed  for  all  pairs  of  integers  m,  n  except  0,  0.    It  can  be  expressed  as  a  definite 
integral  and  is  holomorphic  if  q  is  not  real.    Further, 


is  an  arithmetical  invariant  of  ax+by.  We  may  employ  *  <£i  to  test  the  equivalence 
of  F=ax2  +  2bxy  +  cy2  and  F'=a'x'*+  .  .  .  of  the  same  negative  determinant 
-  D=  I2  -  ac.  Thus  F  and  F'  are  the  moduli  of 


Let  the  above  substitution  transform  F  into  F',  and  hence  I  into  \l',  where  A  is  a 
constant  to  be  determined.  Identify  I  with  bx  +  ay  and  employ  its  above  invariant 
forfc=l.  Thus 


which  determines  A.    Write  A  =  /x  +  tV.    Since  /  is  transformed  into  AZ', 
aa+yb  = 


a. 


Equations  (24),  (25)  give  the  coefficients  a,  ft,  y,  8  of  the  substitution  which  trans- 
forms F  into  F',  they  being  assumed  equivalent. 

To  test  their  equivalence,  compute  the  fa's  in  (24)  with  an  approximation  sufficient 
to  insure  solutions  a,  .  .  .,  8  of  (25)  with  an  error  of  less  than  1/2.  Then  we  have 
their  exact  values  as  integers.  The  forms  are  equivalent  if  and  only  if  the  resulting 
substitution  transforms  I  into  \l'. 

For  a  quadratic  form  F  of  determinant  b2  —  ac=D>0,  let  t,  u  be  the  least  positive 
integers  such  that  t2  —  Du2  =  l.  Then  F  has  the  invariant 


summed  for  all  pairs  of  integers  m,  n  for  which  ra>0,  n  ^  0,  m/n<u/t,  while  k  is 
a  given  integer>l.  This  series  may  be  expressed  as  a  double  integral.  The  same  is 
true  of  a  series  defining  a  certain  arithmetical  invariant  of  a  pair  of  linear  forms. 

J.  Hermes110  gave  an  algorithm  for  computing  8  in  passing  from  a  form  to  a 
reduced  right  neighboring  form  (Dirichlet57). 

Hermes111  considered  a  chain  <£0,  <f>19  ...,</>«  of  neighboring  forms  of  positive 
determinant  Df  where  </>i_i  is  transformed  into  <j>i  by  (_J  J  ).  Then  (JJ|)  replaces 
(/>0  by  <t>n  if 

a=  db[/c2,  .  .  .jKn-i],     0=.±[jc2,  ...,  jc»],     y=:t[Ki,  -  ..,  Kn-J,     8=  ±  [KI?  .  .  .,  ic»], 

*  Since  the  series  for  0i  is  only  semiconvergent,  further  definition  of  0i  is  needed.  It  is 
essentially  log  A,  where  A  is  the  modular  invariant  of  Klein-Fricke,  Theorie  der  Ellip- 
tischen  Modulfunctionen,  1890.  The  limit  for  k  =  1  of  the  series  for  <pk  is  evaluated  in 
Weber's  Algebra,  III,  p.  560. 

"o  Archiv  Math.  Phys.,  68,  1882,  432-9. 

i"  Jour,  fur  Math.,  95,  1883,  165-170. 
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in  the  notation  of  continued  fractions  (Gauss,  Art.  27),  where  K2ui  =  82i+i,  *2i=  -821- 
Let  $0,  of  determinant  D,  be  transformed  into  the  same  <j>n  by  using  A1?  .  .  .  ,  ATO 
instead  of  AC'S.  If  00  is  transformed  into  <l>0  by  (  £  J  )  ,  then 

r/A=  (KI?  .  .  .,  *„.!,   0,    qpAm-i,  .  .  .,  H=Ai), 

where  the  upper  or  lower  signs  hold  according  as  the  total  number  of  elements  of  this 
continued  fraction  is  odd  or  even.  Hence 

A=  ±  |>2,  .  .  .,  TAJ,         B  =  ±  [*,,  .  .  .,  ^Xi,  fe], 

r=  ±  [KI?  .  .  .,  TAJ,       A=  ±  [K,,  .  .  .,  TAt,  fc], 

Two  forms  which  lead  to  different  periods  are  not  equivalent. 
T.  J.  Stieltjes112  noted  that  if  F(n)   is  the  number  of  representations  of  n  by 
x2  +  2yz,  and  if  dt  is  the  number  of  divisors  of  the  form  Sk  +  i  of  n,  then  (Genocchi56) 


The  sum  in  brackets  is  transformed  into  8  +  Sl-\<j>(\)9  where  8  is  a  like  sum  ending 
with  ±[n/(2A-l)],  while 

A  =  [  J  (  V'8n  +T+  1]  ,       <#>  (z)  =  2  sin2 


L.  Kronecker113  noted  that  every  substitution  with  integral  coefficients  of  determi- 
nant unity  is  the  product  of  one  of  the  following  six 

T     I1  °\      (0~l\      I     l  l\      /-1     1\      /°-A      /     !  °\ 

HOI/'  (i  ;o/'  U-io/'  V   o-i/'  (i   i/'  (-1  ij 

by  a  substitution  congruent  to  the  identity  I  modulo  2.  By  interchanging  the  two 
columns  we  get  six  substitutions  of  determinant  —  1  to  one  of  which  any  substitution 
of  determinant  —1  is  congruent  modulo  2.  Two  forms  are  called  completely  (or 
incompletely)  equivalent  if  they  can  (or  cannot)  be  transformed  into  each  other  by  a 
substitution  =1  (mod  2).  Thus  to  any  form  of  negative  determinant  belong  five 
properly,  but  incompletely,  equivalent  forms  and  six  improperly  and  incompletely 
equivalent  forms  derived  by  the  above  substitutions.  Corresponding  to  a  form  of 
negative  determinant,  there  may  not  exist  one  completely  equivalent  to  it  and  satis- 
fying the  conditions  c2^a2^  (2&)2  for  a  Lagrange  reduced  form;  however,  to 
every  form  corresponds  a  completely  equivalent  form  whose  coefficients  a0,  ... 
satisfy  the  conditions  al  !>  60,  cl  §&<>.  such  a  form  being  here  called  a  reduced  form. 
Two  such  reduced  positive  forms  (i.  e.,  with  outer  coefficients  positive  and  not 
smaller  than  the  absolute  value  of  the  middle  coefficient)  can  be  completely  equivalent 
only  if  they  both  occur  in  the  above  set  of  12  forms.  All  the  forms  of  the  same 
negative  determinant  which  are  completely  equivalent  are  said  to  constitute  a  class. 
The  number  of  classes  equals  the  number  of  reduced  forms  (a0,  60,  c0)  if  we  retain 
only  one  of  two  reduced  forms  (a0,  ±a0,  C0)  and  only  one  of  (a0,  ±c0,  c0). 

112  Comptes  Rendus  Paris,  97,  1883,  891. 

113  Abh.  Akad.  Wiss.  Berlin,  1883,  II,  No.  2;  Werke,  II,  433-444. 
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E.  Cesaro114  concluded  that  the  number  of  positive  integral  solutions  of  Ax2  + 
Bxy  +  Cy2  =  n(A>Q,C>0)  is  in  mean  ir/(2B)  -B/S2,  where  82  =  4:AC-B2.  Accord- 
ing to  Encyclopedic  des  sc.  math.,  t.  I,  vol.  3,  p.  350.,  there  was  an  error  in  the  limits 
of  integration,  and  the  correct  value  is 

7T  1  B 

^  — «-  arc  tan  -s- . 

/CO  O  O 

Note,  however,  that  Gegenbauer123  agrees  with  Cesaro. 

T.  Pepin116  proved  that  every  prime  m  =  Sl  +  3  is  of  the  form  x2  +  2y2  by  use  of 
the  sum  of  the  divisors  of  m  and  the  sum  of  the  odd  divisors  of  each  m  —  n2. 

Pepin116  applied  general  theorems  of  Dirichlet42  (§  VII)  on  the  number  of 
representations  by  a  quadratic  form  of  negative  determinant  D  to  show  that  the 
number  of  solutions  of  2am  =  xz  +  2y2  is  double  the  excess  of  the  number  of  divisors 
of  the  forms  8/  +  1  or  8Z  +  3  of  m  over  the  number  of  divisors  of  the  form  8Z  +  5  or 
8Z  +  7.  If  m  is  odd  and  not  divisible  by  3,  the  number  of  representations  of  3^ra  by 
x2-\-3y2  is  2cu (ra,  3),  where  <o(ra,  3)  =%(—  3/t),  in  which  i  ranges  over  the  divisors 
of  m,  and  (—3/i)  is  a  Jacobi-Legendre  symbol  ±1  of  quadratic  reciprocity;  the 
number  of  representations  of  2am  (a>0)  by  2x2  +  2xy  +  2y2  or  by  x2  +  3y2  is 
6w (m,  3).  The  number  of  representations  of  2a3^m  by  that  one  of  the  forms 
(1,  0,  6),  (2,  0,  3),  which  is  suitable  to  it,  is  the  double  of  2(-6/i). 

L.  Gegenbauer117  proved  that  the  number  of  ways  any  integer  r  can  be  represented 
by  a  system  of  binary  quadratic  forms  of  discriminant  A  is  the  product  of  the  number 
of  linear  automorphs  of  a  form  of  discriminant  A  by  the  sum  of  the  numbers  of 
solutions  of  z2  =  A  (mod  ds),  where  d2  ranges  over  those  divisors  of  r  whose  com- 
plementary divisors  are  squares.  The  number  of  ways  an  odd  integer  r  can  be  repre- 
sented by  x2  +  2y2  is  double  the  number  of  decompositions  into  two  relatively  prime 
factors  of  those  divisors  of  r  which  have  only  prime  factors  8s +  1  or  85  +  3  and  whose 
complementary  factors  are  squares.  Similarly  for  x2  +  3y2. 

The  number  of  representations,  by  quadratic  forms  of  discriminant  A,  of  those 
divisors  of  a  number,  whose  complementary  divisor  is  the  product  of  an  even  number 
of  primes,  exceeds  the  number  of  representations  of  the  remaining  divisors  by  the 
product  of  the  number  of  automorphs  of  a  form  of  discriminant  A  by  the  excess  of 
the  number  of  those  divisors  d2,  with  complementary  square  divisors,  for  which 
Jacobi-Legendre's  symbol  (A/<?2)  is  +1,  over  the  number  of  divisors  d2  for  which 
(A/d2)  =  — 1.  There  are  corollaries  for  x2  +  2y2  and  x2  +  3y2  like  those  for  x2  +  y2 
quoted  in  this  History,  Vol.  II,  pp.  247-8. 

A.  E.  Pellet118  noted  that  if  A=  -1,  ±2,  ±3,  5,  -7,  -11,  13,  so  that  factoriza- 
tion in  the  field  defined  by  V  A  is  unique,  every  divisor  of  m2  —  An2  or  of  m2  +  ran  + 
nz(l  —  A)/4:,  according  as  A  =  —1  or  +1  (mod  4),  can  be  given  the  same  form  apart 
from  sign. 

114  Mem.  Soc.  R.  Sc.  de  Liege,  (2),  10, 1883,  No.  6,  197-9. 

115  Atti  Accad.  Pont.  Nuovi  Lincei,  37,  1883-4,  42. 

116  Ibid.,  38,  1884-5,  163-170.    Cf .  Pepin.isi 

i"  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  90,  II.  1884,  437-448. 
118  Comptes  Rendus  Paris,  98,  1884,  1482. 
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F.  Cajori119  noted  that,  if  2b  is  divisible  by  neither  a  nor  c,  and  if  (a,  b}  c)  is  of 
negative  determinant  -A  and  is  transformed  into  (a',  0,  c')  by  (Jj),  Ap-/xv  =  ±1, 
then  aA/x  +  &(Ap  +  /xv)+cvp  =  0.  The  quadratic  in  ^  obtained  by  eliminating  A  has 
real  roots  if  a2  g:  4v2p2A.  The  quadratic  in  p  obtained  by  eliminating  v  has  real  roots 
if  c2  ^  4/*2A2A.  Each  coefficient  of  the  substitution  is  numerically  >  0. 

J.  C.  Fields120  considered  the  preceding  question  when  Ap  —  /xv=-f-l,  and  proved 
easily  that  there  must  be  two  numbers  a  and  y  whose  product  is  —A  such  that 
ap2  —  yv2  =  aj  oA  +  &v=0  (mod  a)  for  integers  v,  p.  If  integers  v,  p  can  be  found,  the 
two  forms  are  equivalent.  He  stated  similar  conditions  for  the  equivalence  of 
(a,  I,  c)  to  (a',  &',  a')  or  to  (a',  Ja',  c'). 

L.  Kronecker121  proved  that  the  number  of  representations  of  n  by  a  quadratic 
form  of  negative  determinant  D  is  in  mean  7r/V—  D. 

J.  W.  L.  Glaisher122  proved  by  means  of  products  of  infinite  series  that  the  excess 
of  the  number  of  representations  of  24ri  +  3  by  x2  +  2y2,  in  which  xf  y  are  both  of 
the  form  12m  ±1  or  both  of  the  form  12m  ±5,  over  the  number  of  representations  in 
which  x  is  of  one  form  and  y  of  the  other  is  equal  to  double  the  excess  of  the  number 
of  representations  of  871  +  1  by  x2  +  2y2,  in  which  x  is  odd  and  y  is  a  multiple  of  4, 
over  the  number  of  representations  in  which  x  is  odd  and  y  =  2  (mod  4) ;  either  excess 
may  be  positive  or  negative. 

L.  Gegenbauer123  gave  a  simple  proof  of  E.  CesaroV14  theorem  that,  if  a>0, 
&  ^  0,  c>0,  A  =  4ac  —  &2>0,  the  mean  number  of  those  representations  of  an  integer 
by  (^  —  &,  c),  of  negative  discriminant  —A  and  with  like  sign  for  the  values  of  the 
two  variables,  is  7T/VA  +  2&/A.  He  found  expressions  for  the  mean  number  of 
divisors  of  x  and  of  y  in  the  various  representations  by  ax2  +  by2  of  an  integer  in  a 
given  interval  or  of  an  integer  with  s  digits,  also  when  the  divisors  are  of  specified 
character,  such  as  divisible  by  A,  or  divisible  by  no  o-th  power. 

Gegenbauer124  found,  for  the  various  representations  of  an  integer  with  5  digits  by 
ax2  +  cy2,  where  a>0,  c>0,  the  mean  number  of  divisors  of  x  such  that  the  divisors 
are  =a  (mod  A)  and  have  complementary  divisors  =/?  (mod  /x),  and  also  for  other 
conditions  on  the  divisors. 

J.  Vivanti125  proved  that  a  form  (a,  b,  —c)  of  positive  determinant  D,  not  a 
square,  is  reduced  if  a  and  b  are  positive  and  c  =  a+b,  and  called  it  a  Null  form. 
A  Null  form  occurs  in  the  system  of  reduced  forms  of  determinant  D  if  and  only  if 
the  exponents  of  the  prime  factors  of  the  form  6n+  5  and  2  of  D  are  all  even.  If 
(a,  b,  —c)  is  a  Null  form,  also  (b,  a,  —c)  is  a  Null  form;  they  are  improperly 
equivalent  by  means  of  x  =  x',  y  —  xf  —  y'\  they  are  properly  equivalent  if  and  only 
if  there  exist  integral  solutions  of  x2D/d2  —  3  =  y2,  where  d  is  the  g.c.d.  of  a,  b. 
He126  gave  obvious  theorems  on  these  Null  forms.  The  conditions  for  integral 

119  Johns  Hopkins  Univ.  Circular,  4,  1885,  122  (in  full). 

120  Ibid.,  5,  1885,  38. 

121  Sitzungsber.  Akad.  Berlin,  1885,  775.    Cf.  H.  Brix,  Monatshefte  Math.  Phya.,  21,  1910, 

309-325  (p.  325) ;  Dedekind,  Jour,  fur  Math.,  121,  1900,  115.    Cf.  Landau.148 

122  Quar.  Jour.  Math.,  20,  1885,  96. 

123  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  92,  II,  1885,  380-409. 

124  Ibid.,  93,  II,  1886,  90-105. 

125  Zeitschrift  Math.  Phys.,  31,  1886,  273-282. 

126  Ibid.,  32,  1887,  287-300. 
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solutions  of  x2D  —  3  =  y2  are  not  known.  In  practice,  it  is  solved  by  means  of  Pell's 
equation  and  the  theory  of  binary  forms.  For  1<D<1000,  there  are  147  values  of 
D  for  which  a  primitive  Null  form  exists. 

G.  Wertheim127  presented  the  theory  mainly  from  the  standpoint  of  Gauss,  but 
followed  Dirichlet's57  proof  that  reduced  forms  of  positive  determinant  of  different 
periods  are  not  equivalent. 

X.  Stouff128  employed  any  fixed  set  of  n  integers  (called  modules)  relatively 
prime  in  pairs.  Let  L  denote  their  product,  Pi  any  of  the  2n  products  of  the  modules 
in  which  each  enters  only  once  as  a  factor,  and  P\  the  product  of  the  remaining 
modules,  so  that  P{P\  =  L.  The  substitutions 

/O/»\  i aPiZ-}-BL  aPj      fiL  r, 

\*D/  z   —  rxp      9  «p    —  *  i> 

obtained  from  the  various  Pi  and  all  sets  of  integers  a,  /?,  y,  8  for  which  the  determi- 
nant is  Pi,  form  a  group  H.  In  fact,  the  product  of  (26)  by  the  analogous  substitu- 
tion with  the  parameters  a',  /3',  y',  8',  Pj  is  such  that  the  four  coefficients  are 
divisible  by  the  product  Ph  of  the  modules  common  to  Pi  and  Pj,  and  the  resulting 
substitution  is  of  the  form  (26)  with  Pi  replaced  by  Pk=PiPj/Pl.  Such  a  group 
H  has  a  finite  number  of  generators. 

Consider  another  such  group  0  with  Qi  in  place  of  Pi.  In  order  that  G  be  a  sub- 
group of  H  it  is  necessary  and  sufficient  that  each  module  of  0  be  a  product  of 
modules  of  H  (each  entering  only  once  as  a  factor)  and  that  the  product  of  all  the 
modules  of  0  be  equal  to  that  for  H.  Then  G  is  an  invariant  subgroup  of  H.  For 
example,  the  group  defined  by  the  modules  2,  3,  5  has  as  invariant  subgroups  those 
defined  by  the  modules  2,  15;  6,  5;  3,  10;  1,  30. 

If  a,  b,  c  are  integers  such  that  a,  ct  bPi  have  no  common  factor,  axz  +  bPiXy  +  cLy2 
is  called  a  form  attached  to  the  group  G.  This  form  is  called  equivalent  to  the  form 
a'xl  -f  b'PiX^i  +  c'L$  (in  which  a',  b',  c'  are  integers)  obtained  from  it  by  applying 
the  corresponding  homogeneous  substitution 

x=  - 

of  determinant  unity.  All  forms  equivalent  to  a  given  one  are  said  to  form  a  class. 
There  is  given  a  process  to  select  one  or  more  representatives  of  each  class  and  to  test 
their  equivalence.  Since  that  process  is  laborious,  it  is  desirable  to  enumerate  the 
classes  without  knowing  their  representatives.  Under  certain  restrictions  the  class 
number  is  found  by  Dirichlet's  classic  method  (Dirichlet19  of  Ch.  VI).  There  is 
suggested  a  generalization  to  several  sets  of  modules  and  also  to  substitutions  with 
irrational  coefficients. 

A.  Hurwitz129  called  a  pair  of  numbers  x,  y  reduced  if  the  point  (x,  y)  lies  in  the 
region  E  composed  of  two  infinite  strips,  the  first  bounded  by  the  lines  x  =  2,  y  —  r, 
y  —  r—\^  and  the  second  by  x—  —2,  y—  —r,  y  —  \  —  r}  where  r  =  %(3  —  V5),  the  first 
strip  extending  to  the  right  of  x =2,  and  the  second  to  the  left  of  x—  —2,  the  points 

127  Elemente  der  Zahlentheorie,  1887,  237-374. 
"«  Annales  Fac.  Sc.  Toulouse,  3,  1889,  B.  1-28. 
329  Acta  Math.,  12,  1889,  397-401. 
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(3  —  rf  r)  and  (  —  3  +  r,  —  r)  of  the  boundary  being  the  only  ones  counted  as  belong- 
ing to  R.  A  form  (a,  ~b,  c)  of  positive  determinant,  not  a  square,  is  called  a  reduced 
form  if  its  roots  form  a  reduced  pair  of  irrational  numbers.  Every  form  is  equivalent 
to  a  reduced  form.  Two  reduced  forms  of  determinant  D  are  equivalent  or  not 
according  as  they  belong  to  the  same  period  or  not.  While  these  theorems  had  been 
proved  by  use  of  the  ordinary  development  into  continued  fractions,  they  are  here 
proved  by  use  of  a  development  of  any  real  number  x0  into  a  continued  fraction  by 
means  of  x0  =  a°  —  1/Xi,  x1  =  di  —  l/x-2,  ...,  where  an  is  an  integer  chosen  so  that 
Xn  —  dn  lies  between  — 1/2  and  + 1/2. 

*T.  Pepin130  discussed  the  number  of  representations  by  (1,  0,  8)  and  (1,  0,  16). 

T.  Pepin131  derived  his116  former  results  from  formulas  of  Liouville  (this  History, 
Vol.  II,  Ch.  XI).  He  added  a  theorem  on  the  number  of  representations  by  a  form 
of  determinant  — 12. 

F.  Klein132  called  a  form  ax*  +  2bxy  +  cy2,  of  negative  determinant  D=b2—ac, 
reduced  if  its  root  (  —  6+tV  —  D}/Q>  is  a  reduced  number  in  the  sense  of  Dedekind97 
(i.  e.,  represents  a  point  lying  in  the  region  R  defined  by  him).    A  form  of  positive 
determinant  D  is  called  reduced  if  R  is  crossed  by  the  semi-circle  whose  diameter 
joins  the  points  of  the  z-axis  representing  the  real  roots  (values  of  x/y)  of  the  form. 
For  the  second  case  D>0,  this  representation  of  the  form  by  a  semi-circle  goes  back 
to  Smith.95  but  with  now  a  simpler  definition  of  equivalent  points  and  a  simpler 
fundamental  region. 

L.  K.  Lachtine133  called  a  form  of  positive  determinant  reduced  if  its  positive  root 
is  developable  into  a  pure  continued  fraction  with  only  positive  elements,  and  gave  a 
method  of  finding  all  automorphs  of  a  reduced  form  without  use  of  a  Pell  equation. 

P.  V.  Prebrazenskij134  showed  that  Lachtine's  method  differs  from  Dirichlet's  in 
that  Lachtine  does  not  exclude  improper  equivalence. 

Prebrazenskij135  treated  together  forms  of  positive  and  negative  determinants  and 
divided  the  classes  of  forms  of  any  determinant  D  into  two  types.  Those  of  the  first 
type  (vollkommen)  are  such  that  if  a  prime  is  represent  able  by  such  a  form,  it  can 
be  represented  by  the  form  in  four  ways  if  D<Q  and  in  four  infinitudes  of  ways  if 
Z>>0.  For  the  second  type  a  prime  can  be  represented  in  only  two  ways  or  in  two 
infinitudes  of  ways,  respectively.  For  D=  — 11,  there  are  two  classes  of  the  first  type 
and  one  of  the  second.  He136  later  extended  this  method  to  complex  variables.  For 
D  negative,  imaginary  periods  occur.  The  Pell  equation  can  be  replaced  by  an 
addition  theorem. 

G.  B.  Mathews137  developed  DedekindV7  theory  of  reduction  of  complex  numbers 
and  its  application  to  the  geometrical  theory  of  quadratic  forms.     He  discussed 
Poincare's104  use  of  lattices  (nets)  in  the  geometrical  reduction  of  indefinite  forms, 
employing  "  hyperbolic  complex  quantities  "  x+yj,  where  J2  =  l,  1  •;=;•!  =  ;'. 

130  Memorie  Pont.  Accad.  Nuovi  Lincei,  5,  1889,  131-151. 

"i  Jour,  de  Math.,  (4),  6,  1890,  8-11. 

132  Klein-Fricke,  Elliptischen  Modulf  unction  en,  I.  1890,  243-260;  II,  1892,  160-9.    Summary 

in  Encyclopedic  des  sc.  math.,  1. 1,  vol.  3,  116-9. 
138  Math.  Soc.  Moscow,  14,  1890,  487-526;  15,  1891,  573  (Russian). 
™*Ibid.,  15,  1891,  118-121. 

135  Bull  Imper.  Soc.  Univ.  Moscow,  65,  1890,  62-83  (Russian). 
130  X.  Vers.  Russ.  Nat.,  331  (Jahrbuch  Fortschritte  der  Math.,  1898,  176). 
137  Theory  of  Numbers,  1892,  103-131. 
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K.  Th.  Vahlen138  proved  that  every  prime  Sn  +  I  or  8n  +  3  is  of  the  form 
and  every  prime  Grz  +  l  is  of  the  form  a2  +  3&2  by  using  the  fact  that  the  number  of 
representations  of  an  odd  integer  s  as  a  sum  of  4  squares  is  8  times  the  sum  of  the 
divisors  of  s,  account  being  taken  of  permutations  and  signs  of  the  roots  of  the 
squares. 

F.  Mertens139  gave  a  simple  proof  of  the  chief  theorem  on  reduced  forms  of  posi- 
tive determinant  :  two  reduced  forms  are  equivalent  if  and  only  if  they  belong  to  the 
same  period.  Use  is  made  of  the  fact  that  if  (a,  6,  —c)  and  (a',  &',  —  c')  have  posi- 
tive first  coefficients  and  negative  third  coefficients  and  the  first  form  is  transformed 
into  the  second  by  ("  f  ),  then  a8>0. 

M.  Lerch140  found  series  which  give  arithmetical  invariants  of  vm  +  rn  and 
F=am2  +  2'bmn  +  cnz,  the  latter  being  a  positive  form  of  negative  determinant 
tf-ac=  -A.  In  particular  (cf.  Hurwitz143  of  Ch.  VI), 


m,  n 

satisfies  the  reciprocity  relation 

r(s) 

A.  Hurwitz141  gave  a  preliminary  account  of  his142  theory. 

Hurwitz142  gave  a  geometrical  theory  of  reduction  of  forms,  not  necessarily  with 
integral  coefficients,  of  positive  or  negative  determinants.  The  new  principle  con- 
sists in  first  investigating  the  degenerate  forms  and  then  applying  the  conclusions  to 
the  general  form.  A  form  /=  (a,  ~b,  c)  of  vanishing  determinant  D  corresponds  to  a 
point  A  with  the  homogeneous  coordinates  a:b:c=l:  —  A:  A2  on  the  conic  D  =  Q, 
which  by  choice  of  the  coordinate  system  may  be  taken  as  a  circle  K  such  that  the 
points,  0,  1,  co  appear  at  the  vertices  of  an  inscribed  regular  triangle.  If  r,  s,  u,  v 
are  integers  for  which  rv  —  su=  ±1,  the  line  joining  the  points  r/u  and  s/v  is  called 
an  elementary  chord  of  K.  A  triangle  inscribed  in  K  is  called  elementary  if  its  three 
sides  are  elementary  chords.  Consider  all  rational  numbers  r/u  whose  numerators 
and  denominators  taken  positively  do  not  exceed  the  positive  integer  n;  the  corre- 
sponding points  r/u  of  K  are  the  vertices  of  a  convex  polygon  Pn  called  the  nth 
Farey  polygon,  the  parameters  of  whose  successive  vertices  form  the  nth  Farey  series 
(this  History,  Vol.  I,  pp.  155-8).  Thus  each  side  of  Pn  is  an  elementary  chord  and 
conversely.  Now  each  elementary  chord  is  a  side  of  just  two  elementary  triangles 
which  lie  on  opposite  sides  of  the  chord.  The  elementary  triangles  which  can  be 
formed  from  the  vertices  of  Pn  cover  it  fully  without  overlapping.  As  n  increases 
indefinitely,  Pn  approaches  K.  Hence  all  the  elementary  triangles  cover  the  interior 
of  K  without  overlapping. 

«8  Jour,  fur  Math,  112,  1893,  32-33. 

139  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  103,  Ila,  1894,  995-1004. 

140Rozpravy  Akad.  Fr.  Josefa,  Prag,  2,  1893,  No.  4  (in  Bohemian).     Fortschritte  Math., 

189&-4,  790-1. 
141  Math.  Papers  Chicago  Congress  of  1893,  1896,  125-132.    French  transl.  in  Nouv.  Ann. 

Math.,  (3),  16,  1897,491-501. 
"2  Math.  Annalen,  45,  1894,  85-117.    Exposition  by  Klein"*  (pp.  173-266). 
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Under  a  linear  transformation  with  integral  coefficients 

S:     x  =  ax'  +  py',        y  =  7x'  +  Sy',        o8-£y  =  l, 
the  point  A  is  transformed  into  a  point  A'  such  that 

(27)  *= 


By  computing  the  points  into  which  are  transformed  the  end  points  r/u  and  s/v  of 
an  elementary  chord,  we  see  that  the  latter  is  transformed  into  an  elementary  chord. 
If  p,  q,  r  are  the  vertices  of  any  elementary  triangle,  then 


being  three  successive  terms  of  a  Farey  series.  By  (27),  S  replaces  this  triangle  by 
the  elementary  triangle  T  with  the  vertices  0,  1,  oo,  which  has  exactly  three 
automorphs 

<»>  (55).    (!:!)•    (i-S)- 

Every  quadratic  form  of  negative  determinant  is  represented  by  a  point  inside  the 
circle  K  and  will  be  called  reduced  if  that  point  lies  inside  or  on  the  boundary  of  T. 
The  representative  point  certainly  is  inside  or  on  some  one  elementary  triangle; 
hence  each  of  the  three  transformations  which  carry  this  triangle  to  T  will  replace 
the  form  by  a  reduced  form.  The  reduced  forms  whose  representative  points  lie 
inside  (and  not  on  the  boundary  of)  T  therefore  occur  in  triples  of  equivalent  forms, 
viz.,  by  (28), 

(a,  I,  c),       (c,  -l-c,  a  +  2&  +  c),       (a+2&  +  c,  -a-6,  a). 

Two  such  reduced  forms  are  equivalent  only  if  they  belong  to  the  same  triple. 
The  reduced  forms  whose  representative  points  lie  on  the  sides  of  T  fall  into  sets  of 
six  equivalent  forms. 

Next,  every  f=(a,  &,  c)  of  positive  determinant  is  represented  by  a  point  outside 
the  circle  K,  or  preferably  by  its  polar  az  —  2by+cx=Q  with  respect  to  K.  The 
parameters  of  its  intersections  with  K  are  the  roots 


Call  a  form  reduced  if  its  first  root  A!  is  positive  and  its  second  root  A,  is  negative 
(and  hence  if  a>0,  c<0).  Any  elementary  chord  which  intersects  the  line  AXA2  can 
be  transformed  into  Ooo  by  two  transformations,  one  of  which  evidently  carries  / 
into  a  reduced  form.  Hence  every  /  is  equivalent  to  a  reduced  form. 

Let  A  be  any  elementary  triangle  crossed  by  the  line  AiA2,  and  a,  o-'  the  sides  met 
by  AtA2  such  that  a  point  travelling  from  A2  to  Aj  along  A^  crosses  a  on  entering  A 
and  o-'  on  leaving  it.  Call  o-'  the  right  neighboring  chord  to  <r.  Hence,  starting  with 
any  elementary  chord  o-0  meeting  AiA2,  we  can  form  a  series  of  elementary  chords 
.  .  .,  o-.!,  (T0,  o-j,  o-o,  .  .  .,  each  meeting  A^,  each  being  the  right  neighboring  chord 
to  its  predecessor,  and  including  all  elementary  chords  meeting  AiA2.  To  each  <r< 
4 
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corresponds  a  unique  transformation  Si  which  replaces  /  by  a  reduced  form  <£*• 
Hence  we  get  a  unique  chain  of  reduced  forms  belonging  to  /  and  equivalent  to  /. 
It  is  proved  that  two  forms  of  positive  determinant  are  equivalent  if  and  only  if  to 
each  of  them  belongs  the  same  chain  of  reduced  forms. 

It  is  stated  that  the  method  may  be  extended  to  forms  with  complex  coefficients 
and  to  quadratic  forms  in  n  variables. 

H.  W.  Lloyd  Tanner143  recalled  that  the  usual  distinction  between  proper  and 
improper  automorphs  A  is  by  the  sign  of  the  determinant  of  A.  Dirichlet  noted  that 
A  is  proper  or  improper  according  as  it  changes  a  linear  factor  of  the  form  into  a 
multiple  of  itself  or  of  the  other  factor.  An  equivalent  criterion  is  that  A  is  im- 
proper if  its  square  or  higher  power  is  unity,  otherwise  proper.  [But  forms  of  dis- 
criminant —  4o-2  or  —So-2  have  proper  automorphs  whose  fourth  or  sixth  powers  (and 
no  lower  powers)  are  unity.  All  that  he  proved  was  that,  if  an  automorph  is 
improper,  its  square  is  unity,  and  conversely  except  for  xf  —  ±xf  y'=±y.  This  is  a 
corollary  to  Dirichlet's  remark.]  If  6*  —  260<-fc:=0,  and  if  u,  v  are  integers  for 
which  u2  +  2buv  +  cv2  =  l,  the  substitution  obtained  by  equating  the  rational  parts 
and  also  the  irrational  parts  of 


is  a  proper  automorph  of  (1,  1),  c).    An  improper  automorph  follows  from 


Ch.  de  la  Vallee  Poussin144  called  (a,  ~b,  c)  a  reduced  form  if  its  coefficients  are 
positive  and  a  root  of  a<o2  +  26w  +  c=0  is  developable  in  a  simply  periodic  negative 
continued  fraction  (whose  incomplete  quotients  after  the  first  are  all  negative 
integers)  .  Every  form  is  equivalent  to  a  reduced  form,  etc.,  as  in  Gauss'  theory. 

H.  Weber145  gave  an  exposition  of  Dedekind's97  theory  of  reduced  complex  num- 
bers and  applied  it  to  numbers  x+y  V  d,  where  x,  y,  d  are  rational,  using  Dedekind's 
region  for  a  reduced  number  when  d  is  negative,  but  for  d  positive  the  region 
defined  by 


His  deduction  of  Gauss'  theorem  on  the  equivalence  of  indefinite  quadratic  forms 
holds  only  for  forms  with  integral  coefficients,  since  it  depends  upon  the  periodicity 
of  the  development  into  continued  fractions. 

M.  Bauer146  gave  an  elementary  proof  that  if  two  properly  primitive  forms  repre- 
sent (properly  or  improperly)  the  same  numbers  they  have  equal  determinants  and, 
if  their  determinants  are  negative,  they  are  equivalent.  Of.  Schering.65 

F.  Mertens147  proved  that,  if  f=ax2  +  2bxy  +  cy2  is  a  positive  form  of  negative 
determinant  —  A  =  &2  —  ac,  then  SI//,  summed  for  all  pairs  of  integers  x,  y  not  both 


«3  Messenger  Math.,  24,  1895,  180-9. 

I*4  Annales  Soc.  Sc.  Bruxelles,  19,  I,  1895,  111-3. 

i«  Lehrbuch  der  Algebra,  I,  1895,  371-401  ;  ed.  2,  I,  1898,  414-445.    Cf  .  Archiv  Math.  Phys., 

(3),  4,  1903,  193-212. 
146  Math,  es  Termes.  Ertesito,  13,  1895,  316-322.    Extract  in  Math.  u.  Naturw.  Berichte  aus 

Ungarn,  13,  1897,  37-44. 
"7  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  106,  Ha,  1897,  411-421. 
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zero  for  which  f(x,  y}^  n.  has  for  largo  values  of  n  the  asymptotic  expression 

iL.+W-l«44-.I»^L 

where  e  is  of  the  order  of  magnitude  of  1/Vn,  C  is  Euler's  constant  0.57721..., 
a  and  —/3  are  the  roots  of  f(xt  l)  =0,  and 

6i(xf<a)  =  -i    %    (-l)'V,       k=(2m  +  l)27rtai+(2m  +  l)7r.vi. 

nt—  —  oo 

E.  Landau148  gave  other  proofs  of  the  last  result  on  KroneckerV21  limit  formula 
with  references. 

F.  Klein149  chose  rectangular  axes  such  that  three  consecutive  vertices  of  Gauss'38 
fundamental  parallelogram  are 


where  D  is  the  (negative)  determinant  of  the  positive  definite  form  (a,  ~b,  c).  To 
extend  this  representation  to  indefinite  forms  with  D>0,  &>0,  we  employ  a  parallelo- 
gram three  of  whose  vertices  have  the  preceding  coordinates  with  V  —D  replaced  by 
VZJ.  The  form  now  represents  the  hyperbolic  distance  V(z  —  o^)2  —  (y  —  y*Y 
between  points  (x,  y)  and  (xly  y^)  of  the  lattice,  one  being  the  origin.  He  also 
represented  (p.  177)  the  form  by  the  point150  with  the  homogeneous  coordinates 
a,  I,  c. 

H.  Minkowski151  gave  another  geometrical  theory  of  indefinite  forms  by  use  of 
a  chain  of  parallelograms  representing  a  chain  of  substitutions  (J  £). 

C.  Cellerier152  noted  that  the  problem  to  represent  p  =  5n±l  by  x2  —  xy  —  y2 
reduces,  by  the  substitution  t  —  2x  —  y,  n  —  y,  to  the  solution  of 


If  one  solution  a,  ft  of  the  latter  is  known,  all  solutions  are  found  by 


when  /,,  g  range  over  all  solutions  of  f~  —  og2  =  4:.  Hence  from  /  =  3,  g—  —  1,  we  get 
a  second  solution  having  u=  (3(3  —  a)/2.  By  repetitions  of  the  process,  we  must 
reach  a  solution  with  a>5/?.  Hence  there  exists  a  solution  with 


and  only  one  such  solution.     The  work  of  finding  it  is  abbreviated  by  noting  that 
,  and  (a2-4p)/5  is  a  square 


148  Jour,  fur  Math.,  125,  1903,  165,  seq.    Of.  M.  Lorch,  Archiv  Math.  Phys.,  (3),  6?  1903,  85-94. 

149  Ausgewahlte  Kapitel  der  Zahlenthcorie,  1,  1896,  70.     Summary  in  Math.  Annalen,  48, 

1897,  562-588. 

150  Cf.  R.  Fricke  and  F.  Klein,  Automorphen  Funktionen,  1,  1897,  491;  Hurwitz.14;J 
«i  Geometrie  der  Zahlen,  1,  1896,  164  (196). 

152  Mem.  Soc.  Physique  Hist.  Nat.  de  Geneve,  32,  1894-7,  No.  7  (end). 
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E.  de  Jonquieres,153  by  a  slight  modification  of  Gauss  (Art.  162),  showed  how  to 
obtain  solutions  of  t2  —  Du2=  —  m2  if  we  are  given  a  transformation  of  F  =  (A,  B,  C) 
into  (a.  1),  c)  and  a  transformation,  whose  determinant  has  the  same  sign  as  the 
former,  of  F  into  (—a,  b,  —c).  Such  a  pair  of  transformations  exist  when  D  is  a 
prime  4k  +  1. 

A.  Thue154  proved  that  every  prime  divisor  >^of  x2  +  2y2  is  of  that  form,  and 
similarly  for  x2  +  3y2. 

A.  Cunningham155  easily  proved  that  22-  7-  13  -19  -31  is  the  least  N  for  which 
x2  +  3y2  =  N  has  24  sets  of  positive  integral  solutions. 

T.  Pepin156  supplemented  the  investigation  by  Gauss  (Arts.  213-4)  of  a  form 
f=  (a,  b,  c)  of  determinant  D  transformable  into  F=  (A,  B,  C)  of  determinant  De2 
by  a  proper  substitution  of  determinant  e,  by  showing  that  every  form  of  determinant 
De2  is  obtained  by  transformation  from  some  form  of  determinant  D. 

H.  Poincare157  called  a  uniform  function  $(0,,  b)  an  arithmetical  invariant  of 
ax  +  by  if  it  is  unaltered  by  every  linear  substitution  with  integral  coefficients  of 
determinant  unity.  An  example  is 


summed  for  all  pairs  of  integers  m,  n  except  0.  0.  If,  as  in  this  example,  <f>(a,  b)  is 
homogeneous  of  order  —  2k  in  a,  b,  and  if  k  is  an  integer  >1,  then  <t>(a,  1)  is  a 
thetafuchsian  function  corresponding  to  the  modular  group.  Let  H(x,  y)  be  a 
rational  function,  homogeneous  of  order  —  2k  in  x,  y.  Then,  if  the  summations 
extend  over  all  sets  of  integers  a,  /?,  y,  8  for  which  aS  —  /?y  =  l, 


is  a  thetafuchsian  series  and  ^H(aa  +  ^b,  ya  +  8b)  is  an  arithmetical  invariant,  under 
specified  conditions  for  convergence. 

Consider  a  rational  function  H  (z,  z')  and  the  series 


summed  for  all  sets  of  integers  a,  /?,  y.  8  for  which  08  —  /ty  =  l,  and  under  specified 
conditions  for  convergence  (including  the  fact  that  k  is  an  integer  >1).    Write 


Then 

(29)  3H( 

is  obviously  an  arithmetical  invariant  of  the  two  forms  I  =  ax  +  by,  l'  =  a'x  +  b'y.    It 
will  be  an  invariant  of  the  quadratic  form  IV  if  H(z,  zf)  is  symmetric  in  z,  z'.    As  a 

153  Comptes  Rendus  Paris,  127,  1898,  596-601,  694-700. 

154  Forh.  Vid.  Selsk.    Kristiania,  1902,  No.  7,  21  pp.  (Norwegian). 

155  Math.  Quest.  Educ.  Times,  3,  1903,  28-29. 

156  Jour,  de  Math.,  (6),  1,  1905,  333-346. 

157  Jour,  fur  Math.,    129,   1905,   89-150.     For  corrections  and   additions,   Annales  fac.  sc. 

Toulouse,  (3),  3,  1911,  125-149.    Cf.  Poincare.103     His  related  papers  in  Acta  Math., 
1,  3,  5,  1882-4,  and  other  journals,  are  reprinted  in  his  Oeuvres,  II. 
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generalization,  let  H(a,  ~b,  a',  &')  be  any  rational  function,  homogeneous  of  degree 
-4fc  in  a,  I,  of,  V ';  then  the  series  (29),  when  convergent,  is  an  invariant  of  I,  V. 

He  amplified  his109  earlier  investigation  of  invariants  of  an  indefinite  form 
F  =  am2  +  2bmn  +  cn2  of  positive  determinant  and  studied  not  only  ^F~8  but  also  the 
series  2  ±  qFxmyn. 

0.  Spiess158  proved  that  if  (A,  B,  C),  (A',  B',  C")  have  the  determinants  D,  D'  and 


then  for  all  values  of  alf  a2  we  can  determine  ft,  ft  such  that 


identically  in  t.  In  order  that  there  shall  hold  at  the  same  time  the  similar  identity 
with  A  and  A',  .  .  .,  C  and  Cf  interchanged,  it  is  necessary  and  sufficient  that  D  —  D' 
or  D=  ±D',  according  as  A  +  2B  +  C  is  or  is  not  zero. 

Th.  Pepin159  gave  an  exposition  of  the  classic  theory  of  binary  quadratic  forms. 

J.  Sommer160  applied  algebraic  numbers  to  prove  that  every  prime  =  1  or  3  (mod 
8)  is  representable  by  x2  +  2y2,  #>0,  i/>0,  in  one  and  but  one  way,  likewise  a 
prime  =1  (mod  3)  by  x2  +  3y2,  while  x2  —  2y2  —  8n±  1  =  prime  has  an  infinitude  of 
solutions. 

A.  Aubry160a  gave  a  summary  on  quadratic  forms  without  exact  references. 

H.  Minkowski160b  proved  that  if  f  =  ax2  +  2l>xy  +  cy2  is  a  positive  form  with 
B  =  ac  —  62>0,  &>0,  we  can  assign  integral  values  not  both  zero  to  x  and  y  such  that 
The  equality  sign  holds  only  when  /  is  equivalent  to  \/S(x?  +  xy  +  y2). 


He  gave  a  simple  geometrical  interpretation  by  means  of  the  thickest  packing  of 
circles. 

L.  E.  Dickson161  obtained  necessary  and  sufficient  conditions  that  two  pairs  of 
binary  quadratic  forms  with  coefficients  in  any  field  (or  domain  of  rationality)  F 
shall  be  equivalent  under  linear  transformation  with  coefficients  in  F. 

D.  A.  Grave162  let  (^)  and  (*',|J)  be  substitutions  of  determinants  e  and  e'  which 
transform  (A,  B,  C)  into  (a,  I,  c)  and  (a±,  61?  cj,  and  transform  (A,  B~C)  into 
(a,  1),  c}  and  (a19  b19  ct),  respectively.  Define  a',  c',  W  by  (13)  of  Gauss.  Let 
a',  ?,  26'  denote  the  analogous  functions  of  ~A,~Bf  C  with  y  and  ft,  y'  and  p',  inter- 
changed. Then 


158  Archiv  Math.  Phys.,  (3),  9,  1905,  340-4. 

159Memorie  Pontif.  Accad.  Romana  Nuovi  Lincei,  24,  1906,  243-288;  25,  1907,  83-107 
(reduction  for  negative  determinant,  table  of  linear  forms  of  divisors  of  x*  -\-  A  for 
A  =  l,  ...,  31);  27,  1909,  309-351  (positive  determinant,  Pell  equation);  28,  1910, 
307-348  (periods  of  reduced  forms,  equivalence  of  primitive  forms  of  positive  determi- 
nant) ;  29,  1911,  319-339  (distribution  of  classes  into  genera;  see  report  under  quadratic 
reciprocity  law). 

160  Vorlesungen  liber  Zahlentheorie,  1907,  125-7;  French  transl.  by  A.  Levy,  Paris,  1911,  132-4. 
i6°a  L'enseignement  math.,  9,  1907,  289-294,  431-2,  436,  442-3. 

ieob  Diophantische  Approximationen,  1907,  55. 

161  Amer.  Jour.  Math.,  31,  1909,  103-8. 

162  Comptes  Rendus  Paris,  149,  1909,  770-2.    His  a,,  .  .  .,  81  are  here  replaced  by  a',  ....  5'  to 

fit  Gauss'  notations. 
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from  which  we  obtain  Q'  and  Qa  by  replacing  a,  .  .  .  ,  c  by  a',  .  .  .,  c'  and  by  al9  .  .  .  ,  cl9 
respectively.    We  have  the  identity 

0"  -  COi  =  DN*  +  I)N2  - 
where  D  =  B*-AC,  D=B2-AC, 


while  N  is  the  same  function  of  A,  E,  C  with  f3  and  y,  /?'  and  y'  interchanged.  By 
means  of  this  identity  we  readily  obtain  all  the  details  of  Gauss  (Arts.  162-6).  For, 
if  at  =  af  etc.,  we  have  e\  =  ez.  If  e  =  e^  then  JY2-Z>A  =  0  and  O'2  -  OOj  =  IW2.  If 
e=  —  fij,  we  conclude  that  ambiguous  forms  exist. 

F.  de  Helguero163  made  an  elementary  study,  without  the  theory  of  quadratic 
forms,  of  the  numbers  represent  able  properly  by  x2  +  xy  +  y2  =  •{  x,  y  \.  If  a  =  \x^  ,  y  ,  \ 
and  b  =  -{x.,,  y«\,  then  ab  =  \a,  -f3\  =  \a,  y\=\fi,  -y\,  where 


These  and  the  three  representations  of  ab  derived  by  interchanging  x2  and  y*  are 
distinct  in  general.  These  six  representations  are  proper  if  a  is  prime  to  b.  If  a  is  a 
prime,  every  proper  representation  of  ab  is  obtained  from  one  proper  representation 
of  a  and  all  proper  representations  of  b  by  means  of  these  product  formulas.  A 
prime  p  is  representable  by  \x,  y\  if  and  only  if  p  =  o//  +  1  or  p  =  3.  Every  product 
of  powers  of  n  distinct  primes  3/&  +  1,  or  3  times  such  a  product,  has  exactly  3  •  2""1 
different  proper  representations  by  x2  +  xy  +  y2. 

J.  V.  Uspenskij1"4  applied  an  algorithm  closely  analogous  to  ordinary  continued 
fractions  to  the  reduction  of  indefinite  binary  quadratic  forms  and  obtained  the 
periods  of  reduced  forms  more  rapidly  than  had  (Jauss. 

G.  Fontene165  noted  that  every  prime  factor  =^=3  of  a  number  of  the  form 
x*  +  xy  +  y2  is  of  the  form  3fc  +  l. 

H.  C.  Pocklington166  gave  an  elementary  discussion  of  the  form  of  the  prime 
divisors  of  mx*+ny*  and  of  any  divisor  of  ax2  +  2bxy  +  cy2. 

L.  Aubry167  proved  that  every  divisor  of  xz  +  ky*  (x  prime  to  y)  whicli  is  not 
<2VWfor  fc>0  or  not  <  Vfc  [meaning  V[F|]  for  fc<0  is  of  the  form  /=  (vz  + 
lcuz)/d,  where  d  ^  2  V^/3  for  Je>0  or  d  ^  Vfcfor  fc<0.  He  readily  transformed 
/  into  a  reduced  form.  Use  is  made  of  the  lemma  that 

X2  +  lcY2  =  DE,      Xq-uE=±pY}      Xp-vE=+TcqY}       E=~  r  (p*  +  kf) 
imply 

D=~  (w2  +  fcw2),       Xu-qD=+vY,      Xv-pD=±kuY. 

As  corollaries,  every  divisor  of  X2  +1  is  of  the  form  u2  +  vz,  and  every  odd  divisor  of 
X2  +  k  is  of  the  form  v2  +  ku2  for  k  =  3  or  7. 

163  Giornale  di  Mat.,  47,  1909,  345-364.    Many  misprints. 

164  Applications  of  continuous  parameters  in  the  theory  of  numbers,  St.  Petersburg,  1910. 
issNouv.  Ann.  Math.,  (4),  10,  1910.  217. 

166  Proc.  Cambridge  Phil.  Soc.,  16,  1911,  13-16. 

167  Assoc.  franc,  av.  sc.,  40,  1911,  55-60. 
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J.  Scliatunovsky168  proved  that,  if  xz  +  Dy-  =  Q  (mod  p)  has  relatively  prime  solu- 
tions, also  u2+D  =  Q  (mod  p)  has  a  solution.  All  odd  divisors  of  a2  +  2b2  are 
=  1  or  3  (mod  8).  If  D  is  a  prime  4n  +  3  and  p  is  an  odd  divisor  of  a2  +  Db2,  then 
(p/D)  =  + 1.  If  D  is  a  prime  4n+ 1  and  p  is  a  divisor  of  a2  +  Db2,  then 


He  tabulated  the  linear  forms  of  divisors  of  a?  +  Db2  for  D=I,  2,  3,  7,  11,  19,  27, 
43,  67,  163. 

P.  Bernays169  gave  an  elementary  exposition  of  Landau's170  asymptotic  enumera- 
tion of  the  primes  ^  x  representable  by  a  primitive  quadratic  form.  Passing  from 
primes  to  arbitrary  integers,  he  obtained  an  asymptotic  expression  for  the  number 
of  positive  integers  ^  x  representable  properly  by  a  class  of  forms,  and  similarly 
when  the  representation  is  either  proper  or  improper.  In  each  case  the  limit  for 
x  =  oo  of  the  ratio  of  the  numbers  of  representations  by  two  different  classes  is  unity, 
so  that,  asymptotically,  equally  many  numbers  are  representable  by  the  various 
classes  of  discriminant  D. 

D.  N.  Lehmer171  studied  pencils  aA  +  pB  of  forms,  where  the  base  forms  A,  B  are 
binary  quadratic  forms  in  x,  y  with  integral  coefficients,  while  a  and  ft  each  ranges 
over  all  integers.  As  base  forms  we  may  also  take  A=aA  +  /3B,  B  =  yA  +  8B,  where 
a,  . . .,  8  are  integers  of  determinant  ±1.  Use  is  made  also  of  linear  substitutions 
on  x,  y  with  integral  coefficients  of  determinant  ±  1,  and  consequently  of  invariants 
and  covariants  of  the  pair  of  base  forms. 

A.  Chatelet172  presented  Hermite's  continual  reduction  and  principal  reduced 
forms  from  the  standpoint  of  matrices. 

Gr.  Frobenius173  considered  forms  (a,  b,  c)  =  ax2  +  bxy+cy2  of  positive  discriminant 
b2  —  4ac  =  D=R2,  -R>0,  with  any  real  coefficients.  It  is  called  reduced  if  b<R, 
b>R  —  2\a\,  b>R  —  2\c\.  Every  reduced  form  <#>0=  (a0,  60,  —  at)  has  a  unique  right- 
neighboring  reduced  form  $1=  (— fli,  &i,  #2)  and  a  unique  left-neighboring  reduced 
form  <£_!,  and  hence  a  chain  . . . ,  </>_i,  <£0,  <£i-  <ta  ....  Any  two  forms  are  called 
equivalent  if  transformable  into  each  other  by  linear  substitutions  with  integral 
coefficients  of  determinant  unity.  By  use  of  the  continued  fraction  for  a  rational 
number,  it  is  proved  that  two  equivalent  reduced  forms  belong  to  the  same  chain. 
It  is  next  proved  that  every  form  is  equivalent  to  a  reduced  form.  Finally,  if 
(f>\=  (a\,  ~b\,  a\+1),  where  A  ranges  from  -co  to  +00,  constitute  the  chain  of 
reduced  forms  determined  by  </>,  the  a\  include  all  numbers  which  are  representable 
by  ^  and  are  numerically  fg  %R  (Lagrange18).  The  present  method  of  reduction  is 
said  to  be  essentially  that  by  Mertens105  and  to  furnish  an  introduction  to  the 
following  paper  by  Schur. 

168  j)er  gr5sste  gemein.  Theiler  von  algebraischen  Zahlen  zweiter  Ordnung,  Diss.  Strassburg, 

Leipzig,  1912,  51-58. 
169Ueber  die  Darstellung  .  .  .  primitiven,  binaren  Quad.  Formen  .  .  .  ,  Diss.,  Gottingen, 

1912. 

170  Math.  Annalen,  63,  1907,  202. 

171  Amer.  Jour.  Math.,  34.  1912,  21-30. 

172  Legona  sur  la  theorie  des  nombres,  1913,  95-102. 
17s  Sitzungsber.  Akad.  Wiss.  Berlin,  1913,  202-211. 
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I.  Schur174  wrote  K(<f>)  for  the  class  of  all  forms  obtained  from  <f>  =  a 
(with  real  coefficients)  by  linear  substitutions  with  integral  coefficients  of  determi- 
nant unity.  If  q  is  a  constant  =^=  0,  the  class  K(q<j>)  is  said  to  be  proportional  to  the 
class  K  ((/>).  Consider  only  forms  </>  of  positive  discriminant  b2  —  4:ac  =  D  and  which 
vanish  for  no  set  of  integers  x,  y  except  0,  0.  When  <£  ranges  over  all  forms  of  its 
class,  let  A  and  B  be  the  lower  limits  of  the  |a|  and  |&|,  respectively.  Markoff102  had 
proved  that  for  all  classes  K  of  discriminant  D,  the  least  point  (value)  of  condensa- 
tion of  Q'=  VD/A  is  3,  and  there  exist  infinitely  many  non-proportional  classes  for 
which  $'  =  3.  Here  is  proved  the  similar  theorem  that  the  least  point  of  condensa- 
tion of  Q"=\/D/B  is  2  +  V5.  Only  for  the  classes  proportional  to  that  containing 
(1^  it  —2  —  V5)  is  Q"  =  2+  V5.  A  formula  is  given  for  the  Q"  less  than  2  +  V~5. 
Call  fi=  (a,  I,  —c)  a  minimal  form  if  0  g  &  ±i  a  5§  c,  &>0,  and  if  a  is  the  least 
number  represented  by  |/A|.  In  every  minimal  form  p,  other  than  (a,  a,  —a),  we 
have  c5>2&+&.  For  all  minimal  forms,  the  least  point  of  condensation  of 
is  2  +  V3^  while  i  is  less  than  the  latter  only  for  three  forms: 


(a,  a,  -a),       (a,  a}  -3a),     (a,  a,  - 


G.  Frobenius178  quoted  a  theorem  by  Markoff102  in  the  following  explicit  form: 
Let  *f/  =  ax2  +  bxy  +  cy2  have  any  real  coefficients  such  that  D=b2  —  4ac>0.  Let  M 
be  the  least  value  of  \ij/\  for  integral  values  of  x,  y.  Then  for  the  totality  of  forms  ^, 
the  least  point  of  condensation  of  VD/M  is  3.  If  VD<3M,  the  product  of  $  by  a 
suitable  factor  is  properly  or  improperly  equivalent  to  a  form 

<{>  =  Px2+  (3p-2q)xy  +  (r-3q)y2, 

where  pf  q,  r  are  positive  integers  such  that176  p2  +  p*+pl  =  3ppip2  has  integral  solu- 
tions, while  ±  q  is  the  absolutely  least  residue  of  pjpz  modulo  p,  and  r  is  given  by 
pr—  q2  =  l.  For  </>,  M=p,  V^<3M.  But  if  the  ratios  of  the  coefficients  of  $  are 
not  all  rational,  VD^>  3M.  Frobenius  called  p  a  Markoff  number,  studied  its 
properties,  and  gave  explicit  expressions  for  pf  q,  r  in  terms  of  the  partial  denomi- 
nators of  a  continued  fraction.  But  he  did  not  treat  the  general  Markoff  theorem. 

E.  Bricard  proved  that  every  prime  8q±l  is  of  the  form  x2  —  2y2  by  a  method 
described  in  this  History,  Vol.  II,  p.  255. 

H.  N.  Wright177  tabulated  the  reduced  forms  of  negative  determinant  —A  for 
A  =  1,  .  .  .,  150,  800,  .  .  .,  '848.  The  values  of  &,  c  occur  at  the  intersection  of  the  row 
giving  A  and  the  column  giving  a. 

G.  H.  Hardy178  wrote  r(n)  for  the  number  of  representations  of  n  by  axz  + 
2,  where  a>0.,  A2  =  4ay  —  /?2>0,  and  wrote 


R(x)=  2  r(n) 

n^x 

He  proved  there  exists  a  positive  constant  K  such  that  each  of  the  inequalities 

174  Sitzungsber.  Akad.  Wiss.  Berlin,  1913,  212-231.    C/.  Frobenius.173 
1^5  ibid.,  458-487. 

176  On  this  and  analogous  Diophantine  equations,  see  History,  Vol.  II,  p.  697. 

177  University  of  California  Publications,  Math.,  1,  1914,  No.  5,  97-114. 

178  Quar.  Jour.  Math.,  46,  1915,  282-3. 
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*,  P(x)<-KxW  is  satisfied  by  values  of  x  surpassing  all  limit.  He 
gave  an  explicit  analytic  expression  for  R(x)  as  an  infinite  series  involving  Bessel's 
function  Jx. 

G.  Humbert179  considered  positive  reduced  forms  f  =  ax2  —  2'bxy  +  cy2,  whence 
a>  0,  c>  0,  ac  -  12  >  0,  2  1  b  \  5g  a  ^  c.  Without  loss  of  generality  we  may  take  6^0. 
As  known,  the  first,  second,  and  third  minima  of  /  are  a,  c,  a—2'b  +  c.  It  is  proved 
that  the  fourth  minimum  is  a  +  2&  +  c,  the  fifth  is  4a—  46  +  c,  the  sixth  is  the  least 
of  4a+4&  +  c  and  a-^4&  +  4c,  while  the  seventh  is  the  greater  of  the  latter  two  num- 
bers. Another  proof  was  given  by  G.  Julia.180 

J.  G.  Van  der  Corput181  stated  and  W.  Mantel181  proved  that  if  P=AX2  + 
2BXY  +  CY2  is  divisible  by  p=ax2  +  2bxy  +  cy2,  and  if  AC-B2  =  ac-J}2t  there  exist 
integers  X^  Ylt  xlt  y±  such  that 


J.  G.  Van  der  Corput182  discussed  the  forms  A=  ±  (a2  +  mab  +  rib2}  for  the  cases 
m2_4n=  -8,  -7,  -4,  -3,  5,  8,  12,  13,  17.  By  adding  to  a  a  multiple  of  6,  we  see 
that  we  may  alter  m  by  a  preassigned  even  integer,  and  hence  take  m  =  0  or  1.  Every 
divisor  of  A  is  representable  in  the  same  form  A.  Primes  of  certain  linear  forms  are 
representable  by  A.  If  —  o^  and  —  o>2  are  the  values  of  a/I  for  which  ^4  =  0,  all  the 
representations  by  A  of  psf.  .  .  py,  where  the  prime  pv  is  equal  to  ± 
np'fy,  are  obtained  by  multiplying 

V 

-     n 


by  the  similar  relation  with  <a19  w2  interchanged,  in  which  t,  u  is  the  general  set  of 
solutions  of  t2  +  mtu  +  nu2  =  l,  s^w^.  0.  By  this  theorem  there  is  found  the  num- 
ber of  representations  by  a2  +  b2  and  a2  +  2l2.  Many  references  are  given  to  sources 
of  various  cases  of  the  theorems  proved. 

G.  Humbert183  proved  the  theorems  stated  by  Korkine  and  ZolotarefL101 
G.  Humbert184  proved  that  the  number  of  Hurwitz142  reduced  indefinite  forms 
which  are  equivalent  to  (a,  ~b,  c)  is  equal  to  the  sum  of  the  incomplete  quotients  of 
the  minimum  period  of  the  ordinary  continued  fraction  for  the  positive  root  w  of 
aa>2  +  2&a>  +  c  =  0,  or  double  that  sum,  according  as  to  is  not  or  is  modularly  equivalent 
to  —  o>,  i.  e.,  (a,  I,  c)  is  not  or  is  equivalent  to  (  —  a,  I,  —c).  This  is  the  analogue  of 
the  theorem  (quoted  at  the  end  of  the  report  on  Dirichlet57)  on  Gauss  reduced  forms 
(here  proved  on  p.  128). 

The  Hermite53  reduced  forms  include  principal  (corresponding  to  Gauss  reduced 
forms)  and  secondary,  and  are  represented  by  circles  which  penetrate'  the  classic 
fundamental  domain  D0  of  the  modular  group  (Klein,132  Smith95).  Let  (a,  I,  c) 
be  an  indefinite  primitive  form  such  that  a  root  o>  of  &w2  +  2&w  +  c=0  is  positive. 
Humbert  proved  that,  if  hly  .  .  .,  h*  are  the  incomplete  quotients  of  the  minimum 

179  Comptes  Rendus  Paris,  160,  1915,  647-650. 

180  Ibid.,  162,  1916,  151-4. 

181  Wiskimdige  Opgaven,  12,  1915-18,  166-8  (in  Dutch). 
182Nieuw  Archief  voor  Wiskimde,  (2),  11,  1915,  45-75  (in  French). 
"3  Jour,  de  Math,  (7),  2,  1916,  164. 

184  Jour,  de  Math.,  (7),  2,  1916,  104-154.    Summary  in  Comptes  Rendus  Paris,  162,  1916, 
23-26,  67-73. 
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period  of  the  ordinary  continued  fraction  for  w,  the  total  number  of  Hermite  reduced 
forms  equivalent  to  (a,  b,  c)  is  2(1  +  hj),  provided  the  two  reduced  forms  (a,  /?,  y) 
and  (  —  o,  /?,  —  y)  are  not  regarded  as  distinct,  while  a  reduced  form  whose  representa- 
tive circle  passes  through  one  of  the  summits  T=  ±-J  +  iV3/2  of  the  domain  D0  is 
counted  as  two  forms.  He  found  the  number  of  principal  Hermite  reduced  forms 
which  are  equivalent  to  (a,  b,  c),  viz.,  those  whose  representative  circle  cuts  the 
circle,  through  the  points  T,  having  the  radius  unity  and  center  at  the  origin. 

In  the  main  paper  only  (pp.  124-130),  he  called  an  indefinite  form  a  Smith 
reduced  form  if  its  representative  circle  cuts  the  two  straight  sides,  x=Q,  x=l,  of  the 
initial  triangular  domain.  The  principal  Smith  reduced  forms  are  in  (1,  1)  corre- 
spondence with  the  Gauss  reduced  forms. 

G-.  Humbert185  gave  a  theory  of  reduction  much  simpler  than  that  of  Smith95  by 
employing  equivalence  with  respect  to  the  following  different  subgroup  r  of  the 
classic  modular  group.  A  substitution 

,     \z-\-v  ^  -, 


is  in  T  if  A,  .  .  .,  p  are  ordinary  integers  such  that  A  +  /o  and  p  +  v  are  even.  The 
fundamental  domain  DQ  of  r  is  the  region  in  the  half  plane  above  the  |-axis  which  is 
bounded  by  the  lines  £=  ±1  and  the  semi-circle  of  radius  unity  and  center  at  the 
origin. 

A  positive  form  (a,  b,  c)  of  proper  order  (i.  e.,  with  a  and  c  not  both  even)  is  called 
reduced  modulo  2  if  (i)  a  and  c  are  odd  and  (ii)  if  its  representative  point  is  in  D0 
or  on  the  part  of  its  boundary  at  the  left  of  the  Tj-axis,  i.  e.,  if  \b\^  a  ^  c,  and  b  ^  0 
if  either  sign  is  equality.  There  is  one  and  only  one  reduced  form  equivalent  in  the 
ordinary  sense  to  a  given  form.  But  a  positive  form  of  improper  order  is  called 
reduced  modulo  2  if  conditions  (ii)  hold,  there  being  three  reduced  forms  equivalent 
in  the  ordinary  sense  to  a  given  form. 

An  indefinite  form  of  proper  (improper)  order  is  called  reduced  modulo  2  if  a 
and  c  are  both  odd  (even)  and  if  the  semi-circle  a(£2-f  if)  +26£  +  c=0  representing 
(a,  b,  c)  penetrates  the  domain  Z>0,  i.  e.,  if  at  least  one  of  the  numbers  a(a±2b  +  c) 
is  negative. 

Principal  reduced  forms  are  those  whose  representative  circles  cut  the  curved  side 
of  D0,  i.  e.,  if  a=c  (mod  2)  and  (a  +  c)2  —  4&2<0.  For  a  proper  order  they  con- 
stitute one  or  two  periods,  according  as  UQ  is  odd  or  even  in  the  least  positive  solu- 
lution  of  tl  —  Dul=l.  For  an  improper  order  they  constitute  1,  2  or  3  periods, 
depending  on  the  residues  of  b2  —  ac  (mod  4)  and  u0  (mod  2), 

Humbert186  considered  indefinite  principal  reduced  forms  modulo  2  having  &>0. 
Then  p  =  b  —  -J|a  +  c|  is  positive.  By  equating  coefficients  of  infinite  series,  it  is 
shown  that  the  sum  of  the  values  of  2ft  for  all  the  principal  reduced  forms  of  proper 
order  of  given  determinant  N  is 

2~m1)  if  N  =  2  or  3  (mod  4), 

l)^J+A:if  ^V  =  0or  1  (mod  4), 


185  Comptes  Rendus  Paris,  165,  1917,  253-7  (157,  1913,  1358-62,  for  indefinite  forms  only). 

186  Ibid.,  298-304. 
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summed  for  all  the  classes  of  positive  forms  of  proper  order  of  determinant  —  N, 
where  m^  and  ra2  are  the  odd  minima  and  m  the  even  minimum  of  the  class,  while 
Ic  denotes  0  or  —  2N,  according  as  N  is  not  or  is  a  square.  There  are  analogous 
results  for  improper  orders.  For  applications,  see  Humbert355  of  Ch.  VI. 

U.  Scarpis187  proved  that  if  (a,  b,  c)  is  a  reduced  form  of  negative  determinant 
and  (p,  q,  r)  is  any  equivalent  form,  either  (i)  the  two  forms  do  not  have  extreme 
coefficients  in  common  and  then  p  and  r  exceed  c  and  |  <?]>&,  or  (ii)  they  have  in 
common  one  of  the  extreme  coefficients  and  then  the  remaining  coefficients  of 
(p,  q,  r)  are  not  less  numerically  than  the  corresponding  coefficients  of  (a,  1),  c). 
Thus  in  a  class  H  of  equivalent  forms,  the  reduced  form  has  the  minimum  coeffi- 
cients. Let  2  be  a  set  of  those  forms  of  H  which  have  the  same  first  coefficient  a,  and 
8  the  system  of  those  forms  of  2  which  are  parallel  forms  (their  middle  coefficients 
b  being  congruent  modulo  a).  It  is  shown  that  the  forms  of  H  can  be  separated  into 
sets  each  composed  of  one  or  more  systems  such  that  the  first  coefficients  which  are 
constant  in  each  set  are  arranged  in  order  of  magnitude,  and  a  process  is  given  for 
finding  the  (n  +  l)th  set  when  the  first  n  sets  are  known. 

L.  J.  Mordell187a  proved  that  <£  is  an  ambiguous  form  if  there  exist  integers  x,  y 
for  which  the  partial  derivatives  fa  and  fa  are  both  divisible  by  fa 

M.  Amsler188  applied  continued  fractions  and  Farey  series  (Hurwitz142)  to  obtain 
theorems  on  reduced  forms. 

J.  A.  Gmeiner189  gave  a  single  process  of  finding  reduced  forms  whether  the 
determinant  is  positive  or  negative. 

F.  Mertens190  gave  a  simple  proof  independent  of  continued  fractions  of  Gauss' 
theorem  that  equivalent  reduced  forms  of  positive  determinant  belong  to  the  same 
period. 

A.  Cunningham191  noted  that,  since  every  prime,  10w±l  can  be  expressed  in  the 
form  t2  —  5uz,  it  is  evidently  expressible  in  a  single  way  [infinitely  many  ways]  in 
the  form  2C  —  C'  and  in  infinitely  many  ways  in  the  form  W  —  C,  where 

0=*=£,     C'=^±£,    2C-C>,    2C'-C 

x-y  x+y 

Again,  6Q-5S  =  (2C-C')2,  QQ'-5S=  (2C"-C)2,  where 


P.  Epstein,192  starting  from  elementary  continued  fractions  whose  partial  denomi- 
nators are  all  + 1  and  partial  numerators  are  ±  1,  was  led  to  the  group  B  of  linear 
fractional  even  substitutions  generated  by  U :  xf = 1  +  \/x  and  V :  xf—  1  —  I/a?.  Two 
irrational  numbers  are  equivalent  under  B  if  and  only  if  their  developments  into 
elementary  continued  fractions  coincide  after  a  certain  place.  A  substitution 

i"  Periodic©  di  Mat,  32, 1917, 150-8. 

is7»  Messenger  Math,  47,  1917-9,  71. 

188  Bull.  Soc.  Math.  France,  46,  1918,  10-34. 

isa  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  127,  Ha,  1918,  653-698;  128,  Ha,  1919,  957-1005. 

iso  Ibid.,  127,  Ila,  1918,  1019-34.    Cf .  Mertens.ios 

i9iproc    London  Math.  Soc,  (2),  18,  1920,  XXV,  XXVI. 

192  Jour,  fur  Math,  149,  1919,  57-88;  151,  1920,  32-62. 
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generated  by  Uf  V  and  R:  xf—\/x  is  even  or  odd  according  as  the  product  contains 
an  even  or  odd  number  of  factors  R.  The  even  and  odd  substitutions  together  give 
all  substitutions  with  integral  coefficients  of  determinants  1  or  —1.  There  is 
developed  a  theory  of  reduction  and  equivalence  of  indefinite  binary  quadratic  forms 
under  the  group  B  of  even  substitutions. 

E.  T.  Bell193  noted  that,  if  f(u,  v)  =  f(  -u,  -v), 


summed  for  all  integral  solutions  nlf  n2  of  nl+3n%  =  n.  Let  N(n)  be  the  number 
of  solutions  of  the  latter  equation.  For  n  =  2r,  and  for  summations  extending  over 
all  the  solutions, 


As  known,  N(2r)  =  62(  —  3/d),  summed  for  the  odd  divisors  d  of  r. 

NOTES  FROM  I/INTERMEDIAIRE  DES  MATHEMATICIENS. 

Rodallec,  20,  1913,  25-27,  expressed  a  prime  A  =  8n  +  '7  in  the  form  a2-2b2 
and  a  prime  A  =  8n  +  3  in  the  form  a2  +  2/32  by  use  of  the  continued  fraction  for  \/A. 

"  Quilibet,"  22,  1915,  240,  noted  errata  in  Table  IV  of  the  linear  forms  of  the 
divisors  of  xz±&y2  in  Cahen's  Theorie  des  Nombres,  1900. 

E.  Malo,  22,  1915,  248-251,  discussed  forms  of  negative  determinant  capable  of 
representing  the  same  number  in  several  ways. 

M.  Rignaux,  24,  1917,  7,  stated  that  all  representations  of  a  number  by  a  form  of 
positive  determinant  are  given  by  one  or  more  recurring  series  with  the  same  law 
Tn+^qTn  —  Tn-i,  where  q  is  found  by  developing  the  first  root  of  the  form  into  a 
continued  fraction. 

G.  Metrod,  24,  1917,  9-13,  reported  known  results  on  the  representation  by 
ny2  —  x2.  He  proved  that,  whether  A  is  positive  or  negative,  any  prime  p  is  repre- 
sentable  by  x2  —  &y2  if  A  has  no  square  factor  and  is  numerically  ^  -J(p—  1),  except 
for  p  =  2,  3,  5. 

A.  Gerardin,  25,  1918,  59-61,  expressed  numbers  c4  —  1  by  x2  —  2y2. 

In  Vol.  I  of  this  History  references  were  given  for  the  application  of  binary 
quadratic  forms  to  the  solution  of  binomial  congruences  by  Gauss  and  Legendre, 
p.  207,  by  Smith,  p.  210,  and  by  Cunningham,  p.  219.  On  the  number  of  repre- 
sentations of  an  odd  integer  by  x2  +  2y2,  see  Glaisher,141  p.  318.  For  the  applications 
of  binary  quadratic  forms  to  factoring  (with  material  on  congruent  forms  and 
idoneal  numbers),  see  pp.  361-5,  369  (Gauss),  and  370  (Schatunovsky).  For  Lucas' 
results  on  the  divisors  of  ax2  +  by2,  see  pp.  396-401.  A  binary  quadratic  form 
represents  an  infinitude  of  primes,  pp.  417-8,  p.  421  (Frobenius). 

In  Vol.  II,  Chapters  XII,  XIII,  XX,  and  p.  546,  occurs  material  on  the  repre- 
sentation of  numbers  by  binary  quadratic  forms. 

193  Bull.  Soc.  Math,  de  Grece,  II,  2,  1921,  70-74.    Cf.  Liouville.^ 


CHAPTER  II. 

EXPLICIT  VALUES  OF  x,  y  IN 

In  his  Disquisitiones  Arithmeticae,  Art.  358  (Maser's  transl.,  pp.  428-433),  Gauss 
solved  4p  —  t2  +  27u2  in  terms  of  numbers  arising  in  the  theory  of  the  three  periods 
of  pth  roots  of  unity,  p  being  a  prime  3m  +  1. 

In  his  study  of  biquadratic  residues,  Gauss  (this  History,  Vol.  II,  p.  234) 
obtained,  by  applying  cyclotomy  (the  theory  of  roots  of  unity),  the  residues  modulo 
p  of  x,  y  in  xz  +  y2  =  p,  when  p  is  a  prime  4&  +  1. 

In  a  posthumous  MS.  (Werke,  X1?  1917,  39),  Gauss  stated  the  first  result  by 
Jacobi,1  the  second  by  Stern,5  and  those  by  Stern.12 

C.  G.  J.  Jacobi,1  as  an  application  of  cyclotomy,  found  that,  if  p  =  3n  +  l  is  a 
prime,  we  have  4:p  =  a2  +  27b2,  where  a  is  the  absolutely  least  residue  (between  —  %p 
and  +$p)  modulo  p  of  —  (ra  +  1)  (n  +  2)  .  .  .  (2n)/n\,  and  that  this  residue  is  =1 
(mod  3)  .  If  p=  7n+  1  is  a  prime,  then  p=L2  +  7M2,  where  £  is  the  absolutely  least 
residue  modulo  p  of  -|(  2n+l)  (2n  +  2)  .  .  .  (3n)/n  !,  and  this  residue  is  =1  (mod  7). 

A.  L.  Cauchy2  employed  a  prime  p,  a  prime  divisor  n  of  p  —  1,  the  least  integer 
m=  ±2A(n+D/4  (mod  n),  where  A)  is  the  ;th  Bernoullian  number,  a  primitive  root 
s  of  n,  the  number  n'  of  roots  <e—  (n  —  1)/2  of  ze  =  l  (mod  n),  and  the  number 
n''  =  n-n>-l  of  roots  <c  of  ze=-l.  Set  w=(p-l)/n,  (*)=*!.  Then,  if 
n  =  4fc  +  3,  x2  +  ny2  =  4pm  is  solvable  in  integers  and  is  verified  by 

x=  (o>)  (s2o>)  (s4o>)  .  .  .  (sn-3w)  or  (s<o)  (53w)  .  .  .  (sn-2a>)   (mod  p}, 

according  as  n'<n"  or  n'>n".     In  the  respective  cases,  m—  (n-l  —  ±n')/d  or 
(4:n'  —  n  +  I)/d,  where  d  =  2  or  6,  according  as  n  =  7  or  3  (mod  8  )  . 

M.  A.  Stern3  proposed  the  following  problem:  If  p  is  a  prime  6n+l  =  a2  +  2n2, 
prove  that 

(n  +  1)  (w  +  2)  .  .  .  (2n)  =  -  (2n  +  l)  (2n  +  2)  .  .  .  (3n)    (mod  p). 

T.  Clausen4  proved  this  formula  in  which  the  sign  is  correctly  minus  if  p  =  7 
(mod  12),  but  should  be  plus  if  p=  1  (mod  12). 

M.  A.  Stern5  employed  a  prime  p-6n+l  for  which  p  =  a2  +  3b2, 
quoted  JacobiV  result  (with  n  replaced  by  2n),  and  noted  that 


the  last  sign  being  such  that  ±a=l  (mod  3). 


1  Jour,  fur  Math.  2,  1827,  69;  Werke,  VI,  1891,  237.    Second  theorem  stated  also  in  a  letter 

to  Gauss  Feb.  8,  1827;  Werke,  VII,  1891,  395-8. 

2  Bull,  des  Sc.  Math.  Phys.  Chim.  (ed.,  Ferussac),  15,  1831,  137-9. 

3  Jour,  fur  Math.,  7,  1831,  104. 

4  Ibid.,  8,  1832,  140. 

s  Jour,  fur  Math.,  9,  1832,  97. 
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C.  G.  J.  Jacobi6  proved  by  cyclotomy  that,  if  p  =  8n+l  =  c2  +  2d2  is  a  prime,  c  is 
the  absolutely  least  residue  modulo  p  of  * 


His  theory  implies  similar  results  for  p  =  x2  +  &y2,  first  enunciated  by  Cauchy.9  He 
tabulated  the  values  of  cf  d  for  p<6000,  and  the  values  of  A,  B  in  p  =  6n  +  l  = 
A2  +  3B2,  p  a  prime  <12000  (errata30). 

V.  A.  Lebesgue7  proved  the  earlier  result  by  Jacobi1  by  a  study  of  the  solutions  of 
x3  —  cys  =  d  (mod  p  =  3n  +  ~L).  He  proved  Gauss'  theorem. 

M.  A.  Stern8  proposed  the  following  problem:  If  p  is  a  prime  8n  +  l,  so  that 
p=a2  +  b2,  show  that  (besides  Gauss'  result)  we  have 

±ga^  (3n)(3n-l)...(2 
n\ 


the  sign  being   +   only  when  a  =  4ra  +  l,   b  =  8r,  n  =  2s,  or  &  =  8r+4,  n  =  2s+l; 
a=4:m  +  3,  b  =  8r,  n  =  2s+l,  or  &  =  8r  +  4,  n  =  2s. 

A.  L.  Cauchy9  proved  that  if  A  is  an  integer  =3  (mod  4)  not  divisible  by  a  square, 
and  if  p  =  &n+~L  is  an  odd  prime,  and  if  a,  1)  range  over  the  integers  less  than  A  and 
prime  to  A  for  which,  respectively, 

(*)•*»•  ($)-«• 

in  Jacobi's  quadratic  residue  symbols,  then10 


The  results  of  Gauss  and  Jacobi1'6  for  A  =  1,  2  3  are  noted11  as  special  cases.  For 
another  statement  and  generalization  of  Cauchy's  results,  see  the  report  on  Stickel- 
berger.25 

M.  A.  Stern12  remarked  that  he  had  published13  prior  to  Jacobi6  the  equivalent 
result  ±2c=  (4n) .  . .  (3n+l)/n\  (mod  p),  which  he  now  reduced  to  the  simpler 
form  ±2c=  (2n) . . .  (n-f  l)/n!  (mod  p),  the  upper  sign  holding  if  c=l,  3  (mod 

*  For  p  =  17,  the  expression  becomes  —  £ .  45  =  $  .  6  (mod  17) ,  and  c  =  3. 

«Monatsber.  Akad.  Berlin,  1837,  127-136;  Jour,  fur  Math.,  30,  1846,  166-182;  Werke,  VI. 
1891.  256,  268-271 ;  Opuscula  Math.,  I,  1846,  318-9,  329-332.  French  transl..  Nouv.  Ann. 
Math.,  15,  1856.  337-351. 

'  Jour,  de  Math.,  2,  1837,  279,  283. 

s  Jour,  fur  Math.,  18,  1838,  375-6. 

9  Mem.  Institut  de  France,  17,  1840,  249-768;  Oeuvres,  (1),  III,  1^50  (especially  notes  II. 
Ill,  XIII).  Comptes  Rendus  Paris,  9,  1839,  473,  519;  10,  1840,  51,  85,  181,  229;  Oeuvres, 
(1),  IV,  504-13;  (1),  V,  52-81,  85-111.  Bull.  sc.  math.,  phys.,  chim.  (ed.,  Ferussac),  12. 
1829,  205. 

1°  As  enunciated  by  H,  J.  S.  Smith,  Report  Brit.  Assoc.  for  1863,  768-786;  Coll.  Math.  Papers, 
I,  273.  He  gave  the  companion  theorem  pA  —  x*  -\-  A^/2,  the  residue  of  x  being  half  of 
that  in  the  text,  where  p  =  4An-f  1,  a  and  6  being  integers  <  4A  and  prime  to  4A  for 
which  ( —  A/a)—  -f  1,  ( —  A/b)—  —  1.  In  his  proofs,  Smith  followed  the  method  barely 
indicated  by  Jacobi,6  rather  than  Cauchy's. 

11  Mem.  Institut  de  France,  17,  1840,  724-30;  Oeuvres,  (1),  3,  410-8. 

12  Jour,  fiir  Math.,  32,  1846,  89,  90. 
isjahrbiicher  fiir  Wiss.  Critik,  1831,  679. 
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8),  and  the  lower  sign  if  c  =  5,  7   (mod  8).     Finally,  if  p  =  8n  +  3  =  c2  +  2d-  is  ;i 
prime,  and  the  sign  is  taken  as  before,  then 

T2c=(4rz  +  l)...(3n  +  2)/w!  (mod  p). 

These  results  were  found  by  induction  and  not  proved. 

G.  Eisenstein14  supplemented  the  last  result  by  remarking  that  c  =  4r+l  -'-'". 
where  T  is  the  number  of  values  of  z  in  the  series  1,  2,  .  .  .,  -}(p  —  1)  for  which  l+zi 
is  the  residue  of  an  eighth  power  modulo  p.  If  q=7n  +  2  =  A2  +  7B-  i.<  an  odd  prime. 
or  q  =  7n  +  4:  =  A2  +  7B2,  then 


respectively.    Jacobi1  had  treated  primes  7n+  1. 

V.  A.  Lebesgue15  simplified  proofs  by  Cauchy9  (notes  I,  V)  of  theorems  by  Jacobi6 
on  cyclotomy,  in  particular  on  4p  =  a2  +  27&2. 

C.  G.  Eeuschle16  gave,  in  Part  B,  Table  III,  the  values,  for  prime-  /;  =  6n  +  l, 
of  A,  B  in  p  =  A2  +  3B2  for  p^  13669  and  for  those  greater  primes  p<50000  for 
which  10  is  a  cubic  residue,  and  the  values  of  L,  M  in  4p  =  L2  +  27M2  for  p  ^  5743. 
For  primes  p  =  8n  +  l,  Table  IV  gives  the  values  of  c,  d  in  p=c2  +  2d2  for  p  ^  12377 
and  for  the  primes  p<  25000  for  which  10  is  a  biquadratic  residue;  also  the  values  of 
a,  &  in  p=a2  +  b2  for  primes  p  =  4n  +  l  g  12377  and  for  the  larger  primes  <  35000 
for  which  10  is  a  quadratic  residue.  His  Table  A  of  factors  an  —  1  and  Table  C  of 
primitive  roots  and  exponents  are  described  on  p.  383  and  p.  190  of  Vol.  I  of  this 
History. 

P.  Bachmann17  gave  an  exposition  of  many  of  the  preceding  results,  including  a 
proof  of  Cauchy's9  theorem  for  the  case  in  which  A  is  a  prime. 

Th.  Pepin18  obtained  4p  =  x2  +  3y2  by  cyclotomy  if  p  is  a  prime  3w  +  l.  Cauchy's11 
statement  (p.  724,  p.  412)  that  y  is  always  divisible  by  3  is  proved  by  use  of  Cauchy's 
function  Ru^'Sp*,  summed  for  s—  1,  .  .  .,  p  —  2,  where.  A?  =  ind.  s(s  +  l),  and  p  is  a 
primitive  cube  root  of  unity. 

G.  Oltramare19  stated  that  every  prime  p  =  8m  +  3  can  be  given  the  form  x2  +  2y~. 
where  #=±22m^(ra)  (mod  p),  ^(m)  denoting  (w  +  1)  .  .  .  (2m)  /(m  !).  Ever}' 
prime  p=6m  +  I  can  be  given  the  form  x2  +  3y2,  x=  ±2m~Y(m).  Every  prime 
can  be  given  the  form  x2+7y2,  where 


Four  such  theorems  are  stated  for  x2  +  6y2,  three  for  x2  +  5y2,  and  one  for  ar  +  15//2. 
If  p  —  2am  +  \  or  £>=4<zm-}-l  is  a  prime  representable  by  x2  +  ay2,  it  is  stated  that 

x=  ±$Amf(m)*f(2m)**.  .  .^(aw)c«  (mod  p), 


14  Jour,  fur  Math.,  37,  1848,  111,  126.    Proof  repeated  by  Smith,  Coll.  Math.  Papers,  I,  280-3. 
15Comptes  Rendus  Paris,  39,  1854,  593-5;  Jour,  de  Math.,  19,  1854,  289;   (2),  2,  1857,  152. 
Cf.  reports  on  same  in  this  History,  Vol.  II,  pp.  305-6. 

16  Math.  Abhandlimg,  enthaltend  neue  Zahlentheoretische  Tabellen  sammt  einer  dieselben 

betreffenden  Correspondenz  .  .  .  Jacobi,  Progr.  Stuttgart,  1856,  61  pp.  Described  by 
Rummer  in  Jour,  fur  Math.,  53,  1857,  379,  and  in  Report  British  Assoc.  for  1875,  p.  325. 
Errata.30 

17  Die  Lehre  von  der  Kreistheilung,  1872,  122-150,  235-7,  279-294. 

18  Comptes  Rendus  Paris,  79,  1874,  1403. 

19  Comptes  Rendus  Paris,  87,  1878,  734-6. 
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where  A  is  an  algebraic  function  of  m,  while  clt  .  .  .,  ca  are  integers  <p  —  1,  and 


T.  Pepin20  proved  the  following  generalizations  of  Cauchy's9  theorems:  If  a  is 
any  (unknown)  odd  divisor  of  tz  —  D,  every  power  of  a,  whose  exponent  is  divisible 
by  the  double  of  the  number  of  classes  in  the  principal  genus,  can  be  properly  repre- 
sented by  x2  —  Dy2  ;  the  same  is  true  when  the  exponent  is  equal  to  or  is  a  multiple 
of  the  number  of  properly  primitive  classes  of  determinant  D.  When  a  is  a  given 
divisor  of  t2  —  D,  the  problem  to  find  the  values  of  m  for  which  am  =  x2  —  Dy2  is 
solvable  can  be  treated  by  the  elements  of  the  theory  of  quadratic  forms.  We  find 
that,  if  p,  //,  ...  are  the  numbers  of  classes  in  the  periods  generated  by  the  classes 
A,  A',  .  .  .  of  determinant  D  by  which  a  given  odd  divisor  a  of  t2  —  D  can  be  properly 
represented,  then  all  powers  of  a,  whose  exponents  are  divisible  by  one  of  the  /*,  //,  .  .  .  , 
can  be  properly  represented  by  z2  —  Dy2,  and  no  other  powers  of  a  can  be  so 
represented. 

L.  Kronecker21  proved  that,  if  p  is  a  prime  6n+l,  then  in  4p  =  a2  +  27l2  we  have 
a?=  (3c  —  p  +  2)2,  where  (p  —  l)c  is  the  number  of  distinct  sets  sl}  s2,  s3  chosen  from 
1,  2,  .  .  .,  p  —  1  such  that  SjL  +  Sa  +  Sg  is  divisible  by  p  and  also  9(sJ+$2+sS)  is  a  cubic 
residue  of  p. 

T.  J.  Stieltjes22  deduced  from  JacobiV  theorem  the  fact  that,  in  p  =  3n  +  I  = 
C2_|_3^2?  c  js  the  residue  between  —  %p  and  $p  when  2"'1  (2J)  is  divided  by  p,  while 
c  —  1  is  divisible  by  3.  Replacing  n  by  2m,  we  have 


Except  as  to  sign,  this  congruence  was  stated  without  proof  by  Oltramare.19 

S.  Realis23  recalled  that  a  product  p  =  8q  +  l  of  primes  of  that  form  is  expressible 

in  the  form  2x2  +  y2.    Then  3p  =  2(x  +  y)2  +  (y  —  2x)2.     Since  x  is  even  and  y  odd, 

3p  =  2(2a+l)2+(2b  +  l)2.    All  solutions  of  2x2  +  y2=p  are  given  by  x  =  ^(a-b)t 

y  =  S(2a+6)+l,  where  &,  I  take  all  values  for  which  p=%[a2  +  a+  (&2  +  &)/2]  +1. 

It  is  stated  that  if  p  is  odd  or  double  an  odd  integer,  and  if  p  =  2x2  +  y2,  then 

l)1,       y  =  p  - 


Analogous  theorems  are  given  for  p=3x2  +  y2. 

F.  Goldscheider24  proved  that  if  p  =  8n+l  =  A2  +  2B2  is  a  prime  then  A  = 
(mod  p),  where  [a]n  =  a(a—  1)  .  .  .  (a-—  n+1).  If  q  =  8h  +  3  =  a2  +  2b2  is  a  prime, 
the  least  residue  modulo  q  of  $[2h~\h  is  (  —  1)A+1&,  where  &  is  taken  =1  (mod  4)  ; 
that  of  2[4:h]his  (-l)h+1a,  where  a=l  (mod  4). 

L.  Stickelberger25  obtained  a  generalization  of  Cauchy's9  theorem  by  applying  the 
theory  of  ideals  and  a  generalized  cyclotomic  resolvent.  Let  m  be  any  positive 
integer  divisible  by  no  odd  square  >1  and  such  that  either  m  =  3  (mod  4)  or  m==4 

20  Atti  Accad.  Pont.  Nuovi  Lincei,  33,  1879-80,  50-59. 

21  Jour,  fur  Math.,  93,  1882,  364. 

22  Amsterdam  Verslagen  en  Mededeel.  K.  Akad.  Wetenschappen,   (2),  19,  1884,  105-111; 

French  transl.,  Annales  Fac.  Sc.  Toulouse,  11,  1897,  No.  4,  6  pp.    In  No.  3,  p.  65,  is  a 

new  proof  of  Jacobi's  x  theorem. 
23Nouv.  Ann.  Math.,  (3),  5,  1886,  113-122. 

24  Das  Reziprozitatsgesetz  der  Achten  Potenzreste,  Progr.,  Berlin,  1889,  pp.  26,  27. 
2*  Math.  Annalen,  37,  1890,  358-361. 
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or  8  (mod  16)  (so  that  —  m  is  a  fundamental  discriminant  of  a  binary  quadratic 
form).  Proof  is  given  of  CauchyV6  result  that,  except  for  ra  =  3,  4,  8,  the  sum  of 
the  $<j>(m)  positive  integers  k(k<m),  for  which  Jacobi's  symbol  (-m/k)  =  +1,  is 
divisible  by  m.  Write  2k  =  mK,  2k'  =  mK',  where  k'=m-k  is  not  one  of  the  k's. 
Thus  E+E'=$<J>(m).  Let  p  be  a  prime  congruent  modulo  m  to  one  of  the  k's.  It 
is  proved  that  both  ±pK'+K  and  4p*'-*  are  representable  by  x2  +  my2,  and  that,  for 
the  second, 

(modp), 


[£]  being  the  largest  integer  ^  ^  where  the  product  extends  over  all  positive  integers 
k'  less  than  m  and  prime  to  m  for  which  (  —  m/k')  =  —  1.  This  proves  for  any 
prime  p  for  which  (  —  m/p)  =  +1  what  Cauchy  proved  for  the  case  p=  1  (mod  m). 
In  case  also  m  is  a  prime, 


H.  Scheffler,27  generalizing  Eisenstein,14  expressed  in  terms  of  binomial  coefficients 
the  residues  of  the  numbers  giving  a  representation  of  any  prime  pn  +  m  by  a  quad- 
ratic form. 

H.  W.  Lloyd  Tanner28  tabulated  the  least  solutions  of  p  =  $(X2-5Y2)  for  each 
prime  p=10/*+l<10,000.  The  omission  of  p  =  3371,  X=137,  Y  =  23  was  noted 
by  Cunningham.30 

H.  Weber29  proved,  by  use  of  the  equation  for  the  three  periods  of  nth  roots  of 
unity  and  also  by  use  of  numbers  determined  by  a  cube  root  of  unity,  that  if  n  is  a 
prime  =1  (mod  3),  then  n  =  a2-a'b  +  1)2,  4=n  =  A2  +  27B2,  whence  n  =  x2  +  3y2. 

A.  Cunningham's30  main  table  (pp.  1-240)  gives  for  each  prime  /?<  100,000  the 
prime  factors  of  p-l  and  the  values  of  a,  .  .  .,  M  in  p  =  a2  +  b2,  c2  +  2d2,  A2  +  3B2, 
$(L2  +  27M2)  ;  also  for  p=e2-2f2<  25,000,  and 

p  =  a*-5y2,      J(X2-5F2),      *2  +  7«2,      i(v2  +  llo>),      p<10,000. 
Tables  (pp.  241-256)  give  for  p<  10,000  the  decompositions 

p  =  x2-Dy2(D=3,  6,  7,  10,  11),      p  =  x2  +  dy2(d  =  5,  6,  10). 

Errata  are  noted  in  the  earlier  shorter  tables  by  Jacobi6  and  Keuschle.16 

A.  S.  Werebriisow31  gave  a  table  of  the  representations  of  numbers  <1000  by 


E.  Jacobsthal,  in  1907,  gave  the  actual  values  of  a,  b  in  p  =  a2  +  b2,  quoted  in  this 
History,  Vol.  II,  p.  253. 

L.  von  Schrutka32  proved  that  every  prime  p  =  6n+l  is  of  the  form  a2  +  3&2  and 
gave  expressions  for  the  absolutely  least  residues  of  a  and  &  modulo  p.  The  method 
is  that  of  Jacobsthal,  just  cited. 

For  Kronecker's  solution  of  U2  +  DV2  =  4:p  by  cyclotomy,  see  p.  140. 


26  Mem.  Institut  de  France,  17,  1840,  525-588  (Notes  VII,  VIII)  ;  Oeuvres,  (1),  III,  292. 

27  Die  quadratische  Zerfallung  der  Primzahlen,  Leipzig,  1892. 

28  Proc.  London  Math.  Soc.,  24,  1893,  256-262. 

™  Lehrbuch  der  Algebra,  1895,  I,  579-82,  593;  ed.  2,  1898,  I,  628-632,  643. 

80  Quadratic  Partitions,  London,   1904.     Errata,  Messenger  Math.,  34,   1904^5,   132-6;   46, 

1916-7.  68-69. 

«  Math.  Soc.  Moscow,  25,  1905,  417-437. 
32  Jour,  fur  Math.,  140,  1911,  252-265. 


CHAPTER  III. 

COMPOSITION   OF  BINARY   QUADRATIC   FORMS. 

Diophantus  made  use  of  the  formula 


X  =  xx'±yy',         Y  =  xy'  +  x'y, 

in  his  study  of  right  triangles  having  integral  sides  (this  History,  Vol.  II,  p.  225). 
We  shall  follow  the  history  of  the  general  composition  of  two  binary  quadratic  forms 
f(x>  y)  'f'(x'>  y'}=  F(X>  Y)>  where  X,  Y  are  bilinear  functions  of  x,  y  and  x',  y'  '. 
Gauss  was  the  first  to  treat  the  general  problem;  his  proofs  rest  on  long  computa- 
tions and  devices  whose  origin  was  not  divulged.  Of  first  importance  in  the  applica- 
tions in  Ch.  IV  is  the  fact  that  we  are  dealing  with  composition  of  classes  of  forms  : 
if  /!  and  f\  are  equivalent  to  /  and  /',  respectively,  and  if  their  compound  is  F19  then 
Fi  and  F  are  equivalent.  Accordingly,  Dirichlet14  and  Dedekind27  simplified  the 
algebraic  work  by  replacing  the  forms  to  be  compounded  by  equivalent  forms  so 
related  that  their  compound  is  found  at  once.  Another  basis  of  classification  of  the 
papers  of  this  subject  is  the  extent  to  which  the  bilinear  substitution  is  in  the  fore- 
ground; it  plays  the  dominant  role  in  the  elegant  theory  by  Speiser,46  following 
Dedekind.89  The  papers  best  suited  for  a  first  introduction  to  the  theory  are  probably 
those  by  Dedekind,27  Speiser,46  Mertens,87  Pepin,30  and  Smith.19 

The   Hindu   Brahmegupta1    (born    598  A.   D.)    and   L.    Euler1   employed   the 
composition 

(1)  (x2-ey2)(x"-ey")=X2-eY2,      X  =  xx'  +  eyy',        Y=xy'  +  x'y, 

in  their  work  on  the  solution  of  e£2  +  1  =  r2  in  integers. 

Euler2  gave  the  formula,  which  reduces  to  (1)  for  a=l,  c=  —  e, 


(2)       (ax2  +  cy2)  (x'*  +  acy'*)  =  aX2  +  cY2,      X  =  xx'-cyy', 
which  follows  from 


A.  J.  Lexell3  noted  that 


iThis  History,  Vol.  II,  346,  355.  (507,  554  for  cases  e  =  —  2,  e  —  —  3). 

2  Algebra,  St.  Petersburg,  2,  1770,  Ch.  11,  §§  173-180;  French  transl.,  Lyon,  2,  1774,  pp.  208- 

218;  Opera  Omnia,  (1),  I,  420-5. 
8Euler's  Opera  postuma,  1,  1862,  159-160  (about  1767). 
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A.  M.  Legendre4  reduced  to  the  case  (1)  the  composition  of 
(3)  ±  =  p 


when  p  and  p'  are  relatively  prime  and  pr—q2  =  pfr^  —  qf2  —  a.     Write 
p'y'  +  q'z'  =  x'.     Then  pA  =  ara  +  fl«2,  p'A'  =  x'*  +  oa",  and 


But  he  desired  a  formula  of  the  type 
(4)  **'=pp' 

From  this,  p//AA'  =  (pp'Y  +  <f>Z)2  +  aZ2.    Hence  we  have  the  conditions 
pp'Y  +  <}>Z  =  xx'  ±  azz',        Z-xz'-^-  x'z. 

In  the  first  condition,  replace  a  by  its  value  in  (4),  and  x}  x'  by  their  expressions 
above  ;  we  get 


The  two  fractions  will  be  integers,  ±n  and  —  n',  if  ^>  =  pn^q  —  p'n'  +  q'.  This 
equation  has  integral  solutions  n,  n'  since  p,  p'  are  relatively  prime.  Since  <j>  =  pn  +  q 
and  qz  +  a=pr,  <f>2+a  is  divisible  by  p.  Similarly,  it  is  divisible  by  p'.  Hence 
$=  ($*+a)/(pjf)  is  an  integer.  Hence  if  p  and  p'  are  relatively  prime  integers, 
the  forms  (3)  with  the  same  determinant  may  be  compounded  into  the  form  (4) 
with  integral  coefficients  by  the  substitution 

(5)  Y  =  (y±nz)  (y'-n'z')  ±tzz',        Z=  (py  +  qz)z'+  (p'y'+q'z')z. 


C.  F.  Gauss5  discussed  (Art.  235)  without  restrictions  the  problem  of  the  trans- 
formation of  a  form 
(6) 

into  the  product  of  two  forms 

(7)  f 

by  means  of  a  (bilinear)  substitution 

(  8  )      X  =  pxx'  +  p'xy'  +  p"yx*  +  j/"y/,         Y  =  qxx'  +  q'xy'  +  q"yx'  +  q'"yy', 


whose  eight  coefficients,  as  well  as  those  of  F,  /,  /',  are  all  integers.    In  particular^ 
if  the  six  numbers 

P=p<f-qp',  Q  =  pq"~qp",  R  =  pq'"-qp'", 

S  =  p'q"  -  q'p",         T  =  p'q'"  -  q'p'",         U  =  p"q'"  -  q"p'" 

have  no  common  divisor,  F  is  said  to  be  compounded  of  /,  /'. 

Denote  their  determinants  by  D,  d,  d',  respectively.    Let  M  be  the  positive  g.c.d. 
of  A,  2B,  C;  m  that  of  a,  21,  c;  and  ra'  that  of  a,',  2b',  cf. 

4Theorie  des  nombres,  1798,  421-2;   ed.  3,  1830,  II,  §358,  pp.  27-29  (German  transl.  by 

H.  Maser,  2,  1893,  pp.  28-29). 
5  Disquisitiones  Arithmeticae,  1801  ;  Werke,  I,  1863,  pp.  239-267,  272,  371  ;  German  transl. 

by  H.  Maser,  1889,  pp.  229-255,260,  356. 
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By  means  of  the  nine  conditions  on  the  coefficients  which  result  from  F  =  ff',  and 
after  introducing  auxiliary  numbers,  Gauss  proved  that  d  =  Dn2,  d'  =  Dn'*,  where 
n  and  n'  are  rational  numbers  such  that  m'n  and  ran'  are  integers.  Hence  (i)  the 
"determinants  D,  d,  d'  are  proportional  to  the  squares  of  integers,  and  (ii)  D  is  an 
exact  divisor  of  dm'*  and  d'm2.  Next  (iii), 

(10)  P=an',      R-S=2bn',      U=cn',      Q=a'n,      R  +  S  =  2b'n,      T=c'n.  * 

Hence  the  g.c.d.  k  of  P,  Q,  R,  8,  T,  U  divides  mn'  and  m'n,  while  any  common  factor 
of  the  last  two  divides  Ic,  so  that  k  is  the  g.c.d.  of  mnf  and  m'n.  This  implies  (iv) 
that  Die2  is  the  g.c.d.  of  dm'*,  d'm2. 

Next,  it  is  shown  that  mm'  divides  Mk2  and  that  M  divides  mm'.  Hence  (v)  if 
F  is  compounded  of  /  and  /',  so  that  k=l,  then  M  =  mm'.  Finally,  if  fc=l,  then 
(vi)  F  is  derived  from  a  properly  primitive  form  (i.  e.,  the  g.c.d.  of  A,  B,  C  is  equal 
to  the  divisor  M  of  F)  if  and  only  if  both  f  and  /'  are  derived  from  properly  primitive 
forms. 

During  the  proof  of  the  fifth  of  these  six  conclusions,  Gauss  deduced 

(11)  A  nn'  =  q'q"  -  qq'",     2Bnn' = pq'"  +  qp'"  -  p'q"  -  q'p",      Cnn'  =  p'p"  -  ppff'. 

Conversely,  he  stated  that  if  (10)  and  (11)  hold,  where  n,  n'  have  arbitrary  values, 
then  F  =  ff  under  the  substitution  (8). 

Composition  is  commutative.  For,  if  we  interchange  /  with  /',  p'  with  p",  and  q' 
with  q",  and  hence  P  with  Qf  T  with  U,  n  with  n',  and  change  the  sign  of  S,  we  find 
that  conditions  (10)  are  merely  permuted,  while  the  right  members  of  (11)  are 
unaltered,  so  that  the  values  of  A,  B,  C  are  unaltered. 

In  Art.  236,  Gauss  showed  how  to  find  a  substitution  (8)  and  a  form  (6)  which 
is  compounded  of  two  given  forms  (7)  whose  determinants  d,  df  are  in  the  ratio  of  two 
squares.  Let  D,  taken  with  the  same  sign  as  df  d',  be  the  g.c.d.  of  dm'*,  d'm2.  Since 
their  quotients  by  D  are  relatively  prime  integers  whose  product  is  a  square,  each 
quotient  is  a  square,  so  that  d/D  and  d'/D  are  rational  squares  n2,  n'2.  Evidently 
nmf  and  n'm  are  relatively  prime  integers.  Also,  an',  en',  a'n,  c'n,  &n'±&'n  are 
integers.  Choose  four  integers  £},  £}',  £l",  £}"'  at  random,  but  such  that  the  left 
members  of  (12)  are  not  all  zero,  and  let  /u,  be  the  g.c.d.  of  those  members  : 


Since  q,  . . .,  q'"  have  unity  as  their  g.c.d.,  there  exist  integers  $)3,  . . .,  *$'"  such  that 
$q+  • . .  +  $"Y"=1-  Denote  by  pt  .. .,  p'"  the  values  obtained  from  the  left 
members  of  (12)  by  replacing  the  £'s  by  $p's.  Finally,  define  A,  B,  C  by  (11) ;  they 
are  shown  to  be  integers.  Since  equations  (10)  are  proved  to  hold,  we  have  F=ff 
under  substitution  (8). 

If  (Art.  237)  F  is  transformed  into  //'  by  (8)  and  if  f  contains  the  form  f", 
then  F  is  transformable  into  ff".  Here  /',  given  by  ( 7 ) ,  is  said  to  contain  f"  if  it  is 
transformed  into  f  by  a  substitution 

(13)  x'  =  ax"  +  py",          y'  =  yx 


(***'...*<*}  ( 

~\b  V  &"...&<»>/'  ~\ 
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with  integral  coefficients.  By  eliminating  a;'.  yf  between  (8)  and  (13),  we  evidently 
obtain  a  substitution  which  transforms  F  into  //".  If  d"  is  the  determinant  of  f", 
d"  =  d'e2,  where  e  =  a8-/?y.  Thus  n"*  =  d"/D=e2n'\  The  sign  of  n"  is  stated  to 
be  the  same  or  opposite  to  that  of  n'  according  as  e  is  positive  or  negative,  i.  e., 
according  as  /'  contains  f  properly  or  improperly. 

Similarly  (Art.  238),  if  F  is  contained  in  F'  and  if  F  is  transformable  into  //', 
then  F'  is  transformable  into  //'. 

If  (Art.  239)  F  is  compounded  of  f,  f',  and  if  F'  has  the  determinant  D'  and  is 
transformed  into  //'  in  such  a  manner  that  the  square  roots  n,  n'  of  d/D'  d' '/D'  have 
the  signs  of  n,  nf,  respectively,  then  F'  contains  F  properly.  Use  is  made  of  the 
following  lemma  (Art.  234).  Given  two  matrices  whose  elements  are  integers, 

c  c' 

.d  d' 

such  that  every  (two-rowed)  determinant  from  N  is  equal  to  the  product  of  the 
corresponding  determinant  from  M  by  a  constant  integer  TC,  and  such  that  the 
determinants  from  M  have  no  common  factor  >1,  there  exist  four  integers  a,  ft  y,  8 
such  that 

/  a  p \  jap 

Vy   8/  y   8 

Henceforth  it  is  assumed  that  n,  n'  are  taken  positive.  From  the  compositions 
ff  =  F,  f'F=%,  f"f=F',  *"/'=g',  it  follows  (Arts.  240-1)  that  g  and  g'  are 
properly  equivalent.  In  other  words,  /"(//')  and  (f'f)f  are  properly  equivalent,  so 
composition  is  associative  in  the  sense  of  equivalence. 

In  particular  (Arts.  242-3).  let  the  forms  /  and  /'  to  be  compounded  have  equal 
determinants  d=d',  let  m  be  prime  to  m',  and  let  n  and  n'  be  positive.  Then  in 
Art.  236,  n  =  w'=l,  D=d,  and  we  may  choose  £}=-l,  &'  =  Q"=£i'"=Q.  Thus  p 
is  the  g.c.d.  of  a,  of ,  b  +  b',  which  are  assumed  to  be  not  all  zero.  Then 

(14)  A=™*->        B  = 

If  a/p  and  a'/p  are  relatively  prime,  these  congruences  have  a  single  root  B  between 
0  and  \A\  -1.  Then,  for  C=  (B2-D)/A,  (A,  B,  C)  is  compounded  of  /,  f.  If  a 
is  prime  to  a',  then  p=l,  and  we  obtain  (Art.  243,  I)  the  following  useful  result: 
If  (a,  b,  c)  and  (of,  &',  c')  have  the  same  determinant  D,  if  a  is  prime  to  a',  and  if 
the  g.c.d.  of  a,  2b,  c  is  prime  to  that  of  a',  2Z/,  c',  the  form  compounded  of  them  is 
(A,B,  C),  where 

A-aaf,     B  =  b(moda),      B  =  b'(moda')      C=(B2-D)/A. 

This  case  occurs  if  the  first  form  is  the  principal  form,  whence  a=l,  &  =  0,  c=—D; 
we  may  taken  B  =  l',  whence  C—cf.  Hence  if  we  compound  the  principal  form  with 
any  form  f  of  the  same  determinant,  we  obtain  /'. 

The  compound  of  two  opposite  properly  primitive  forms  (a,  b,  c}  and  (a,  —  b,  c) 
is  the  principal  form  of  the  same  determinant. 

All  forms  (Art.  224)  properly  equivalent  to  the  same  form  are  said  to  constitute 
a  class.  To  the  forms  (a,  b,  c)  of  one  class  K  correspond  the  opposite  forms 
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(o>,  —  &,  c)  which  determine  another  class  K'}  said  to  be  opposite  to  K.  Every  form 
of  K  is  improperly  equivalent  to  every  form  of  K'.  If  K  and  Kf  coincide,  K  is 
opposite  to  itself  and  (Art.  164)  contains  an  ambiguous  form  /=  (a,  b,  c)  with  2& 
divisible  by  a  and  hence  is  called  an  ambiguous  class.  Conversely,  any  ambiguous 
class  is  opposite  to  itself;  for,  /  has  (c,  I,  a)  as  a  left-neighboring  form  and  hence  is 
properly  equivalent  to  it,  and  yet  is  obviously  improperly  equivalent  to  it,  so  that  / 
is  improperly  equivalent  to  itself. 

If  (Art.  249)  /,  g  are  forms  of  a  class  and  if  /',  gf  are  forms  of  a  class,  the  forms 
compounded  of  /,  /'  and  of  g,  g'  belong  to  the  same  class  (as  proved  in  Art.  239). 
Hence  we  may  speak  of  composition  of  classes.  All  forms  equivalent  to  (1,  0,  — J>) 
constitute  the  principal  class  1  of  determinant  D,  which  plays  the  role  of  unity  in 
composition.  An  ambiguous  class  was  just  seen  to  be  its  own  opposite  class.  Hence, 
by  Art.  243,  the  principal  class  arises  by  duplication  (composition  with  itself)  of  any 
properly  primitive  ambiguous  class.  Conversely,  if  the  principal  class  arises  by 
duplication  of  a  properly  primitive  class  K,  then  K  is  an  ambiguous  class. 

If  K,  K'  are  opposite  classes  and  L,  Lf  are  opposite  classes,  then  the  class  com- 
pounded of  K,  L  is  opposite  to  that  compounded  of  K't  U '.  Hence  the  compound 
of  two  ambiguous  classes  is  ambiguous.  While  Gauss  denoted  the  compound  of  two 
classes  K  and  K'  by  K  +  K',  we  shall  follow  later6  custom  and  denote  it  by  KK'  or 
K  X  K'.  In  particular,  K  X  K  will  be  written  K2. 

If  (Art.  306,  II-IV)  m  is  the  least  positive  integer  for  which  Cm  =  l,  the  classes 
1,  C,  C2,  . . .,  C7^1  constitute  the  period  of  C.  The  classes  Cj  and  Cm~j  are  opposite. 
If  m  is  even,  C*m  is  opposite  to  itself  and  hence  is  an  ambiguous  class.  If  /A  is  the 
g.c.d.  of  m  and  h,  the  period  of  Ch  contains  m/p  classes.  The  number  of  powers  of  C 
whose  periods  contain  m//x  classes  is  the  Euler  function  <f>(m/fi)  which  counts  those 
positive  integers  <ra  having  with  m  the  g.c.d.  /A. 

J.  T.  Graves7  proved  that  we  may  express  the  product  fJJs  in  the  form  /4,  where 
/{ =  axl  +  bx-iyi  +  cy\.  This  was  proved  by  J.  E.  Young8  by  means  of 

a/i/2 =/o,        X0  =  axlx2  —  cyly2,        yo  =  ax1y2  +  ay1x2  +  'by1y2. 

Similarly,  a/0/3  =  /4.  Hence,  by  multiplication,  a2/i/2/3  =  /4.  Write  Z4for  xja>, 
Y4  for  yja. 

H.  W.  Erler9  assumed  that  there  are  two  periods,  one  of  m  =  pv  classes  and  the 
other  of  pv  classes,  where  p  is  a  prime  and  ju.  f>  v,  having  only  the  principal  class  1 
in  common,  and  noted  that  we  can  derive  pfi-pv  distinct  classes  whose  rath  power 
is  1.  If  for  the  same  determinant  there  are  two  periods  of  m  and  n  classes,  where  m 
and  n  are  relatively  prime,  we  obtain  by  composition  a  period  of  mn  classes. 

F.  Arndt10  proved  that  if  P,  . . .,  U  are  six  given  integers  satisfying 

(15)  PU-QT+RS  =  Q, 

6  A.  C.  M.  Poullet-Delisle  in  his  French  transl.  of  Gauss'  Disq.  Arith.,  Paris,  1807,  274,  286. 

7  Phil.  Magazine,  London,  (3),  26,  1845,  320. 
s  Trans.  Royal  Irish  Acad.,  21,  II,  1848,  337. 

9  De  periodis,  quae  compositione  formarum  quadraticarum  ejusdem  determmantis  hunt,  Progr. 

Ziillichau,  1847,  16  pp. 

10  Archiv  Math.  Phys.,  13,  1849,  410-8.    Of  the  simpler  proofs  by  Speiser,46  the  second  is 

the  shorter. 
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we  can  find  integral  solutions  p,  .  .  .,  q'"  of  the  six  equations  (9).  First,  let  P,  Q,  R 
be  not  all  zero  and  denote  their  g.c.d.  by  e,  and  that  of  P,  Q,  R,  Sf  T,  U  by  Jc.  Select 
any  divisor  //,  of  k  and  write  A.  for  the  integer  e/p.  Select  any  two  integers  p,  q  whose 
g.c.d.  is  A.  Determine  five  integers  fa,  fa,  p^  qly  r^  such  that 

p<l>i  -  qfa  =  e,        piP  +  qiQ  +  riR=  e, 
and  write 

eq'    =  faP+qiqS  +  r,qT,          ep'    = 


(16)  eq"  = 

q'"  =  faR-p,qT-q,qU,         ep'"  =  faR-piPT-q,pU. 

The,n  p,  .  .  .  ,  q'"  are  integers  satisfying  (  9  )  ,  and  furnish  all  solutions  when  P,  Q,  R 
are  not  all  zero.  There  is  a  similar,  simpler  discussion  of  the  cases  P=Q  =  R  =  Q, 
with  S,  T  not  both  zero,  or  both  zero  with  U  =^=  0. 

Application  is  made  to  Gauss'  problem  (Art.  236)  to  find  a  substitution  (8)  and  a 
form  F  compounded  of  given  forms  f,  f.  No  use  is  made  of  Gauss'  £},  .  .  .  ,  £1'", 
*P,  .  .  .,  $'".  We  define  P,  .  .  .,  U  by  (10)  and  see  that  their  g.c.d.  is  1.  The  prob- 
lem is  to  solve  (9)  and  (11)  for  integral  values  of  p,  .  .  .,  q'",  A,  B,  C.  When 
P,  Q,  R  are  not  all  zero,  we  apply  the  result  quoted  above  with  fc  =  l.  Thus  j*=l, 
\=e.  Condition  (15)  is  satisfied  identically  by  the  present  values  (10).  For  the 
numbers  g',  .  .  .,  p'"  given  by  (16),  the  values  of  A,  B,  C  in  (11)  are  shown  to 
be  integers. 

F.  Arndt11  noted  that,  to  find  all  forms  F'  transformable  into  the  product  of  two 
given  forms  f,  f,  given  one  form  F  compounded  of  /,  /',  we  need  only  find  all  forms 
F'  which  contain  F  properly.  Given  one  transformation  of  F'  into  //',  we  obtain  all 
such  transformations  as  in  Gauss,  Arts.  237-9. 

More  interesting  is  his  first  theorem  :  If  F,  f,  f  have  the  same  determinant  and 
if  F=ff  under  the  substitution  p,  p',  p",  p'"  ;  q,  q',  q",  q'",  defined  by  (8),  then  f 
is  transformed  into  the  product  of  F  and  the  form  (a,  —  b,  c)  ,  opposite  to  /=  (a,  &,  c), 
by  the  substitution  -q',  p',  qf",  -p'";  q,  -p,  -q",  p".  For,  we  have  (10)  and 
(11)  with  n  =  n'=  1,  which  may  be  rewritten  to  give  the  corresponding  conditions  for 
f  =  F-  (a,  —  b,  c)  under  the  second  substitution. 

This  theorem  leads  to  a  solution  of  the  problem  to  find  all  forms  f  of  the  same 
determinant  D  as  two  given  forms  F,  f  such  that  F  is  compounded  of  /,  /'.  After 
finding  one  form  g*  compounded  of  F  and  (a,  —~b,  c),  it  remains  to  determine  the 
forms  /'  which  contain  gf  properly.  The  details  of  this  determination  occupy  many 
pages  (pp.  433-467).  The  solution  is  more  general  than  that  by  Gauss  (Art.  251) 
who  restricted  F,  f  to  be  forms  in  the  same  order. 

A.  Cayley12  gave  a  formula  of  composition  under  a  substitution  which  involves, 
in  both  Zj  and  zz,  the  misprints  of  x-^x2  for  x^y^  and  y^y2  for  x2y2.  When  his  cor- 
rected formula  is  changed  to  Gauss'  notations,  it  states  that  the  form  F  in  (6)  is  the 
product  of  the  forms  f,  f  in  (7)  under  the  substitution  (8)  provided  that,  in  the 
notations  (9), 

a=P,        2b  =  R-S,        c=U,        a'  =  Q,        2b'  =  R  +  S,        c'=T, 
A  =  q'q"  -  qq'",        2B  =  pq'"  +  p'"q  -  p'q"  -  p"q',        C  =  p'p"  -  pp'". 

11  Archiv  Math.  Phys.,  15,  1850,  429-480. 

12  Jour,  fur  Math.,  39,  1850,  14-15  ;  Coll.  Math.  Papers,  I,  532-3. 
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Since  these  are  Gauss'  relations  (10)  and  (11)  for  the  case  n  =  n'  =  l,  and  since 
Gauss  stated  (Art.  235,  end)  that  (10)  and  (11)  imply  that  F=ff  under  the 
substitution  (8),  Cay  ley's  result  is  implied  by  Gauss'.  Cayley  derived  it  by  means 
of  his  hyperdeterminants. 

M.  Bazin13  readily  obtained  a  necessary  condition  that  the  form  (6)  be  trans- 
formed into  the  product  of  the  forms  (  7  )  by  the  substitution  (  8  )  .  Take  x'  =  1,  y'  =  0  ; 
then  X=px  +  p"y,  Y  =  qx  +  q"y  must  transform  F  into  a'f.  Hence  DQ2  =  da'\ 
d/D=n2,  and,  similarly,  d'/D=n",  where  n  and  n'  are  rational.  Thus  Q  —  afn, 
T—cfn,  P=an',  U=cn',  as  in  (10).  The  nine  conditions  for  F=ff  are  written 
briefly  by  employing  the  partial  derivatives  of  F(p,  q),  F(p'9  q'),  F(p",  q")  and 
F(p'"9  q'"),  and  are  shown  to  imply  S=b'n-bn',  R  =  b'n+bn',  as  in  (10).  He 
gave  essentially  Art.  236  of  Gauss  in  changed  notations  and  proved  the  results  in 
Arts.  239-241. 

G.  L.  Dirichlet14  gave  a  new  and  elementary  exposition  of  composition.  Call  the 
roots  £,  y,  ...  of  u2  =  D  modulis  ra,  ra',  .  .  .,  respectively,  concordant  if  there  exists 
a  root  Z  of  u2  =  D  (mod  mm'.  .  .  )  such  that  £  =  Z  (mod  m),  £'  =  Z  (mod  m')}  ---- 
The  root  Z  —  (mm'  .  .  .,Z)  is  said  to  be  compose  d  of  the  roots  £=  (m,  £),  (m',  £'),... 
and  is  denoted  by  (m,  £)  (m',  £')  .  .  ..  Consider  only  forms  <j>  =  ax2  +  2bxy  +  cy2  of 
determinant  D  in  which  a,  &,  c  have  no  common  divisor  and  a,  c  are  not  both  even 
(since  a  slight  modification  of  the  discussion  applies  to  the  contrary  case).  If  <j>  =  m 
for  x,  y  relatively  prime,  and  if  integers  £,  77  are  chosen  so  that  xr)  —  y£=l,  Gauss 
(Arts.  154-5,  report  in  Ch.  I)  proved  that  ^  —  (ax+by)t;  +  (bx  +  cy)^  is  a  root  of 
u2  =  D  (mod  m)  and  that  we  obtain  the  same  root  if  we  vary  £,  17;  we  say  that  the 
root  (m,  £)  belongs  to  this  representation  of  m  by  </>.  Consider  two  such  forms  <f>, 
<£'  of  the  same  determinant  D  and  let  m,  m'  be  any  two  odd  integers  prime  to  D  and 
representable  by  <£,  </>',  respectively,  in  such  a  manner  that  the  roots  (m,  £),  (ra',  £') 
to  which  these  representations  belong  are  concordant.  The  whole  difficulty  consists 
in  proving  that  the  representations  of  mm'  which  belong  to  the  root  (m,  £)  (m',  £') 
are  made  by  the  forms  of  a  single  class  however  m  and  m'  are  varied.  This  is  the 
fundamental  theorem  on  composition. 

After  transforming  the  forms  into  equivalent  forms  whose  first  coefficients  are 
relatively  prime,  we  have  (a,  b)  concordant  with  (a'y  b').  The  latter  condition  alone 
is  sufficient  for  the  sequel.  Let  (aa',  B)  be  composed  of  (a,  b)  and  (a',  b'),  so  that 
B  =  b  (mod  a),  B  =  b'  (mod  of),  D  =  B2  —  aa'Cf  where  C  is  an  integer.  Hence  <£  and 
<£'  are  equivalent  to 


ax2  +  2Bxy  +  a'Cy2  =  <£,        a'x"  +  2Bx'y'  +  aCy'*  =  </>'. 
Hence  </></>'  =  aa'X2  +  2BXY+CY2  =  if,  for 

(17)  X  =  xx'-Cyy',         Y  =  axy'  +  a'x'y  +  2Byy'. 

If  <£  =  ra  and  <j>'  =  m'  for  x,  y  relatively  prime  integers  and  likewise  for  x',  y',  it  is 

13  Jour,  de  Math.,  16,  1851,  161-170.    His  notations  are  here  changed  to  accord  with  those 

of  Gauss. 

14  De  formarum  binariarum  secundi  gradus  compositione,  Berlin,  1851.    Reprinted  in  Jour. 

fur  Math.,  47,  1854,  155-160;  Werke,  II,  1897,  105-114.    French  transl.,  Jour,  de  Math., 
(2),  4,  1859,  389-398. 
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proved  that  (17)  are  relatively  prime  and  hence  give  a  proper  representation  of 

by  \l/,  and  that  the  root  (mm',  Z)  to  which  this  representation  belongs  is  composed  of 

the  roots  (m,  £).  (m',  £')  to  which  belong  the  representations  of  m,  mf  . 

W.  Simerka15  proceeded  as  had  Legendre  but  without  prefixing  the  factor  2  to 
the  middle  coefficients  of  the  forms.  He  studied  (p.  51)  the  period  defined  by 
the  powers  of  a  form.  He  applied  (pp.  66-67)  composition  to  the  solution  of 


F.  Arndt16  treated  the  problem  of  Gauss  (Art.  236)  to  find  a  substitution  and  a 
form  F  which  is  transformed  into  the  product  of  two  given  forms  /,  /'  whose  determi- 
nants d,  d'  are  in  the  ratio  of  two  rational  squares.  By  the  method  of  Bazin,13  he 
proved  that  DQ2  =  a'2d,  DP2  —  a2d'.  Assuming  that  a/m,  a'/m'  are  relatively  prime  to 
D,  it  follows  that  D  is  a  common  divisor  of  dm'*,  d'm2.  It  is  assumed  that  D  is  their 
g.c.d.,  whence  F  is  said  to  be  compounded  of  /,  /'.  It  is  shown  that  P,  Q,  R,  8,  T,  U 
defined  by  (10)  are  integers  without  a  common  divisor.  Let  ju,  be  the  g.c.d.  of 
P,  Q,  R.  It  is  proved  that  there  exists  an  integer  B  (determined  up  to  a  multiple 
of  A)  satisfying  the  three  congruences17 

(is)       *j».*',  S.Bm*.,  RB= 

P  f*         M  /*         /* 

in  which  the  indicated  fractions  are  all  integers.     Further,  C=(B2  —  D)/A  is  an 
integer.    Hence  the  coefficients  of 


(19) 


.  xy,+ 


aa 


an       .     an      ,         n  +   n       , 
=  —  xy>+—yx>+     ^—-  yy 


are  integers.    Furthermore, 


(20) 

Hence  F=ff  under  substitution  (19). 

It  is  stated  that  we  obtain  all  transformations  of  F  into  //'  if  we  multiply    the 


second  member  of  (20)  by  ($  +  uVA)A>,  where  A  is  the  quotient  of  D  by  the  square 
of  the  g.c.d.  of  A,  B,  C,  while  «  =  1  or  2  according  as  F  is  derived  from  a  properly  or 
improperly  primitive  form  by  multiplying  its  coefficients  by  the  same  integer. 

By  duplication  of  a  properly  primitive  ambiguous  class  there  arises  the  principal 
class.  For,  if  /  belongs  to  the  former  class,  we  may  assume  that  2&  is  divisible  by  a, 
whence  /x  =  a,  A  —  1,  B  =  0. 

If  N  and  N'  are  numbers  representable  by  /  and  /'  ,  respectively,  we  can  find  a 
form  compounded  of  them  which  represents 


«  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  31,  1858,  33-67 

16  Jour,  fur  Math.,  56,  1859,  64-71.    Reproduced  in  G.  B.  Mathews'  Theory  of  Numbers, 

17  Applicable  for  composition  in  general  and  not  merely  to  the  special  case  considered  by 

Gauss  (Arts.  242-3). 
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L.  Schlafli18  noted  that  the  equation  used  by  Gauss  (Art.  235)  to  prove  that 
A,  B,  C  are  integers  can  be  given  a  remarkable  symbolic  form  involving  partial 
derivatives  of  the  second  order.  No  application  is  made  of  the  complicated  formula. 

H.  J.  S.  Smith19  employed  the  determinants  (resultants) 


az  az 

fix  dy 

ar  ar 

dx  dy 


px'  +  p'y'    p"x'  +  p"Y 
qx'  +  q'y'     q"x'+q»y 


az  az 

dx'  dif 

ar  ar 

3.1-'  dy' 


of  the  bilinear  substitution  (8),  considered  first  as  a  linear  substitution  on  x,  y,  and 
second  as  one  on  x'}  y'  as  variables.  Since  F  becomes  /'/  under  the  former  substitu- 
tion of  determinant  A,  the  determinant  f*d  of  the  transformed  form  /'/  is  equal  to 
the  product  of  the  determinant  D  of  Ff  by  A2,  if  d  is  the  determinant  of  /.  Thus 
f'd  =  A2D.  Thus  m"d  =  S2D,  if  8  is  the  g.c.d.  of  the  coefficients  of  the  quadratic 
form  A.  Similarly,  if  8'  is  that  of  A',  and  we  employ  the  second  substitution  above, 
we  have  fdf—^D,  mzd'=V*D.  We  obtain  at  once  Gauss'  first  four  conclusions. 
The  idea  underlying  this  proof  is  due  to  Bazin13  and  Arndt.18  Cayley's12  identity  is 
given  as  a  relation  to  be  verified  by  the  direct  multiplication  of  A  by  A'.  Its  com- 
parison with  AA'  =  nn/^  which  follows  from  the  above  equations  involving  A2  and 
A'2  yields  Gauss'  formulas  (11).  In  §  108,  Smith  made  clearer  the  nature  of  Gauss' 
discussion  (Art.  236)  :  Given  integers  P,  Q,  R,  S,  T,  U  without  a  common  factor 
and  satisfying  PU—QT+RS  =  Q,  we  seek  eight  integers  p,  . . . ,  q"f  satisfying  the  six 
equations  (9).  To  this  end  we  seek  two  fundamental  sets  of  solutions  Xi  of 


The  left  members  of  Gauss'  relations  (12),  with  an'  replaced  by  P,  etc.,  from  (10), 
give  a  set  of  solutions  with  £t,  . . .,  £}'"  arbitrary  (denoted  by  00,  . . .,  03  by  Smith) . 

Smith  defined  composition  of  n  forms  and  proved  that  if  F  is  compounded  of 
<#>>  /si  •  •  •  >  fn,  and  if  <f>  is  compounded  of  fi  and  /2,  then  F  is  compounded  of  /i,  . . .,  /n. 
He  deduced  the  congruences  (18)  of  Arndt16  from  Gauss'  general  solution  of  the 
problem  of  composition.  He  gave  a  full  report  of  the  method  of  Dirichlet.14 

Smith20  solved  the  problem  to  find  all  matrices  of  n  rows  and  n  +  m  columns  with 
integral  elements,  given  the  integral  values  not  all  zero  of  all  its  n-rowed  minors. 
Gauss  (Arts.  236,  279)  treated  the  cases  n  =  2,  n  +  m  =  4:  or  3,  without  indication 
of  the  origin  of  his  solution.  The  case  m  =  l  had  been  solved  by  C.  Hermite.21 
M.  Bazin22  had  treated  the  main  problem,  but  without  specifying  integral  values  for 
the  elements  and  given  minors. 

Smith23  stated  that  if  (a,  I,  c)  and  (of,  V,  c')  are  primitive  forms  of  determinants 
D  and  IX,  and  divisors  m  and  m',  and  vanishing  joint  invariant  ac' —  2bb'  +  ca',  then 

is  Jour,  fur  Math.,  57,  1860,  170-4. 

"Report  British  Assoc.  for  1862,  503-515;  Coll.  Math.  Papers,  I,  231-246.    Exposition  by 
G.  B.  Mathews,  Theory  of  Numbers,  1892,  140-9. 

20  Phil.  Trans.  London,  151,  1861,  302;  Coll.  Math.  Papers,  I,  377. 

21  Jour,  fur  Math.,  40,  1850,  264. 

22  Jour,  de  Math,  16,  1851,  145-160. 

23  Report  British  Assoc.  for  1863,  p.  783;  Coll.  Papers,  I,  p.  284,  §  123. 
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m2D'  and  m'*D  can  be  represented  primitively  by  the  duplicates  of  (a,  b,  c)  and 
(a',  b',  c') ,  respectively.  An  elementary  proof  was  given  by  G.  B.  Mathews.24 

E.  Schering25  proved  that  for  every  determinant  D  there  exist  fundamental  classes 
by  whose  repeated  composition  with  one  another  arise  every  class  of  determinant  D 
and  each  in  a  single  way  if  we  permit  no  more  compositions  of  a  class  than  the  num- 
ber of  classes  in  its  period.  [In  modern26  terminology,  the  abelian  group  whose 
elements  are  the  classes  of  forms  of  determinant  D  has  a  set  of  independent 
generators.] 

R.  Dedekind27  called  two  forms  (a,  b,  c)  and  (a',  b',  c')  of  the  same  determinant 
D  concordant  (einig)  if  a,  a',  b  +  b'  have  no  common  divisor.  Under  the  latter  con- 
dition and  b2  =  D  (mod  a),  b'*  =  D  (mod  a'),  there  exists  an  integer  B  satisfying 
the  three  congruences 

B  =  b  (mod  a),        B  =  b'  (mod  a'),        B2  =  D  (mod  aa'), 

and  two  such  solutions  B  are  congruent  modulo  aa'.  Moreover  a,  a',  2B  have  no 
common  divisor.  Write  C  for  (B2-D)/(aa').  Then  any  one  of  the  infinitude  of 
(parallel)  forms  (aa',  B,  C)  of  determinant  D  is  said  to  be  compounded  of  (a,  b,  c) 
and  (a',b',  c'). 

Note  that  (a,  b,  c)  and  (a',  b',  c')  are  equivalent  to  (a,  B,  a'C)  and  (a',  Bf  aC) 
respectively,  while  the  latter  are  concordant  and  are  compounded  into  the  same  form 
(aa',  B,  C).  In  view  of  the  substitution 

Z  =  xx'-Cyy',         Y-  (ax  +  By)y'  + 
we  have 

[ax+(B+V~D)yl[a'x'+(B  +  VD)y'~\=a 
Change  the  sign  of  VD  and  multiply.    Hence 


The  following  generalization  is  called  the  fundamental  theorem.  If  the  con- 
cordant forms  (a,  &,  c)  and  (of,  I',  c'}  are  equivalent  to  the  concordant  forms 
(m,  n,  1)  and  (m',  nf ,  V)  respectively,  the  form  (aa',  B,  C)  compounded  of  the  first 
two  is  equivalent  to  the  form  (mm7,  N,  L)  compounded  of  the  last  two.  If  o-  is  the 
divisor  of  (a,  b,  c),  i.  e.,  the  positive  g.c.d.  of  a,  2b,  c,  then  cr  is  relatively  prime  to 
the  divisor  a'  of  the  concordant  form  (a',  b',  c'),  and  o-o-'  is  the  divisor  of  the  form 
(aa',  B,  C)  compounded  of  them. 

Conversely,  if  K,  Kf  are  two  classes  'of  forms  of  the  same  determinant  D  and  with 
relatively  prime  divisors  cr,  a-',  there  exist  two  concordant  forms  belonging  respectively 
to  K,  K',  which  are  called  concordant  classes.  In  view  of  the  fundamental  theorem, 
we  may  speak  of  the  class  KK'  compounded  of  the  classes  K  and  K'.  Composition 
of  classes  obeys  the  associative  law,  so  that  KK'K"  has  a  single  meaning. 

24  Quar.  Jour.  Math.,  27,  1895,  230. 

25  Abh.  Gesell.  Wiss.  Gottingen,  14,  1869,  3-16;  Werke,  1,  1902,  135-148. 

26  G.  Frobenius  and  L.  Stickelberger,  Jour,  fiir  Math.,  86,  1879,  217-262. 

27  Dirichlet-Dedekind,  Zahlentheorie,  Suppl.  X,  §§  145-9,  1871,  1879,  1894.    Reproduced  for 

forms  ax*  -f  bxy  +  cy2  by  Weber,  Gottingen  Nachr.,  1893,  55-57,  with  errata  in  (2) 
and  (9).  L.  Bianchi,  Atti  R.  Accad.  Lincei,  Rendiconti,  (4),  5,  I,  1889,  589-599,  ^noted 
that  this  theory  applies  unchanged  to  forms  with  complex  coefficients  with  a,  a  rela- 
tively prime. 
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Let  (&t  &,  c)  be  a  properly  primitive  form  of  determinant  D.  By  compounding  it 
with  the  concordant  form  (c,  ~b,  a),  we  get  (ac,  I,  1').  But  (c,  ~b,  a)  is  evidently 
equivalent  to  (a,  —~b,  c),  while  (ac,  ~b,  1)  is  equivalent  to  (1,  —  6,  ac)  and  hence  to 
(1,0,  —D).  Hence  the  compound  of  two  properly  primitive  opposite  classes  yields 
the  principal  class.  Thus  if  H  is  a  properly  primitive  class,  HK  =  HL  implies  K  =  L. 

Since  any  two  properly  primitive  classes  are  concordant,  they  may  be  compounded. 
Any  set  of  properly  primitive  classes  constitute  a  group  if  the  compound  of  any  two 
of  them  belongs  to  the  set. 

Dedekind28  derived  Gauss'  general  type  of  composition,  but  for  generalized  forms 
ax2  +  bxy  +  cy2,  from  a  study  of  a  modul  [a,  /?],  composed  of  all  linear  homogeneous 
functions  with  integral  coefficients  of  two  integral  algebraic  numbers  a  and  (3  of  a 
quadratic  field. 

Dedekind29  established  a  correspondence  between  binary  quadratic  forms  of  dis- 
criminant d  and  ideals  of  a  quadratic  field  of  discriminant  d  such  that  composition 
of  forms  corresponds  to  multiplication  of  ideals.  The  correspondence  between 
classes  of  forms  representing  positive  numbers  and  narrow  classes  of  ideals  is  (1,  1). 
The  details  are  similar  to  those  of  Dedekind.28 

T.  Pepin30  proved  the  six  conclusions  (i)-(vi)  of  Gauss  (Art.  235)  without  his 
long  computation.  Assigning  any  particular  integral  values  to  x',  y',  we  may  write 
the  substitution  (8)  in  the  form 


(21)  X=a 
Then 

(22)  a'8'-0 

Since  (21)  ,  transforms  F  into  ff=foxz  +  ...  of  determinant  f*d, 

(23)  f»d=D(a'V-p'y')*. 
Similarly,  by  assigning  integral  values  to  x,  y,  (8)  becomes 

(24)  X=os'  +  0y',         Y=yx'  +  &y'  (a  =  px  +  p"y, 
Then 

(25)  a8-py 

(26)  f2d' 


By  (23)  and  (26),  (i)  determinants  D,  d,  d'  of  F,  f,  f  are  in  the  ratios  of  three 
integral  squares.  Let  M,  m,  ra'  denote  the  divisors  of  the  three  forms.  Write  g  for 
/'/ra',  and  h  for  the  quotient  of  the  second  member  of  (22)  by  the  g.c.d.  K  of  its 
coefficients  Q,R  +  S,  T.  By  (23),  dm"g2  =  DK21i2.  Since  af/m',  2b'/m',  c'/ra'  have 
no  common  divisor,  we  can  determine  x'9  y'  so  that  g  is  prime  to  any  assigned  integer, 

28  Dirichlet-Dedekind,  Zahlentheorie,  Suppl.  XI,  ed.  2,  1871,  §§  169-170,  pp.  488-497.    In  ed. 

3,  1879,  §  181,  p.  611;  ed.  4,  1894,  §  187,  p.  640,  he  used  a  normalized  modul  [m,  raw] 
and  obtained  a  specialized  composition,  essentially  that  of  Arndt.16  Cf.  Mertens.37 

29  Ibid.,  ed.  2,  1871,  46S-9;  ed.  3,  1879,  549,  626;  ed.  4,  1894,  585,  655.    Cf.  H.  Weber,  Math. 

Annalen,  48,  1897,  459-462;  Algebra,  III,  1908,  330-7;  R.  Konig,  Jahresber.  d.  Deutschen 
Math.-Vereinigung,  22,  1913,  239-254;  J.  Sommer,  Vorlesungen  iiber  Zahlentheorie,  1907, 
197-220  (French  transl.  by  A.  Levy,  Paris,  1911,  205-229)  ;  P.  Bachmann,  Grundlehren 
der  Neueren  Zahlentheorie,  1907,  248;  ed.  2,  1921;  R.  Fricke,  Elliptische  Funktkmen, 
2,  1922,  148. 

30  Atti  Accad.  Pont.  Nuovi  Lincei,  33,  1879-80,  6-36. 
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say  DK2.  Thus  DK2  must  divide  dm'*.  Similarly,  we  can  determine  x1  ',  if  so  that 
h  is  prime  to  dm'*,  whence  dm'2  must  divide  DK2.  Hence  we  have  (27x)  .  Similarly, 
if  K'  denotes  the  g.c.d.  of  P,R-S,  U,  we  have  (272)  : 

(27)  DK2  =  dm'\        DK'*=d'm2. 

Hence  (ii)  D  is  a  common  divisor  of  dm''  and  d'm2.  By  (i),  d=Dn2,  d'  =  Dn'*, 
where  n,  n'  are  rational.  By  (22)  -(26),  the  right  members  of  (22)  and  (25)  are 
the  products  of  /'  by  n  and  /  by  n',  respectively,  identically  in  x',  y'  and  x,  y, 
respectively.  This  proves  Gauss'  relations  (10).  It  follows  readily  that  the  g.c.d. 
k  of  P,  .  .  .,  U  is  that  of  K,  K'.  Gauss'  conclusions  (iv)-(vi)  are  now  easily  proved. 
If  F=ff  by  substitution  (8)  and  if  F'  =  F  by 

(28)  X'  =  SX-pY,        Y'=-yX+aY,        o8-£y  =  l, 

tli  en  F'  =  ff  by  the  substitution  obtained  from  (28)  by  elimination  of  X,  Y  by  means 
of  (8).  In  Y'  the  coefficient  aq  —  yp  of  xx'  is  zero  when  a=p/[j,,  y  =  q/fj.}  where  /u.  is 
the  g.c.d.  of  p,  q.  Then  we  can  find  an  infinitude  of  pairs  of  integers  /?,  8  such  that 
a8  —  fiy  =  ~L.  Hence  if  F=ff,  there  exist  infinitely  many  forms  equivalent  to  F 
which  are  transformable  into  //'  by  means  of  a  substitution  (8)  having  q  =  Q.  With- 
out loss  of  generality,  we  take  q=Q  henceforth. 
For  x'=I,  y'  =  0,  F=ff  becomes 


Multiplying  corresponding  coefficients  by  nn'  and  replacing  an',  a'n,  2Zw',  en'  by 
their  values  from  (10),  we  obtain  (11)  with  q  =  Q,  the  first  of  which  is  equivalent 
to  A2  =  aa'. 


Thus  (10),  (11)  and  n=±'V~d/IJ,  n'—  ±Vd'/D  are  necessary  conditions  for 
F=ff  under  substitution  (8).  They  are  verified  to  be  sufficient  conditions  for 
Ap2F=aa'ff,  or 


This  follows  from  Arndt's16  relation  (20)  with  /*  replaced  by  p.  The  conditions  that 
the  latter  be  an  identity  in  x,  y,  x',  y',  V#  are  readily  verified  to  follow  from 
(10),  (11). 

To  prove  that  there  exist  forms  F  compounded  of  two  given  forms  /,  /',  it  remains 
to  verify  when  k  =  l  that  conditions  (10),  (11),  with  q  =  Q,  are  solvable  for  integers 
p,  .  .  .,  q'",  A,  B,  C.  Then  the  g.c.d.  of  q',  q",  q"'  is  1,  whence  p  is  that  of 

pq'-an',         pq"  =  a'n,         pq'"'=bn'  +  1)'nf 

which  therefore  determine  integers  p,  q',  q",  q'".  Let  L,  L',  L"  be  any  three 
integers  for  which,  provisionally, 


(  29  )  Lq'  +  L'q"  +  L"qffr  =  1,        Lp'  +  L'p"  +  L"p'"  =  0. 

Then 

p'  =  L'S+L"T,       p"  =  L"U-LS,       p'"=  -LT-L'U 

are  known  by  (10).     For  these  values  we  see  that  (292)  is  satisfied  identically  in 
L,  L',  L",  8,  T,  U.    Hence  (29J  is  the  only  condition  on  the  Us  and  it  can  be 
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satisfied  by  an  infinitude  of  sets  of  integers  L,  L',  L"  since  the  q's  have  no  common 
divisor.  The  longer  proof  (pp.  21-24)  that  A,  B,  C  are  integers  is  simplified  by 
replacing  /,  /'  by  equivalent  forms  in  which  ~K'a/m,  Kaf  /m'  are  relatively  prime. 

The  compound  of  /,  /'  is  determined  (p.  28)  by  congruences  equivalent  to  those  of 
Arndt.16  Composition  of  classes  is  proved  to  be  associative. 

H.  Poincare31  employed  a  second  kind  of  multiplication  L^  ®  L2  of  two  lattices 
which  is  commutative  and  differs  from  the  ordinary  multiplication  of  lattices  (or 
matrices)  : 

(Am+Bn)  ®  (A' 


where  /*j,  .  .  .  ,  /x4  range  independently  over  all  integers,82  so  that  the  second  member, 
as  well  as  each  factor  on  the  left,  is  a  lattice  (see  the  notations  explained  at  the  end 
of  the  report  in  Ch.  I104  on  the  earlier  part  of  this  memoir)  .  As  there  explained,  the 
lattice  AM  +  BN  represents  the  quadratic  form 

F=  (AM+BN)  (AM+BN). 

Suppose  that  F  is  transformable  into  the  product  of  two  other  quadratic  forms 

/=  (am  +  ftn)  (am  +  pn),         /1=  K/I  +  &V)  ( 
by  a  bilinear  substitution 


i.  e.,  F  =  ff-i  identically  when  M,  N  are  replaced  by  the  latter  expressions.  This 
identity  is  easily  seen  to  imply  that  * 

(am  +  pn)  (O^  +  AV)  =\(AM+BN), 

where  A  is  a  number  independent  of  m,  n,  p,  v.  Hence  we  obtain  four  relations 
aal  =  X(Ap  +  Bq))  ----  Multiplying  them  by  arbitrary  numbers  Mlf  ...,  M±  and 
adding,  we  get 

L  =  aa 


Thus  the  numbers  of  L  all  occur  among  the  numbers  of  the  lattice  (\AM  +  \BN), 
where  M  and  N  are  arbitrary.  The  converse  is  true  if  the  six  determinants  (9)  have 
no  common  factor.  For,  we  can  then  choose  integers  M±,  .  .  .  ,  M  4  such  that  R  =  1, 
S  =  Q,  whence  L  =  \A,  and  similarly  a  set  of  M's  for  which  L  =  \B,  so  that  every 
number  of  the  lattice  (\AM  +\BN)  occurs  in  L.  Hence  these  two  lattices  are 
identical.  This  proves  that  if  F  is  the  compound  of  /  and  /±,  the  lattice  of  F  is  the 
second  product  of  the  lattices  of  /  and  f1}  so  that  composition  of  forms  reduces  to 
multiplication  of  lattices.  The  theorems  of  Gauss  are  now  readily  proved. 

*Or  the  relation  obtained  by  replacing  one  or  both  of  the  factors  on  the  left  by  their 
conjugates. 

31  Jour,  ecole  polyt.,  t.  28,  cah.  47,  1880,  226-245. 

32  For  the  special  values  ^-=.mm'  ',  fj.2  =  mnf,  fj^  =  nm',  m  =  nn',  the  second  member  repre- 

sents the  products  of  the  numbers  represented  by  the  two  factors  on  the  left.    But  the 
second  member  usually  represents  also  further  numbers. 
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Finally  there  is  deduced  a  correspondence  (more  precisely  stated  by  Dedekind29) 
between  ideals  and  quadratic  forms  of  determinant  D  not  divisible  by  a  square. 
Represent  A  +  /xVZ>  by  the  lattice 

|~A    p,D~l 

[fJL  A   _T 

This  lattice  is  included  among  the  lattices  called  ideals,  viz.,  those  with  integral 
elements  and  having  e=l,  where  f.  —  p/^  p  being  the  norm  of  the  lattice  (the 
determinant  of  its  four  elements)  and  p  the  g.c.d.  of  the  coefficients  of  the  quadratic 
form  represented  by  the  lattice.  The  product  of  two  ideals  is  the  second  product  of 
their  matrices.  The  initial  theorems  on  ideals  are  established.33 

S.  Levanen34  proceeded  as  had  Dedekind,27  but  permitted  also  improper  equiva- 
lence. He  derived  Legendre's4  formula  (5)  and  analogous  ones. 

F.  Klein35  recalled  Gauss'  representation  of  a  class  of  positive  binary  quadratic 
forms  by  a  point-lattice  (Gauss38  of  Ch.  I).  To  the  h  classes  correspond  h  point- 
lattices  with  the  origin  as  a  common  point.  It  is  stated  that,  after  a  proper  choice 
of  the  direction  of  the  z-axis  with  respect  to  the  lattices,  the  product  of  any  complex 
numbers  of  any  lattice  L±  by  any  one  of  a  lattice  L2  is  always  a  complex  number  of 
a  definite  lattice  Lz.  But  the  distances  from  the  origin  to  the  points  of  L^  are  the 
square  roots  of  the  values  of  the  forms  of  a  class.  Hence  we  have  a  geometrical 
interpretation  of  composition  of  quadratic  forms.  Like  results  hold  for  indefinite 
forms  if  we  take 


-cos 


as  the  "  distance  "  between  the  points  (x,  y)  and  (x',  y'},  and  the  "  angle  "  between 
the  lines  joining  them  to  the  origin.    Klein36  later  gave  details. 

F.  Mertens37  gave  a  very  clear  exposition  of  the  composition  of  any  two  quadratic 
forms  of  the  same  determinant  and  relatively  prime  divisors.  The  theory,  which  is 
essentially  that  by  Dedekind,28  depends  on  a  theorem  of  Dedekind38  which  is  here 
proved  in  detail.  If  a  system  8  of  linear  forms  /x,  .  .  .,  fm  in  x19  .  .  .,  xn  with  integral 
coefficients  is  of  rank  n,  there  exist  linear  forms 


with  integral  coefficients  such  that  0^c<fc<|oufc|  for  each  i>fc,  while  the  CD'S  are 
linear  functions  of  the  fs  with  integral  coefficients  and  vice  versa.  The  sign  of  each 
Ckk  may  be  chosen  at  pleasure  ;  in  other  respects  the  CD'S  are  uniquely  determined  by  8. 
The  system  <o19  ...,«„  is  called  a  reduced  system  of  8. 

33  Cf.  Poincare,  Comptes  Rendus  Paris,  89,  1897,  344-6  (obscure  preliminary  paper). 

34  Ofversigt  af  Finska  Vetenskaps-Soc.  Forhandlinger,  Helsingfors,  35,  1892-3,  57-68. 
35G6ttingen  Nachr     1893,  106-9.    Lectures  on  Mathematics  (Evanston  Colloquium),  New 

York,  1894,  58-66. 

36  Ausgewahlte  Kapitel  der  Zahlentheorie,  II,  1897,  94-221  (see  131-2). 
"  Sitzungsber.  Akad.  Wiss.  Wien   (Math.),  104,  Ha,  1895,  103-143. 
ss  Dirichlet's  Vorlesungen  liber  Zahlentheorie,  ed.  3,  179,  §  165,  486-493;  ed.  4,  1894,  §  172, 

518-520.     Dedekind  employed  the  terminology  of  moduls.     Cf.  Dedekind,  Bull.  Sc. 

Math.  Astr.,  (2),  1,  1877,  17-41. 
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Consider  two  forms  of  the  same  determinant  D, 


and  relatively  prime  divisors  m,  m'.    Then  af,  off  are  the  products  of 


by  the  linear  forms  derived  by  changing  the  sign  of  VD.    The  coefficients  of  fQf0  are 
(30)  aa',        ab'  +  aVD,        a'b+a'VD, 


By  the  above  theorem,  this  system  of  four  forms  in  1  and  VD  has  a  reduced  system 
Cut  c2l  +  c22VD  in  which  c22  is  positive  and  c13L  has  the  same  sign  as  aa'.  Evidently 
c22  is  the  g.c.d.  v  of  a,,  a',  &  +  &'.  Thus  v  —  aa  +  a'  (3  +  (&  +  &')  y  for  suitable  integers 
a,  /?,  y.  Write  A  =  aa'/v2.  It  is  readily  proved  that  c±1  =  M,  and  c2i  =  v5,  where  the 
integer  5  is  the  least  positive  residue  modulo  A  of 


The  reduced  system  is  therefore  vA,  v(B+  VD).    Hence  the  numbers  (30)  are  equal 
to  pivA  +  qiV(B+  VD)  for  i=l,  2,  3,  4.    Write 

X  =  /?izz'  +  p2xy'  + 


Thus  /0//  =  v^Z+v(B+V^)F.  Multiplying  this  by  the  identity  obtained  by 
changing  the  sign  of  VA  we  see  that  (B2  —  D)/A  is  an  integer  C  and  hence  that 

if  =  AX2  +  2BXY  +  CY2  =  F. 

This  compound  F  of  /  and  /'  is  also  the  compound  of  /'  and  /.  It  is  easily  verified 
that  F  has  the  determinant  D  and  divisor  mm'.  Given  the  forms  /1?  .  .  .  ,  /#  of  the 
same  determinant  -D  and  divisors  m1?  .  .  .,  mtt  which  are  relatively  prime  in  pairs,  we 
evidently  obtain  a  unique  compound  /t  .  .  .  /tf  which  is  independent  of  the  sequence  in 
which  the  /'s  are  taken. 

If  /  and  /'  are  of  the  same  determinant  and  have  relatively  prime  divisors  and  if 
they  are  equivalent  to  g  and  g'  respectively,  then  //'  is  equivalent  to  gg'.  The  proof 
(pp.  118-121)  is  direct  and  employs  the  linear  factors  of  the  four  forms. 

Call  a  form  (a,  &,  c)  restricted  (schlicht)  if  0  g  &<  |a|.    Let 

F=n(ax2+  ~  xy+cy*\        a=l  or  2,  &  odd  if  v=2, 

be  a  restricted  form  of  divisor  n.  We  seek  all  primitive  restricted  forms  f=(A,B,C) 
of  determinant  D  whose  compound  /<•>  with  the  simplest  form 


o-  fkr  / 

of  divisor  71  and  determinant  Z>  is  F.    Necessary  and  sufficient  conditions  are 

A=av2,        B  =  nl/v+sav,        C-(B2-D}/A} 
where  v  is  a  divisor  of  n,  and  s  is  an  integer.    Conversely,  these  conditions  imply  that 
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/a)  =  F.  This  /  is  primitive  if  n  is  chosen  as  a  product  vp,  where  /x  is  prime  to  a,  and  v 
contains  only  prime  factors  of  a,  and  if  s  is  chosen  so  that  n~lF(sf  /x)  is  prime  to  avz, 
which  is  a  possible  choice.  Since  the  last  fact  is  not  altered  when  s  is  increased  by 
a  multiple  of  v,  we  may  assume  that  Q^B<\A\,so  that  /  is  restricted  and  primitive. 
Denote  the  resulting  solution  /  by  /0.  If  f%  is  its  opposite  form  and  if  /  is  any  solu- 
tion, then  f'J=<J>  satisfies  </>w  =  w  and  is  restricted  and  primitive.  Since  the  com- 
pound of  /0</>  with  <o  is  F,  the  problem  has  been  reduced  to  the  case  F=*>,  and  is 
readily  treated.  The  application  to  class-number  is  quoted  under  Mertens237  of 
Ch.  VI. 

E.  Dedekind39  showed  the  importance  of  the  result  implied  by  Gauss  and  explicitly 
stated  by  Cayley  that  if  we  are  given  any  bilinear  substitution  (8)  we  can  write 
down  three  forms  F}  f,  f  whose  coefficients  are  determined  by  those  of  the  substitu- 
tion such  that  F=ff.  By  an  evident  modification  of  Arndt's11  remark,  we  can 
deduce  a  second  substitution  for  which  f'=Ff.  Since  composition  is  commutative, 
Arndt's  method  when  applied  to  F=ff  leads  to  a  third  substitution  for  which 
f=Ff.  Dedekind  was  apparently  not  familiar  with  the  results  due  to  Arndt  and 
Cayley,  since  he  approached  the  subject  anew  and  developed  it  in  a  symmetrical  and 
simple  manner. 

Employing  three  pairs  of  independent  variables  xi,  yt  and  eight  arbitrary  con- 
stants a,-,  fij,  and  any  permutation  r,  s,  t,  of  1,  2,  3,  he  wrote 


(31)  Fr  =  Fr(Xr,  VT]  =  Ar 

=  ((38xr  +  atyr)  (Ptxr  +  a8yr)  -  (arxr  +  p0yr)  (a0x 
where  therefore 


—  ar/?r  —  a0/?0. 

He  proved  that  Fr(Xr,  Yr)  =F9Ft  under  the  substitution 

(32)  Zr=(prXs  +  aty8)xt+(aax,  +  p0ys)yt,  Yr=  -  (a0x8+p8y8)xt-(ptx8+ary8)yt. 
For,  if  we  denote  dFr/dxr  by  2ur,  3Fr/dyr  by  2vr,  we  see  that 


r  -\-asYr--  y,Vt  +  U8Xt,  (39Xr  +  CLtYr  =  XsUt  - 


whence  by  matrix  multiplication  (row  of  first  by  column  of  second), 

/       Xs    Vs\   /       Ut    Vt\  _  /(38Xr  +  atYr,  ar 

\-y8  u8)(-yt  xt)  =  (aJCr+frYr,        pt 


The  determinant  of  the  third  matrix  is  Fr(  Xr,  Yr),  while  that  of  the  first  is  FS}  and 
that  of  the  second  is  Ft. 

We  can  now  readily  prove  that  any  three  forms 


SB  Jour,  fur  Math.,  129,  1905,  1-34. 
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whose  discriminants  dl  =  ^l  —  40^,  32,  ds  are  each  not  zero  and  for  which 
/i(Xj,  7X)  =f2f3  under  a  bilinear  substitution 

(33)     Xi  =  piX2x3  +  a2x2ys  +  a.,y2xz  +  p(y,ys,    7X  =  -a^x^-^x^-^y^-a^y^^ 

are  proportional  to  FI,  F2)  Fsin  (31)  .  For  greater  symmetry,  let  fi  =  &i/2/3  where  &! 
is  a  constant  =7^0.  Since  (33)  is  of  the  form  (32)  with  r=l,  s=2,  2  =  3,  when  we 
regard  x2,  y*  as  constants  we  have  a  binary  substitution  of  determinant  —  F2  which 
transforms  /i(X1?  7j)  into  the  product  of  /3  by  the  constant  kJ2,  whence40 


the   second   being   obtained  similarly   by  regarding  x3,   y3   as   constants.     Hence 
F2  =  n2f2,  F3  =  n3f3,  where  n2  and  n3  are  constants  =^=  0.    By  multiplication, 


But  F2F3  =  Fi(Xi,  7X)  by  the  former  result.    Since  Z1?  7±  may  be  made  to  take  any 
assigned  values  re,,  yx,  we  have  F1(xl)  y^)  =nlfl(xl,  y^),  where  n1  =  n2n3/k1.    Hence 


Conversely,  these  relations  imply  that  each  of  the  forms  /1?  /2,  /3  is  transformed 
into  the  product  of  the  remaining  two  multiplied  by  a  constant.  The  six  conclusions 
of  Gauss  (Art.  235)  are  now  easily  proved.  The  three  bilinear  substitutions  (32) 
are  such  that 


A  new  derivation  of  Fr  =  F8Ft  is  made  by  a  study  of  general  trilinear  forms  in 
which,  in  contrast  to  the  preceding,  the  a/,  /?/  do  not  enter  explicitly. 
H.  Weber41  began  with  the  preceding  trilinear  form  H.    Then 


have  the  values  (32).    Further, 

ax,  ax, 

8a?.  3//« 

37,  37, 


=  -Ft 


where  Fr  is  given  by  (31)  .  Assign  to  the  a's,  /?'s  such  values  that  each  Ft  is  a  product 
of  two  distinct  linear  factors,  and  introduce  these  six  linear  functions  as  new  vari- 
ables in  H.  If  the  new  variables  are  given  the  initial  notation,  we  have  Ar  =  Cr  =  Q, 
Br^=Q.  A  simple  examination  of  the  resulting  conditions  on  the  a's,  /3's,  shows 
that  H  has  the  normal  form  a021£2£,+00y1^2&*  Then  Ft  becomes  —a0p0xt.yt,  and 
ft  =  Ft(Xt,  Yt)  becomes  al(3lxryrx8ys,  whence  ft  =  FrFs.  Also  the  discriminant  Dt  of 
Ft  becomes  a'/8j,  whence  Di  =  D2  =  D3.  Although  these  relations  were  derived  for  the 

40  For  Fi  =  fi,  we  have  93=32-   Thus  the  three  forms  (31)  have  equal  discriminants. 

41  Gottingen  Nachrichten,  1907,  86-100.    We  interchange  his  jg,  Fs. 
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normal  form,  they  hold  also  for  the  general  form  H,  since  Ft  and  Dt  are  (relative) 
covariants  of  H  under  any  three  binary  linear  transformations  of  Xi,  y*  (i  =  l,  2,  3). 
Several  further  known  properties  of  composition  are  proved  from  the  present 
standpoint. 

T.  Lalesco42  called  (a1?  blf  ct)  =  a1x2  +  b^xy  +  cly2  and  (a2,  12,  c2)  composable  if 
they  have  the  same  determinant  D  and  if  &17  a2,  •J(61  +  62)  have  no  common  divisor. 
Then  they  are  equivalent  if  and  only  if  there  exist  integers  x,  y  such  that 

x2  —  Dy2  =  laiaz,        x  +  'b1y  =  0  (mod  2oi),        x  —  b2y  =  Q  (mod  So*). 

It  is  then  easily  shown  that,  if  /  and  F  are  composable  forms  equivalent  to  /'  and  F' 
respectively,  the  compound  of  /  and  F  is  equivalent  to  the  compound  of  /'  and  F'. 

Lalesco43  recalled  that,  if  m,  n  are  represented  properly  by  classes  Km,  Kn  of 
primitive  forms  of  determinant  D,  without  a  square  factor,  then  mn  is  represented 
by  the  composite  class  Km-Kn.  But  is  this  representation  proper  or  improper? 
First,  consider  numbers  prime  to  2D.  By  Dirichlet,14  proper  representations  of  aat 
by  (aa19  ~b,  c)  can  result  from  the  composition  of  proper  representations  of  the 
relatively  prime  numbers  a  and  a±  by  (a,  ~b,  a^c)  and  (alt  &,  ac).  Let 


and  let  Kx  and  K"£  be  the  two  opposite  classes  which  alone  represent  properly  the 
prime  A.    Then  the  general  expression  for  the  2p+k  classes  representing  m  properly  is 


Of  the  2p+fc-2«+fc  representations  of  mn  obtained  by  composition  of  the  proper 
representations  of  m  and  n,  evidently  only  2p+Q+fc  are  proper,  the  condition  for  an 
improper  one  being  that  in  the  proper  representations  of  m  and  n  at  least  one  of  the 
common  factors  is  represented  by  opposite  classes. 

A  divisor  d  of  D  =dS  is  represented  properly  only  by  the  ambiguous  class  dx2  —  &y2. 
No  power  of  d  is  represented  properly  by  forms  of  determinant  D. 

F.  Mertens44  considered  primitive  positive  forms 

/=(a,   b-,c}=ax*+—  xy  +  cy*         (a=l  or  2) 

\        a        /  cr 

for  which  D  =  b2  —  <r2ac  is  negative.  It  is  call  restricted  (schlicht)  if  0^&<<ra. 
Let  2=  («  |)  be  a  given  substitution  with  integral  coefficients  of  determinant  unity. 
Denote  the  g.c.d.  of  a  and  y  by  p  and  write 


»±1=T 


•)• 


Then  £,  77  are  relatively  prime  integers.     We  can  choose  integers  £',  if  such  that 
ft  jp  is  of  determinant  unity  and  replaces  the  principal  form  JF/ff=(l,  (o-— l)./<r, 
)  by  a  restricted  form  ®.    It  is  proved  that  the  form  by  which  S 


42Nouv.  Ann.  Math,  (4),  7,  1907,  145-150. 

«  Bull.  Soc.  Math.  France,  35,  1907,  248-252. 

44  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  119,  Ha,  1910,  241-7. 
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replaces  /  is  a  form  parallel45  to  the  compound  of  /  and  ®,  the  compound  being 
determined  by  the  congruences  of  Gauss  (Art.  243)  . 

A.  Speiser46  gave  a  simple  and  pleasing  derivation  of  the  main  facts  concerning 
composition.     Consider  the  bilinear  substitution 


(  34  )       jd  =  py&  +  p'y^2  +  p"y&  +  p'"yzz»         x2  =  qy&  +  q'y^z  +  tf'y&  +  q'"y2z2, 
with  the  same  coefficients  as  Gauss'  substitution  (8).    Solving  for  y1?  y.,7  we  get 


Next,  we  solve  (34)  for  z1;  z2  and  obtain 

1  $2  '  2  0'> 

/QO\  7         nts~  I          f*tW™  A**? 

i  oo )  /j -i  —  q  x-iii-i  ~\~ o    '£-\y2  —  P  *£'2.y  \  —  P 

Solving  the  first  two  equations  (35)  for  zj^  z-_>/03>  we  ge^ 

q  xl     p  x.,         q    x± p    £. 
-  qx±  +  px2         -  q'xt  +  p'x2 

where  Zl  is  given  by  (38).    Hi-placing  Zt  by  its  value  from  (37i),  we  get 

/  QQ  \  j     /  \          j     /  \       j     /  \ 

\    /  —  0i  \  *^i>  •^•'  /  ~~  02  \  Vi>  y^)'  0s  \^i>  z% ) , 

which  therefore  becomes  an  identity  under  substitution  (34).  Hence  if  we  are  given 
any  bilinear  substitution  (34),  we  can  find  three  quadratic  forms  0*  such  that 
—  01(rr1,  x2)  is  transformed  into  the  product  of  02(2/1?  y2)  and  03(21?  z2)  by  the  given 
substitution.  This  result  was  stated  explicitly  by  Cay  ley  and  implied  by  Gauss. 

We  now  give  a  simple  proof  of  Dedekind's  theorem  that  if  /i,  /2,  /3  are  three  quad- 
ratic forms,  no  one  of  which  is  a  perfect  square,  such  that 

under  the  substitution  (34),  then  /i  =  Ct0{,  where  d  is  a  constant  ^  0.  Since  (40) 
will  become  an  identity  in  #1,  x2,  Z-L,  zz  under  substitution  (35) 

Thus  /3,  whose  linear  factors  are  distinct,  must  divide  03,  whence  /3  =  c303.  Next, 
under  the  substitution  (37),  (40)  becomes 

Hence  /2  must  divide  02,  /2  =  c202.    Thus  (40)  becomes 

Inserting  the  values  of  y1}  y2  from  (35)  and  cancelling  a  factor  03,  we  get 


45  /  is  parallel  to  (a,  b'/^  c')  if  b'  =  b(mod  aa). 

46  Festschrift  H.  Weber,  1912,  375-395. 
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under  the  substitution  (36).    This  implies  that  fi(xi,  x2)  divides  frfa,  x2),  for  the 
same  reason  that  (40)  implied  that  /2  divides  <f>2.    Thus  fi  =  c^1. 

Since  fi  =  a<j>i,  a  comparison  of  (39)  and  (40)  gives  —  d  =  c2cz.    Thus,  by  (41), 


under  the  substitution  (36).  Inserting  the  values  of  Zi,  z2  from  (37)  in  (39),  we 
see  that 

-<f>3(Z19  Z2)=<f>1(xlt  X2)'<f»2(y19  y2) 

under  the  substitution  (38).  Hence  the  <j>'s  form  a  symmetrical  triple,  as  noted  by 
Dedekind. 

The  explicit  expressions  for  <j>3,  </>,  are  given  by  (22),  (25)  of  Pepin.30  That  their 
discriminants  are  equal  follows  at  once  from  the  identity  (15). 

Given  any  integers  Pf  .  .  .,  U  satisfying  (15),  it  is  proved  by  means  of  Gauss 
(Art.  279)  and  also  by  a  second,  rapid  method  that  we  can  find  integral  solutions 
p,  .  .  .  ,  q"'  of  the  six  equations  (  9  )  ,  in  fact  with  p'"  =  0.  Hence  any  two  forms  which 
have  integral  coefficients,  equal  discriminants,  and  relatively  prime  divisors  can  be 
identified  with  <f>2J  </>3  and  hence  be  compounded  under  a  bilinear  substitution  with 
integral  coefficients.  If  M  is  the  matrix  of  one  such  substitution,  the  matrix  of 
ev<ery  such  substitution  is  given  by  the  product  VMf  where  V  is  a  square  matrix 
whose  four  elements  are  integers  of  determinant  unity,  and  the  resulting  forms  <f>1 
compounded  of  <j>2,  </>3  are  all  equivalent  (see  the  above  report  of  Gauss,  Arts.  239, 
234).  Hence  any  two  forms  with  equal  discriminants  and  relatively  prime  divisors 
can  be  compounded  into  all  of  the  forms  of  a  class  of  equivalent  forms.  It  is  proved 
in  detail  that  composition  of  classes  of  forms  obeys  the  associative  law. 

L.  Aubry47  gave  an  example  (?)  of  distinct  classes  of  forms  of  the  same  determi- 
nant which,  under  composition  with  the  same  properly  primitive  class,  give  the  same 
class. 

H.  Brandt48  gave  a  new  theory  of  composition  of  forms  </>,  <j>'  with  the  same 
discriminant  D  and  relatively  prime  divisors  without  using  the  bilinear  substitution. 
At  the  same  time  he  generalized  the  concept  of  composition  without  disturbing  its 
main  properties.  Consider  the  principal  form  r)  =  xz  +  exy  —  dy2,  where  e  =  0  or  1, 
e2  +  4,d  =  D.  Let  (f>  =  ax2  +  1)xy  +  cy2  be  any  form  of  discriminant  D.  If  m  is  repre- 
sentable  properly  by  <£,  there  exists  a  binary  substitution  of  determinant  m  which 
replaces  rj  by  m<f>,  and  is  called  a  substitution  producing  </>.  It  and  a  substitution  pro- 
ducing </>'  determine  a  third  substitution  producing  Gauss'  compound  of  </>.  </>'.  The 
generalization  employs  an  arbitrary  ground  form  x  of  discriminant  D  instead  of  17, 
and  obtains  composition  of  <£,  <//  relative  to  x- 

On  the  composition  of  quadratic  forms  in  four  variables,  see  papers  18,  23,  42,  44 
of  Ch.  IX,  and  5,  34,  44  of  Ch.  X.  On  the  composition  of  higher  forms,  see  papers 
5,  18,  19  of  Ch.  XIV  and  those  cited  at  the  end  of  that  chapter. 

47  L'intermediaire  des  math.,  20,  1913,  6-7. 

48  Jour,  fur  Math.,  150,  1919,  1-46. 


CHAPTER  IV. 

ORDERS  AND  GENERA;  THEIR  COMPOSITION. 

Classes  of  binary  quadratic  forms  are  separated  into  orders  and  genera  by  means 
of  the  values  of  certain  arithmetical  invariants,  called  characters  in  the  case  of 
genera.  If  we  compound  any  form  of  one  order  with  any  one  of  another  order,  we 
always  obtain  a  form  of  a  unique  third  order,  so  that  we  may  speak  of  composition 
of  orders.  The  same  is  true  of  genera.  Gauss  relied  upon  ternary  quadratic  forms 
to  prove  the  difficult  point  that  exactly  half  of  the  notationally  possible  characters 
actually  correspond  to  genera.  More  elementary  proofs  have  been  given  by  various 
writers.  Forms  transformable  into  each  other  by  linear  substitutions  with  rational 
coefficients  are  put  into  the  same  genus  in  the  final  papers  of  Fund  and  Speiser,  as 
had  been  done  for  n-ary  forms  by  Eisenstein  in  1852  (Ch.  XI). 

C.  F.  Gauss1  (Art.  226)  wrote  m  for  the  g.c.d.  of  a,  b,  c  and  called  the  form 
(a,  &,  c)  primitive  (ursprungliche)  if  m  =  l,  but  if  m>l  spoke  of  it  as  being  derived 
from  the  primitive  form  (a/m,  b/m,  c/m). 

If  any  class  of  forms  of  determinant  D  contains  a  primitive  form,  all  forms  of  the 
class  are  primitive,  and  the  class  is  called  primitive.  If  a  form  F  of  a  class  K  of  deter- 
minant D  is  derived  from  a  primitive  form  /  of  a  class  k  of  determinant  D/m2,  then 
all  forms  of  K  are  derived  from  forms  of  k,  so  that  K  is  said  to  be  derived  from  the 
primitive  class  k. 

A  primitive  form  (a,  b,  c)  is  called  properly  (eigentlich)  or  improperly  primitive, 
according  as  a,  c  are  not  both  or  are  both  even ;  in  the  respective  cases,  the  g.c.d.  of 
a,  2bf  c  is  1  or  2.  The  determinant  of  an  improperly  primitive  form  is  =  1  (mod  4). 
Any  class  is  called  properly  or  improperly  primitive  according  as  one  form  (and 
hence  all  forms)  of  it  is  properly  or  improperly  primitive. 

According  as  the  g.c.d.  of  a,  2b,  c  is  m  or  2m,  (a,  ~b,  c)  is  derived  from  the  properly 
or  improperly  primitive  form  (a/m,  b/m,  c/m).  A  class  is  derived  either  from  a 
properly  or  improperly  primitive  class. 

Two  classes  are  said  to  belong  to  the  same  order  (Ordnung)  if  and  only  if,  when 
(a,  ~b,  c)  and  (a',  b',  c')  are  representative  forms  of  the  two  classes,  not  only  a,  b,  c 
have  the  same  g.c.d.  as  a',  &',  c',  but  also  a,  2b,  c  have  the  same  g.c.d.  as  of,  2b',  c' . 
Thus  the  properly  primitive  classes  form  one  order  and  the  improperly  primitive 
classes  another  order. 

If  n2  divides  the  determinant  D,  the  classes  derived  from  the  properly  primitive 
classes  of  the  determinant  D/n2  form  an  order,  and  similarly  for  the  improperly 
primitive  classes.  In  case  D  has  no  square  factor  >  1,  there  exist  no  derived  orders, 
so  that  either  the  order  of  the  properly  primitive  classes  is  the  only  order  (when 

1  Disquisitiones  Arithmeticae,  1801;  Werke,  1,  1863;  German  transl.  by  H.  Maser,  1889. 
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Z>  =  2  or  3  modulo  4),  or  the  orders  of  the  properly  and  improperly  primitive  classes 
are  the  only  orders  (when  D  =  l  modulo  4).  By  applying  the  principles  of  the 
theory  of  combinations  it  is  stated  that  we  have  the  following  general  rule.  Express 
D  in  the  form  D'  'W^W  .  .  .,  where  D'  has  no  square  factor,  and  a,,l,  ...  are  dis- 
tinct odd  primes  ;  then  the  number  of  orders  is 

(/*  +  !)  (o+l)  (0  +  1)...         if  IK  ==2  or  3  (mod  4), 
..         if  D'  =  l  (mod  4). 


Any  (Art.  228)  properly  primitive  form  F=ax2  +  2bxy  +  cf  represents  infinitely 
many  integers  not  divisible  by  a  given  prime  p.  For,  if  a  is  not  divisible  by  p,  and 
we  take  x  not  divisible  by  p,  and  y  divisible  by  p,  then  F  is  not  divisible  by  p.  If 
both  a  and  c  are  divisible  by  p,  so  that  2&  is  not,  assign  to  x  and  y  values  not 
divisible  by  p. 

The  following  results  (Art.  229)  form  the  basis  of  the  definitions  of  characters 
and  genera.  If  m,  m'  are  any  integers  not  divisible  by  the  prime  factor  p  of  the 
determinant  D  of  a  primitive  form  F,  and  both  are  representable  by  Ff  then  m,  m' 
are  both  quadratic  residues  or  both  quadratic  non-residues  of  p.  For, 

m  =  ag2  +  2bgh  +  ch2,         m'  -  ag"  +  2bg'h'  +  ch'* 
imply 

mm'=]agg'+l>(gh'+hg')+chh'}*-D(gh'-hg')*, 

whence  mm'  is  congruent  to  a  square  modulo  D  and  hence  modulo  p. 

Next,  if  D=3  (mod  4),  the  odd  integers  represented  by  the  primitive  form  F 
are  either  all  =1  or  all  =3  (mod  4).  For,  as  just  proved,  mm'  =  P2  —  DQ2.  When 
m,  m'  are  odd,  one  of  P,  Q  is  even  and  the  other  odd,  whence  mm'  =  l  (mod  4). 

If  D  =  2  (mod  8),  the  odd  integers  represented  by  F  are  either  all  =  ±1  or  all 
=  ±3  (mod  8).  For,  P  is  odd  and  P2  =  l  (mod  8).  Evidently  Q2  =  0,  4  or  1 
(mod  8).  Hence  mm'  =  ±1  (mod  8). 

Similarly,  if  D  =  6  (mod  8),  the  odd  integers  represented  by  F  are  either  all 
=  1,3  or  all  s=5,  7  (mod  8). 

If  D  =  Q  (mod  4),  the  odd  numbers  represented  by  F  are  all  =1  or  all  =3  (mod 
4),  since  mm'  is  a  quadratic  residue  of  4  and  hence  is  =1  (mod  4). 

If  Z>  =  0  (mod  8),  the  odd  numbers  represented  by  F  are  all  =1,  or  all  =3,  or 
all  =5,  or  all  =7  (mod  8),  since  mm'  is  a  quadratic  residue  of  8  and  hence  is 
=  1  (mod  8). 

If  (Art.  230)  p  is  a  prime  factor  of  the  determinant  D  of  a  primitive  form  Ff  and 
if  only  quadratic  residues  of  p  can  be  represented  by  F,  we  say  that  F  has  the 
(special}  character  Ep.  If  only  quadratic  non-residues  can  be  represented,  F  has 
the  character  Np.  Again,  if  F  represents  no  odd  integers  except  those  =  1  (mod  4), 
F  is  said  to  have  the  character  1,  4.  Similarly  for  the  characters  3,  4;  1,  8;  etc. 
[For  simpler  notations,  see  Dirichlet.8]  The  various  characters  of  a  primitive  form 
(a,  b,  c)  are  evidently  determined  by  a,  c,  which  are  represented  by  the  form  and 
are  not  both  divisible  by  a  prime  factor  p  of  D,  and  are  not  both  even. 

Since  all  numbers  which  are  representable  by  one  form  F  of  a  class  are  represent- 
able by  every  form  of  the  class,  we  speak  of  the  various  characters  of  F  as  characters 
of  the  class.  Opposite  classes  have  the  same  characters. 
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The  totality  (Art.  231)  of  the  special  characters  of  a  class  is  said  to  constitute  the 
total  character  of  the  class.  All  classes  which  have  the  same  total  character  form  a 
genus  (Geschlecht,  genre).  The  principal  form  (1,  0,  —  D)  belongs  to  the  principal 
class,  which  in  turn  belongs  to  the  principal  genus,  all  of  whose  characters  are  + 1. 

If  D  is  divisible  by  4,  but  not  by  8,  and  if  m  is  the  number  of  distinct  odd  prime 
factors  of  D,  there  are  2m+1  total  characters.  For,  there  are  two  special  characters 
1,  4  and  3,  4  with  respect  to  4,  while  there  are  two  special  characters  Rp  and  Np 
with  respect  to  each  odd  prime  factor  p  of  D. 

Similarly,  if  D  =  Q  (mod  8),  there  are  2W+2  total  characters;  if  D  is  even,  but  not 
divisible  by  4,  there  are  2W+1  total  characters;  if  D  =  l  (mod  4),  there  are  2m;  if 
Z>  =  3  (mod  4),  there  are  2m+1  total  characters.  But  it  does  not  follow  that  there 
exist  as  many  genera  as  possible  total  characters  (see  the  report  below  on  Arts.  261, 
287). 

If  (Art.  245)  /  and  g  belong  to  the  same  order,  and  /'  and  g'  to  the  same  order, 
the  form  compounded  of  /,  /'  has  the  same  determinant  and  belongs  to  the  same  order 
as  the  form  compounded  of  g,  g'.  Hence  we  speak  of  composition  of  orders. 

Given  (Art.  246)  two  primitive  forms  /,  f,  whose  compound  is  F,  we  may  derive 
the  genus  to  which  F  belongs  from  the  genera  to  which  /,  f  belong.  First,  let  /  be 
properly  primitive.  The  determinant  D  of  F  is  then  the  g.c.d.  of  dm'9  and  d',  where 
mf—  1  or  2,  according  as  /'  is  properly  or  improperly  primitive.  If  p  is  an  odd  prime 
factor  of  D,  it  divides  d  and  df.  Since  the  product  of  numbers  represented  by  /,  f 
respectively  is  representable  by  F,  if  /  and  /'  each  have  the  character  Rp,  or  both  the 
character  Np,  then  F  has  the  character  Rp ;  but  if  one  of  /,  f  has  the  character  Rp 
and  the  other  the  character  Np,  then  F  has  the  character  Np.  Similarly,  F  has  the 
character  1,  4  or  3,  4  according  as  both  /,  /'  have  the  same  character  (1,  4  or  3,  4) 
or  one  of  them  has  the  character  1,  4  and  the  other  3,  4.  The  investigation  is  made 
also  for  D  =  0  or  2  (mod  8),  and  also  when  both  /,  /'  are  improperly  primitive. 

It  follows  (Arts.  247-8)  that  if  /  and  g  are  forms  of  the  same  genus,  and  f  and  g' 
are  forms  of  the  same  genus,  the  forms  compounded  of  /,  f  and  of  g,  g'  belong  to  the 
same  genus.  Hence  we  speak  of  composition  of  genera.  The  principal  genus  (and 
it  alone)  plays  the  role  of  unity  in  composition.  The  compound  of  two  properly 
primitive  forms  of  the  same  determinant  belongs  to  the  principal  genus  if  and  only  if 
they  belong  to  the  same  genus.  When  any  primitive  form  is  compounded  with  itself, 
the  resulting  form  (arising  by  duplication)  belongs  to  the  principal  genus. 

If  (Arts.  250-1)  D  is  divisible  by  m2,  (±m,  0,  TJ9/ra)  is  called  the  simplest 
form  of  divisor  m  and  determinant  D,  derivable  from  a  properly  primitive  form  (by 
multiplication  by  m).  If  also  D/mz  =  \  (mod  4), 

^m'-ZA 

2m    / 

is  the  simplest  form  of  divisor  m  and  determinant  D,  derivable  from  an  improperly 
primitive  form.  Given  a  form  F  of  divisor  m,  we  can  find  a  properly  primitive  form 
whose  compound  with  the  simplest  form  of  divisor  m  is  F. 

There  occur  (Art.  252)  equally  many  classes  in  the  various  genera  of  the  same 
order  of  a  given  determinant.  This  is  not  true  of  genera  of  different  orders. 
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The  number  (Art.  258)  of  all  ambiguous,  properly  primitive,  positive2  classes  of 
determinant  D,  not  a  square,  is  exactly  half  the  number  of  all  possible  characters 
for  determinant  D. 

Hence  (Art.  261)  for  a  given  determinant  D,  not  a  square,  half  of  all  possible 
characters  do  not  correspond  to  properly  primitive  genera  (the  genera  to  be  positive 
if  D  is  negative).  By  means  of  the  reciprocity  law  for  quadratic  residues,  it  is 
determined  (Arts.  263-4)  which  half  of  the  characters  do  not  correspond  to  genera. 
In  Art.  286,  Gauss'  theorems  on  ternary  quadratic  forms  (see  Ch.  IX)  are  applied 
to  prove  that  there  exists  (and  to  show  how  to  find)  a  binary  quadratic  form  by 
whose  duplication  arises  any  given  form  of  the  principal  genus.  It  follows  at  once 
(Art.  287)  that  at  least  half  and  hence  (Art.  261)  exactly  half  of  the  possible 
characters  for  a  given  determinant  actually  correspond  to  properly  primitive  positive 
genera. 

The  median  value  of  the  number  (Art.  301)  of  genera  in  a  properly  primitive  (for 
negative  determinant,  positive)  order  of  determinant  ±D  is  stated  to  be  a  log  D+p, 
where  a  =  0.405.  .  .,  £  =  0.883.  .  ..  Cf.  Dirichlet.4 

The  number  m  (Art.  305)  of  forms  in  the  period  defined  by  a  class  in  the  principal 
genus  is  a  divisor  of  the  number  n  of  classes.  The  nth  power  of  any  class  is  the 
principal  class  (Art.  306,  I). 

Miscellaneous  remarks  (Art.  307)  on  genera  other  than  the  principal  genus  are 
applied  to  compute  all  properly  primitive  classes  for  a  regular  determinant. 

G.  L.  Dirichlet3  expressed  the  results  of  Gauss  (Art.  229)  in  the  following  con- 
venient notations  :  If  p  is  an  odd  prime  divisor  of  D,  the  integers  m  (not  divisible 
by  p)  which  can  be  represented  by  the  same  properly  primitive  form  F  of  determi- 
nant D  are  all  such  that  Legendre's  symbol  (m/p)  has  the  same  value  +1  or  —1. 
If  D  =  3  (mod  4),  for  every  odd  integer  m  representable  by  F,  (  —  l)^m~^  has  the 
same  value.  Similarly  for  (-l)^2-1'  when#  =  2  (mod  8),  (_l)i<«-D+i(m»-i>  when 
Z>=6  (mod  8),  (-I)*'™-1)  when  2>  =  4  (mod  8),  and  both  (-l)i<«-«  and 
(  -  l)*tm«-D  when  D  =  Q  (mod  8)  Each  of  the  expressions 


is  called  a  special  character  of  the  properly  primitive  form  F. 

If  there  are  A  such  special  characters  and  hence  2X  combinations  of  them,  only 
half  of  them  (apart  from  one  exception  noted  below)  exist  and  define  genera.  In-. 
deed,  there  exists  a  relation  between  the  special  characters.  For,  if  S2  is  the  largest 
square  dividing  D,  denote  the  quotient  by  P  or  2P,  according  as  it  is  odd  or  even. 
When  P=^=  ±  1,  let  pf  p',  ...  be  the  odd  primes  whose  product  is  P.  We  can  assign 

2  In  any  form  (a,  b,  c)  of  negative  determinant,  the  outer  coefficients  a  and  c  have  like 
signs,  and  the  same  is  true  of  any  form  equivalent  to  it.  If  a  and  c  are  positive,  the 
form  is  called  positive  and  the  class  to  which  it  belongs  is  called  a  positive  class. 
Similarly  for  negative  forms  and  negative  classes  (Art.  225) 

8  Jour,  fur  Math.,  19,  1839,  335-340,  365-9;  Werke,  1,  1889,  425-9,  456;-460.  Cf.  Zahlentheorie, 
Suppl.  IV,  §§  121-6,  1863,  1871,  1879,  1894  (with  modifications  by  Dedekind,  who 
remarked  in  a  note  to  §  125  that  a  brief  proof  is  possible  by  means  of  the  theorem  on 
the  infinitude  of  primes  in  an  arithmetical  progression). 
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relatively  prime  values  to  x,  y  such  that  the  value  m  of  F  is  positive,  odd,  and  prime 
to  D.    Then  D  is  a  quadratic  residue  of  m.    Hence 


—    =lifD=  PS2,         —   =  —  =  litD=  2PS*. 

m/  \m  I      \m]  \  m 

By  the  reciprocity  law  for  Jacobi's  symbols, 


The  final  factor  is  +1  or  (-l)i(^-1)  according  as  P  =  l  or  P  =  3  (mod  4).  Also 
replacing  (m/P)  by  (m/p)  (m/p')  .  .  .,  and  (2/m)  by  (-I)*'"**-1',  we  obtain  the 
desired  relation  between  the  special  characters,  except  in  the  case  arising  for  D  —  PS2, 
P=l  (mod  4),  when  the  indicated  relation  (m/p)  (m/p')  ...  =1  involves  no  exist- 
ing symbols  on  account  of  the  absence  of  factors  p,  p',  ...  of  P,  i.  e.,  if  P—  +1, 
whence  D  is  a  positive  square. 

By  use  of  infinite  series  it  is  proved  (§  6,  Y)  that  the  2X-1  total  characters  satisfy- 
ing the  relation  mentioned  correspond  to  existing  genera,  whose  number  is  therefore 
2X-1  ;  and  that  there  occur  equally  many  classes  in  the  various  genera  of  the  properly 
primitive  order,  or  in  the  improperly  primitive  order  if  it  exists  for  the  given 
determinant  not  a  square. 

Dirichlet4  stated  that,  in  view  of  known  theorems,  the  number  of  genera  of  a 
negative  determinant  —  n  is  </>(n)  if  n=Sh  or  n  =  4/i  +  l,  but  is  -k<j>(n)  if  n  =  8/i  +  4 
or  4/i  -f  2  or  4/i-f-3,  where  <j>(n)=2i},  p  being  the  number  of  distinct  prime  factors 
of  n.  The  mean  value  of  </>($)  is  found,  not  when  s  takes  all  the  values  1,  .  .  .,  n, 
but  when  s  ranges  over  the  numbers  of  one  of  the  preceding  five  linear  forms.  Intro- 
ducing the  factor  -J  in  the  last  three  cases  above  and  the  factor  2  when  the  form 
is  4Ji  +  c  (to  reduce  all  five  forms  to  8h  +  k),  adding  and  dividing  by  8,  we  obtain 


as  the  median  value  of  the  number  of  genera  of  determinant  —  n,  for  n  arbitrary 
and  not  limited  to  a  special  linear  form.  Here 

(7  =  0.5772156. . .,        C"  =  S  (log,  s) /s2. 

8  =  2 

This  median  value,  which  holds  also  for  positive  determinants,  agrees  with  the 
result  of  Gauss  (Art.  301). 

F.  Arndt5  gave  an  elementary  proof  of  Gauss'  theorem  on  the  existence  of  genera, 
which  states  in  effect  that  there  exists  a  (properly)  primitive  form  of  any  assigned 
determinant  D  which  represents  any  given  number  m  prime  to  D  such  that  D  is  a 
quadratic  residue  of  m. 

Let  /=  (a,  I,  c)  be  any  given  properly  primitive  positive  form  belonging  to  the 
principal  genus  and  having  a  determinant  D  not  divisible  by  a  square.  It  is  first 
proved  that  /  represents  a  square  Ji2  prime  to  D.  After  a  preliminary  transformation, 

*Abh.   Akad.  Wiss.  Berlin,    1849,   Math.,  82-83;    Werke,   II,   65-66.     Further   details   by 

Bachmann.15 
5  Jour,  fur  Math.,  56,  1859,  72-78. 
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we  may  assume  that  a  is  prime  to  2D.  By  b2-ac  =  D,  D  is  a  quadratic  residue  of  a, 
and  a  of  D  since  /  is  in  the  principal  genus.  Write  a  =  02a',  where  a'  has  no  square 
factor.  Hence  by  the  theorem  of  Legendre  [this  History,  Vol.  II,  p.  365],  x2  —  Dy2 
—  afz~  has  integral  solutions  without  a  common  factor.  Then  z  is  prime  to  D.  Since 
the  properly  primitive  forms  x2  —  Dy2  and  /  represent  a'z2  and  a,  respectively,  their 
compound  /  represents  afz2  •  a  =  h2,  where  h  =  0a'z  is  prime  to  D. 

Next,  the  duplication  of  a  properly  primitive  form  of  determinant  D  gives  /.  Here 
we  may  replace  /  by  a  properly  equivalent  form  <l>=(h2,  I,  n)  of  determinant  D. 
According  as  h  is  odd  or  even,  the  duplication  of  the  properly  primitive  form 


(h,ltnh,),        (2h,          t 

To 

of  determinant  D  gives  </>. 

Use  is  made  of  the  notation  D=PS2  or  2PS2  of  Dirichlet3  and  his  (elementary) 
derivation  of  the  relation  between  the  special  characters.  If  S  =  l  the  existence  of 
all  notationally  possible  genera  was  proved  above.  Also  if  $>1  there  exists  a 
properly  primitive  positive  form  F=ax2  +  2l>xy  +  cy2  of  determinant  P  or  2P  whose 
characters  satisfy  the  relation  mentioned.  It  is  shown  that  integral  values  can  be 
assigned  to  x,  y  such  that  for  the  resulting  number  m  represented  by  F  the  characters 
(m/r),  (m/rf),  .  .  .  take  any  prescribed  values  ±1,  where  r,  r*,  ...  are  the  distinct 
prime  factors  of  8  not  dividing  P.  In  the  proof  we  may  assume  that  a  is  prime  to 
2D.  It  is  readily  proved  that  we  can  solve  the  congruence 

ax'*  +  2~bx'y'  +  cy'z  =  p  (modr), 

where  p  is  any  given  integer  not  divisible  by  r,  and  similarly 
ax"*  +  2bx"y"  +  cy"2z=p'  (mod/), 

etc.  As  in  the  Chinese  remainder  problem  [Vol.  II,  p.  57],  we  can  determine 
integers  x,  y  such  that 

x  =  x'  (mod  r),      x  =  x"  (mod  r'},  .  .  .,      y  =  y'  (mod  r),      y  =  yff  (mod  r'},  .... 

For  the  resulting  value  m  of  F,  (m/r),  (m/r'},  .  .  .  will  have  prescribed  values  ±1 
since  p,  p',  ...  were  arbitrary. 

H.  J.  S.  Smith6  gave  a  report  on  Gauss'  work  on  genera. 

A.  Cayley7  tabulated,  for  each  D  between  —  100  and  +  100  not  a  positive  square, 
representatives  of  each  class  of  forms  of  determinant  D,  their  characters,  the  gener- 
ators of  the  group  of  the  class,  and  for  positive  determinants  the  periods  of  the 
reduced  forms. 

L.  Kronecker8  proved  by  means  of  analytic  methods  used  by  Dirichlet3  the  theorems 
of  Gauss  that  each  genus  of  properly  primitive  forms  contains  the  same  number  of 
classes,  and  that  all  classes  of  the  principal  genus  arise  by  duplication. 

E.  Schering9  proved  for  properly  primitive  forms  that  the  period  numbers  of  the 
fundamental  classes  (Ch.  I25)  of  the  principal  genus  are  odd.  An  ambiguous  class 

6  Report  British  Assoc.  for  1862,  520-6;  Coll.  Math.  Papers,  I,  251-262. 

7  Jour,  fur  Math.,  60.  1862,  357-369;  Coll.  Math.  Papers,  V,  141. 

8  Monatsber.  Akad.  Wiss.  Berlin,  1864,  285-303. 

9  Abh.  Gesell.  Wiss.  Gottingen,  14,  1869;  Werke,  I,  147-8. 


86  HISTORY  OF  THE  THEORY  OF  NUMBERS.  [CHAP.  IV 

arises  by  composition  only  from  fundamental  classes  not  belonging  to  the  principal 
genus.  If  8  is  the  number  of  the  latter  classes,  25  is  the  number  of  ambiguous  classes, 
as  well  as  the  number  of  genera. 

R.  Dedekind10  gave  an  account  of  Gauss'  proof  that  at  most  half  of  the  notationally 
possible  total  characters  correspond  to  existing  genera,  and,  by  means  of  ideas 
similar  to  those  employed  by  Arndt,6  proved  that  every  class  of  the  principal  genus 
arises  by  duplication. 

T.  Pepin11  proved  that  the  characters  of  the  class  compounded  of  two  classes  are 
obtained  by  multiplying  their  corresponding  characters.  Gauss'  theorem  that  every 
class  of  the  principal  genus  P  arises  by  duplication  is  proved  (p.  45)  by  means  of 
the  fact  that  every  form  of  P  represents  odd  squares  a2  prime  to  2D.  For,  let  a2  be 
represented  by  /=  (a2,  ~b,  (b2  —  D)/a2)  of  P.  Then  /  arises  by  duplication  of 
(a,  6,  (V-D}/a). 

A  comparison  is  made  (pp.  63-69)  between  the  number  of  classes  of  each  genus 
for  the  positive  determinants  D  and  Dp2,  when  p  is  2  or  an  odd  prime.  There  is  a 
single  class  in  each  genus  for  the  determinants  3',  2-3*,  4-3*,  5*,  7*,  11*,  . . .,  where 
t  is  odd,  and  the  determinant  32fc+1p2a,  if  p—  12Z  +  11  and  6Z  +  5  are  both  primes. 

H.  Weber12  proved  Gauss'  theorem  that,  if  the  number  of  independent  special 
characters  is  A,  then  exactly  2X-1  genera  exist.  For,  it  is  shown  that  the  class- 
equation  (p.  337),  having  its  source  in  elliptic  functions,  decomposes  into  as  many 
factors  as  there  are  genera.,  after  the  adjunction  of  certain  square  roots,  and  that 
each  factor  vanishes  for  the  class-invariants  of  a  genus. 

H.  Weber13  gave  a  brief  derivation  of  the  main  properties  of  characters  and  the 
number  of  genera,  following  Dirichlet,3  but  employing  forms  ax2  +  bxy  +  cy2. 

J.  A.  de  Seguier14  gave  a  simplification  (following  Kronecker8)  of  the  proof  by 
Dirichlet3  and  proved  the  following  theorem :  Let  Rd  be  the  group  of  the  primitive 
classes  of  discriminant  D=D'd2  (D'  having  the  form  of  a  discriminant)  which  when 
compounded  with  any  class  of  divisor  d  and  discriminant  D  leads  to  a  definite  class 
of  divisor  d  and  discriminant  D.  Then  every  character  belonging  to  both  D  and  D' 
has  the  value  + 1  in  all  classes  of  Ra>  while  one  belonging  to  D  and  not  to  D'  has  the 
value  +1  as  often  as  the  value  —1. 

P.  Bachmann15  gave  an  exposition  of  the  work  of  Gauss1  and  Dirichlet.3'  4 

D.  Hilbert18  introduced  the  symbol  ("'„*)  to  have  the  value  +1  if  the  rational 
integer  n  is  congruent,  with  respect  to  any  arbitrary  power  of  the  rational  prime  w 
as  modulus,  to  the  norm  of  an  integral  algebraic  number  of  the  field  k(  Vm),  where 
w  is  a  rational  integer  not  a  square,  and  the  value  —1  in  the  contrary  case.  If 

10  Dirichlet-Dedekind,  Zahlentheorie,  Suppl.  X,  §§152-3,  155,  158,  ed.  2,  1871;  ed.  3,  1879; 

ed.  4,  1894. 

11  Atti  Accad.  Pont.  Nuovi  Lincei,  33,  1879-80,  36-72. 

12  Elliptische  Functionen  und  Algebraische  Zahlen,  1891,  411-421. 

is  Gottingen  Nachr.,  1893,  57-£2,  147-9;  Algebra,  III,  1908,  380-7,  409. 

14  Formes  quadratiques  et  multiplication  complexe,   1894,   135-153,   333-4. 

15  Die  Analytische  Zahlentheorie,  1894,  233-271,  472-9. 

16  Jahresbericht  d.  Deutschen  Math.-Vereinigung,  4,  1894-5  (1897),  286-316.    French  transl., 

Ann.  Fac.  Sc.  Toulouse,  (3),  2,  1910,  260-286.  Cf.  Math.  Annalen,  51,  1899,  12,  42;  Acta 
Math.,  26,  1902,  99.  J.  Sommer.  Vorlesungen  iiber  Zahlentheorie,  1907,  127-164;  French 
transl.  by  A.  Levy,  1911,  134-172. 
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Zt,  .  .  .  ,  It  are  the  distinct  prime  divisors  of  the  discriminant  of  the  field  kf  and  a 
is  any  rational  integer,  the  set  of  t  numbers  (each  +1  or  —  1) 


is  called  the  system  of  characters  of  a  in  k.  If  fc  is  an  imaginary  field,  the  system  of 
characters  of  an  ideal  a  of  k  is  the  set  of  numbers  (1)  with  a  replaced  by  the  (posi- 
tive) norm  «(a)  of  a.  Next,  let  A;  be  a  real  field.  If  all  the  numbers 


~      m 


\  / 

)'  ( 


h 

are  +  1,  we  define  the  system  of  characters  of  a  as  above.    But  if  one  of  the  numbers 
(2),  say  the  last  one,  is  —1,  we  choose  the  sign  of  nf—  ±n(a)  so  that 


x^,- 

and  define  the  set  of  numbers 


/n',  m\  fri'.  m\ 

\  i,  /'"••    I  i,., ) 


to  be  the  system  of  characters  of  a. 

All  the  ideals  of  a  class  have  the  same  system  of  characters.  All  the  classes  of 
ideals  which  have  the  same  system  of  characters  are  said  to  form  a  genus.  The 
principal  genus  contains  those  classes  whose  characters  are  all  + 1 ;  it  contains  the 
principal  class.  Multiplication  of  classes  of  ideals  of  two  genera  yields  the  classes  of 
ideals  of  a  genus,  whose  system  of  characters  are  the  products  of  corresponding 
characters  of  the  two  genera.  Hence  the  square  of  any  class  of  ideals  belongs  to  the 
principal  genus.  Every  genus  evidently  contains  equally  many  classes.  By  means 
of  ideals,  there  is  given  (§§  67-78)  an  arithmetical  proof  of  Gauss'  theorem  that  a 
set  of  r=t  or  £  — 1  units  ±1  is  a  system  of  characters  of  a  genus  of  fc(Vra)  if  and 
only  if  the  product  of  the'  r  units  is  + 1 ;  the  number  of  genera  is  thus  2r-1.  The 
transcendental  proof  by  Dirichlet  is  also  given  (§§  79-82).  To  obtain  a  (1,  1) 
correspondence  between  classes  of  ideals  and  classes  of  quadratic  forms,  we  must  use 
the  idea  of  narrow17  equivalence  of  ideals  (§  83). 

F.  Mertens18  proved  Gauss'  theorem  that  every  class  of  the  principal  genus  arises 
by  duplication,  using  from  the  theory  of  ternary  forms  only  Legendre's  result  that 
there  exist  integral  solutions  of  ^-DQri2-A0^2  =  Q  when  the  necessary  congruencial 
conditions  are  satisfied. 

Ch.  de  la  Vallee  Poussin19  proved  Gauss'  theorem  that  all  properly  primitive  forms 
of  the  principal  genus  arise  by  duplication.  The  proof  is  arithmetical  and  employs 
only  principles  of  the  theory  of  binary  forms,  making  no  use  of  ternary  forms  (as 
had  Gauss,  Arndt,  Dedekind).  Ch.  II  gives  various  theorems  involving  relations 
between  the  classes  of  forms  which  represent  the  same  numbers. 

17  Dedekind,  Dirichlet's  Zahlentheorie,  eds.  2-4,  1871-1894,  Suppl.  XI. 

^  Sitzungsber.  Akad.  Wiss.  Wien  (Math.),  104,  Ila,  1895,  137-143.    A  report  of  the  first 

part  is  given  under  Composition,  and  of  the  rest  under  Class  Number. 
19  Mem.  couronnes  et  autres  mem.  Acad.  Belgique,  53,  1895-6  mem.  No.  3,  59  pp.    Summary 

by  P.  Mansion,  Bull.  Acad.  Belgique,  (3),  30,  1895,  189-195. 
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Humbert36  of  Ch.  XI  proved  that  the  hyperabelian  curves  associated  with  the 
classes  of  forms  belonging  to  the  same  genus  are  of  the  same  genus. 

F.  Mertens20  gave  a  short  proof,  by  use  of  binary  forms  only,  of  Gauss'  theorem 
that  every  class  of  primitive  forms  of  the  principal  genus  arises  by  duplication. 
The  proof  is  by  induction  on  the  Stufe  s  =  p  +  ir  of  the  determinant  of  the  form,  where 
p  is  the  number  of  characters  and  TT  is  the  number  of  prime  factors  of  D. 

0.  Fund21  proved  that  two  forms  belong  to  the  same  genus  if  and  only  if  they  are 
transformable  into  each  other  by  a  substitution 


/a    o\_/a/c    p/€\ 
(c    d/-(y/<    8/c/ 


with  rational  coefficients  of  determinant  unity,  where  a,  p,  y,  8  are  integers  without 
a  common  divisor  >1  such  that  a8  —  /?y  =  c2.  The  conditions  that  this  substitution 
shall  transform  ax2  +  2bxy  +  cy2  into  a'x2+  ...  of  the  same  determinant 

(3)  d  =  b2-ac=b"-a'c' 

are  shown  at  once,  by  setting  r)  =  aa  +  by,  to  be  equivalent  to 

(4)  aa'e2  +  dy2  =  r)2 

(5)  rj  +  Vy  =  a'8,         (&-&')>?+  (W-d)y  =  -aa'p, 


and  hence  to  the  existence  of  integral  solutions  e,  y,  77  of  (4)  such  that  77  —  fry  is 
divisible  by  a,  and  such  that  the  left  members  of  (5)  are  divisible  by  a'  and  aaf 
respectively.  Replacing  the  given  primitive  forms  by  suitably  chosen  equivalent 
forms,  we  may  assume  that  a,  a',  2d  are  relatively  prime  in  pairs.  Assume  only  that  d 
is  prime  to  act,'  '.  Then  necessary  and  sufficient  conditions  that  (4)  be  solvable  are  that 
oaf  be  a  quadratic  residue  of  d  and  vice  versa,  and  when  d<0  that  a«./>0.  Then 
there  are  solutions  e,  y,  77  without  a  common  divisor  such  that  if  £2  =  d,  also  £77  =  dy 
(mod  aa').  Determining  £  so  that  £  =  b  (mod  a-),  £=  —  &'  (mod  a'),  we  see  that  the 
divisibility  conditions  mentioned  below  (5)  are  satisfied.  ' 

The  condition  that  aa'  be  a  quadratic  residue  of  d  and  that  o#'>0  when  d<0  are 
shown  to  require  that  the  forms  have  the  same  characters. 

A  Speiser22  regarded  two  forms  as  of  the  same  genus  if  they  have  the  same  dis- 
criminant D  and  if  they  can  be  transformed  into  each  other  by  a  linear  substitution 
with  fractional  coefficients  of  determinant  unity  such  that  their  common  denominator 
is  prime  to  2D.  Every  form  of  one  genus  may  be  compounded  with  every  form  of 
another  genus  under  a  bilinear  substitution  with  fractional  coefficients  whose  common 
denominator  is  prime  to  2D  to  give  any  preassigned  form  of  the  resulting  genus.  It 
is  proved  very  simply  that  every  form  of  the  principal  genus  arises  by  duplication. 
That  genera  so  defined  are  identical  with  those  defined  by  characters  is  proved  when 
D  has  no  square  factor  and  the  principal  form  is  x2  —  Dy2. 

20  Jour,  fur  Math.,  129,  1905,  181-6. 

21  Mitt.  Math.  Gesell.  Hamburg,  4,  1905,  206-210.    See  Eisenstein,8  Ch.  XI. 

22  H.  Weber  Festschrift,  1912,  392-5.    See  Fund.21 


CHAPTER  V. 

IRREGULAR  DETERMINANTS. 

C.  F.  Gauss1  called  a  determinant  regular  or  irregular,  according  as  all  the  classes 
of  the  principal  genus  do  or  do  not  form  a  single  period,  i.  e.,  are  all  powers  of  a 
single  one  of  these  classes.  If  (§  VII)  the  principal  genus  contains  the  classes 
C,  C'  whose  periods  are  composed  of  m,  m'  classes,  it  contains  a  class  C"  whose  period 
is  composed  of  M  classes,  where  M  is  the  least  common  multiple  of  m}  m'.  For,  if  M 
is  the  product  of  two  relatively  prime  divisors  r,  r'  of  m,  mf  respectively,  Gff  — 
Cm/rQ'm'/r'f  rpjmg  the  greatest  number  of  classes  (of  the  principal  genus)  in  any 
period  is  divisible  by  the  number  in  any  other  period.  The  quotient  of  the  number  n 
of  all  classes  of  the  principal  genus  by  the  number  in  the  greatest  period  is  an  integer 
called  the  exponent  of  irregularity  e  when  the  determinant  is  irregular. 

The  following  special  results  are  stated  without  pi*oof  (§  VIII).  If  the  principal 
genus  contains  more  than  two  ambiguous  classes,  the  determinant  is  irregular  and  e 
is  even.  If  only  1  or  2  ambiguous  classes  occur,  either  the  determinant  is  regular 
or  e  is  odd.  All  negative  determinants  of  the  type  —  (216&  +  27),  Ic  ^=  0,  are  irregular 
and  e  is  divisible  by  3;  the  same  is  true  of  -  (1000&  +  75),  fc^O,  and  (-1000&  + 
675).  If  e  is  divisible  by  a  prime  p,  n  is  divisible  by  p2.  For  negative  determinants 
—  D}  the  irregular  ones  occur  more  frequently  as  D  increases.  There  are  13  irregular 
determinants  -D  with  .Z}<1000,  viz.,  576,  580,  820,  884,  900,  having  e  =  2;  243, 
307,  339,  459,  675,  755,  891,  974,  having  e  =  3.  In  the  second  thousand  there  are  13 
with  e  =  2  and  15  with  e  =  3.  In  the  third  thousand  there  are  18  with  e  =  2  and  19 
with  e  =  3.  In  the  tenth  thousand  there  are  31  with  e  =  2  and  32  with  e  =  3.  Appar- 
ently the  ratio  of  the  frequency  of  the  irregular  negative  determinants  —  D  to  that 
of  the  regular  approaches  a  constant  as  D  increases.  For  positive  determinants  not 
a  square,  the  irregular  determinants  are  much  rarer;  there  is  an  infinitude  with  e 
even,  but  none  with  e  odd  have  been  found. 

Gauss2  proved  the  following  results:  (I)  The  number  of  properly  primitive 
classes  of  determinant  D  whose  p*  power  (p  a  prime)  is  the  principal  class  is  unity 
or  a  power  of  p.  (II)  If  the  number  of  the  properly  primitive  classes  of  the  principal 
genus  is  aal)P...,  where  a,  ~b,  ...  are  distinct  primes,  there  exist  in  this  genus 
a°,  &£,  . . .  classes  whose  powers  aa,  b&,  . . . ,  respectively,  give  the  principal  class. 

Gauss3  gave  a  table  of  the  classes  of  binary  quadratic  forms  which  shows  the  num- 
ber of  genera  (here  often  called  Ordo),  number  of  classes,  and  the  exponent  of 

1  Disquisitiones  Arith.,  1801,  Art.  306,  §§VI-VIII;   Werke,  I,  1863,  371.     Maser's  transl., 

Untersuchimgen,  .  .  .  ,  1889,  pp.  357-9,  450. 

2  Posth.  MS.  of  1801,  Werke,  2,  1863,  266-8  (French) ;  German  transl.  by  H.  Maser,  Unter- 

suchimgen .  .  .  ,  1889,  653-4. 

3  Posth.  MS.,  Werke,  2,  1863,  449-476.    Corrections,  pp.  498-9,  by  editor  E.  Schering. 
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irregularity  for  negative  determinants  for  the  following  hundreds:  1,  .  .  .,  30,  43, 
51,  61,  62,  63,  91,  .  .  .,  100,  117,  118,  119,  120  (also  rearranged  for  the  first,  third, 
and  tenth  thousand),  and  for  the  first  800  determinants  of  each  of  the  types 

—  (15n  +  7),  —  (16n+13).    Also  for  the  positive  determinants  of  the  first,  second, 
third,  ninth,  and.  tenth  hundreds,  and  a  few  others. 

E.  E.  Kummer4  noted  that  Gauss'  theorems  (§  VII)  hold  also  for  all  classes  of 
ideal  numbers  formed  from  a  Ath  root  of  unity,  A  playing  the  same  role  as  the  deter- 
minant of  the  quadratic  form. 

A.  Cayley5  tabulated  representatives  of  the  classes,  their  characters,  and  the 
generators  of  the  group  of  the  classes,  for  Gauss'  13  negative  irregular  determinants 
-D,  #<1000. 

E.  Schering6  noted  that  Gauss3  omitted  the  exponent  of  irregularity  3  for  the 
determinant  —972.  Schering7  proved  Gauss'1  statement  (§VIII)  that  if  e  is 
divisible  by  p,  n  is  divisible  by  p2. 

T.  Pepin8  proved  that  the  greatest  number  A  of  classes  in  a  period  generated  by  one 
of  the  H  classes  of  the  principal  genus  is  a  divisor  of  H  =  eA,  e  being  the  exponent 
of  irregularity  for  the  determinant  D.  If  a  is  an  odd  divisor  of  tz  —  D,  every  power 
of  a  can  be  represented  properly  by  the  principal  form  provided  the  exponent  of  a 
is  divisible  by  2A,  or  simply  by  A  when  there  exists  a  single  genus  of  properly 
primitive  classes. 

Every  determinant  —  243(3Z  +  1)  is  irregular,  its  e  being  a  multiple  of  3.  If  d  is 
irregular  and  e  its  exponent  of  irregularity,  dm2  is  irregular  and  its  exponent  of 
irregularity  is  divisible  by  e,  if  ra  is  a  prime  >2.  The  exponent  of  irregularity  of 
-243(24Z-fl),  Zv-^0,  is  a  multiple  of  9,  provided  -3(24Z  +  1)  is  regular.  If  the 
number  of  ambiguous  classes  of  the  principal  genus  is  2a>2,  the  determinant  is 
irregular  and  its  e  is  divisible  by  2ct~1.  Several  theorems  of  Gauss1  (§  VIII)  are 
proved. 

J.  Perott9  employed  Gauss'2  two  theorems  to  prove  the  following  result  on  properly 
primitive  forms  x  of  determinant  D  of  the  principal  genus.  Let  a  —  k  be  the  least 
positive  integer  such  that  xaa~k  is  in  the  principal  class  for  every  x  for  which 
xaa  is  in  it,  with  a  and  a  as  by  Gauss2.  If  fc>0  there  are  at  least  a2  forms  x  for 
which  xa  is  in  the  principal  class,  and  conversely,  Then  D  is  an  irregular  determi- 
nant and  all  irregular  determinants  can  be  so  found.  The  irregular  determinants 

—  468  and  —931  were  omitted  by  Gauss.1'  3 

Perott10  proved  that,  if  p  is  any  given  odd  prime,  we  can  find  a  determinant  A(^) 
whose  exponent  of  irregularity  is  divisible  by  p.  Let  t19  u^  be  the  least  positive 
solutions  of  t\  —  pu\=\.  Let 


Expanding  the  second  member  by  the  binomial  theorem,  we  see  that  up/(pu-L)  and 

4Bericht  Akad.  Wiss.  Berlin,  1853,  194-200. 

5  Jour,  fur  Math.,  60,  1862,  370-2;  Coll.  Math.  Papers,  V,  154-6. 

6  Jour,  fur  Math.,  100,  1887,  447-8;  Werke,  I,  103-4  (letter  to  Kronecker,  1863). 
7Abh.  Gesell.  Wiss.  Gottingen,  14,  1869;  Werke,  I,  145-6. 

s  Atti  Acad.  Pont.  Nuovi  Lincei,  33,  1879-80,  53,  370-391. 
6  Jour,  fur  Math.,  95,  1883,  232-6. 
«76id.,  96,  1884,327-347. 
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tp/ti  are  integers  >1  and  prime  to  2ptiu1.  Let  gt  be  the  least  prime  which  divides 
tip  but  not  2pt1u-L.  Let  q2  be  the  least  prime  which  divides  tp  but  not  2ptlu.L.  Let  p* 
be  the  highest  power  of  p  which  divides  u^.  If  s  ^  0,  it  is  shown  that  A  (p)  =  p28+s  q\q  22 
has  an  exponent  of  irregularity  divisible  by  p. 

J.  Perott11  proved  that,  if  q  is  an  odd  prime,  t  a  positive  odd  integer  <g,  and  k 
an  integer  either  positive  and  >  (g2  —  4£2)/(8g),  or  zero  and  >g2  —  422,  or  negative 
and  >  (3g2  — 12£2)/(32g),  then  the  negative  determinant  —  Skq3  —  3t2q2  is  irregular 
and  its  exponent  of  irregularity  is  divisible  by  3.  The  case  q  =  3,  2  =  1,  is  due  to 
Gauss1  (§VIII). 

G.  B.  Mathews12  proved  a  generalization  of  Gauss5  remarks  (§  VIII)  on  determi- 
nants of  the  types  -(216&  +  27),  etc.  Let  D=  -  (8km  +  3)m2,  where  Jc  is  an 
integer  >0,  and  m  is  odd  >1.  The  forms 

/i=  (m2,  m,  8km +  4),        f2=  (4m2,  m,  2km  +  1) 

are  properly  primitive  and  belong  to  the  principal  genus  for  the  determinant  D. 
By  means  of  Arndt's  formula  for  composition  [Ch.  Ill16],  it  can  be  shown  that  the 
duplicate  of  the  class  to  which  /±  belongs  is  the  opposite  class,  whence  the  triplicate 
of  /!  belongs  to  the  principal  class.  Either  /x  or  the  neighboring  form  (8fcw  +  4, 

—  m,  m2)  is  reduced.    Like  remarks  apply  to  /2.     The  two  reduced  forms  are  not 
equivalent.    Hence  D  is  an  irregular  determinant. 

L.  I.  Hewes13  tabulated  the  classes,  etc.,  in  the  notation  used  by  Cayley,6  for  the 
irregular  determinants  —468  and  —931  of  Perott.9 

A.  M.  Nash14  tabulated  in  MS.  irregular  determinants  up  to  —20,000.  There  is 
here  printed  a  list  of  56  errata,  relating  to  irregularity,  in  Gauss'3  table  of  negative 
determinants. 

Th.  Gosset15  noted  that  Cayley  omitted  the  irregular  determinants  —  544,  —  547, 

—  972  and  gave  for  them  the  necessary  additions  to  Cayley's  table. 

L.  J.  Mordell16  noted  that  if  k  is  of  the  form  x3  —  y2  where  x,  y  are  such  that  k  is 
positive,  =3  (mod  8),  and  has  no  square  factor,  and  such  that  k  is  not  of  one  of  the 
forms  3a2±l,  3a2±8,  then  —  k  is  an  irregular  determinant  whose  exponent  of 
irregularity  is  a  multiple  of -3.  Hence  —  547  is  irregular. 

11  Johns  Hopkins  Univ.  Circular,  9,  1889-90,  p.  30. 

12  Messenger  Math.,  20,  1891,  70-74. 

«  Bull.  Amer.  Math.  Soc.,  9,  1902-3,  141-2. 

"  Ibid.,  466-7. 

1  -  Messenger  Math.,  40,  1911,  135-7. 

«  Ibid.,  42,  1&12-13,  124. 


CHAPTER  VI.* 

NUMBEK  OF  CLASSES  OF  BINARY  QUADRATIC  FORMS  WITH 
INTEGRAL  COEFFICIENTS. 

INTRODUCTION. 

Particular  interest  in  the  mere  number  of  the  classes  of  binary  quadratic  forms  of 
a  given  determinant  dates  from  the  establishment  by  C.  F.  Gauss  of  the  relation 
between  the  number  h  of  properly  primitive  classes  of  the  negative  determinant  —  D 
and  the  number  of  proper  representations  of  D  as  the  sum  of  three  squares.  Gauss 
himself  found  various  expressions  for  h.  G.  L.  Dirichlet  elaborated  Gauss'  method 
exhaustively  and  rigorously. 

L.  Kronecker,  by  a  study  of  elliptic  modular  equations,  deduced  recurrence 
formulas  for  class-number  which  have  come  to  be  called  class-number  relations. 
C.  Hermite  obtained  many  relations  of  the  same  general  type  by  equating  certain 
coefficients  in  two  different  expansions  of  pseudo-doubly  periodic  functions.  Her- 
mite's  method  was  extended  by  K.  Petr  and  G.  Humbert  to  deduce  all  of  Kronecker's 
relations  as  well  as  new  and  independent  ones  of  the  same  general  type.  The  method 
of  Hermite  was  translated  by  J.  Liouville  into  a  purely  arithmetical  deduction  of 
Kronecker's  relations. 

The  modular  function  of  F.  Klein,  which  is  invariant  only  under  a  certain  con- 
gruencial  sub-group  of  the  group  of  unitary  substitutions,  was  employed  by  A.  Hur- 
witz  and  J.  Gierster  just  as  elliptic  moduli  had  been  employed  by  Kronecker  and  so 
the  range  of  class-number  relations  was  vastly  extended. 

Taking  the  suggestion  from  R.  Dedekind  in  his  investigation  of  the  classes  of 
ideals  of  the  quadratic  field  of  discriminant  D,  Kronecker  departed  from  the  tra- 
dition of  Gauss  and  chose  the  representative  form  ax2  +  ~bxy  +  cy2,  where  &  is  indif- 
ferently odd  or  even,  and  regarded  as  primitive  only  forms  in  which  the  coefficients 
have  no  common  divisor.  Kronecker  thus  simplified  Dirichlet's  results  and  at  the 
same  time  set  up  a  relation  in  terms  of  elliptic  theta  functions  between  the  class- 
number  of  two  discriminants;  so  he  referred  the  problem  of  the  class-number  of  a 
positive  discriminant  to  that  of  a  negative  discriminant. 

By  a  study  of  quadratic  residues,  M.  Lerch  and  others  have  curtailed  the  compu- 
tation of  the  class-number.  A.  Hurwitz  has  accomplished  the  same  object  by 
approximating  h(p),  p  a  prime,  by  a  rapidly  converging  series  and  then  applying  a 
congruencial  condition  which  selects  the  exact  value  oih(p). 

Reports  are  made  on  several  independent  methods  of  obtaining  the  asymptotic 
expression  for  the  class-number,  and  also  methods  of  obtaining  the  ratio  between 

*  This  chapter  was  written  by  G.  H.  Cresse. 
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the  number  of  classes  of  different  orders  of  the  same  determinant.  The  chief  advances 
that  have  been  made  in  recent  years  have  been  made  by  extending  the  method  of 
Hermite. 

We  shall  frequently  avoid  the  explanation  of  an  author's  peculiar  symbols  by  using 
the  more  current  notation.  Where  there  is  no  local  indication  to  the  contrary,  h(D) 
denotes  the  number  of  properly  primitive,  and  h'(D)  the  number  of  improperly 
primitive,  classes  of  Gauss  forms  (a,  ~b,  c)  of  determinant  D=b2  —  ac.  Eef  erring  to 
Gauss'  forms,  F(D),  G(D),  E(D),  though  printed  in  italics,  will  have  the  meaning 
which  L.  Kronecker  (p.  109)  assigned  to  them  when  printed  in  Roman  type.  The 
class-number  symbol  H(D)  is  denned  as  G(D)  -F(D).  By  K(D)  or  CID,  we  denote 
the  number  of  classes  of  primitive  Kronecker  forms  of  discriminant  D  =  b2  —  4ac. 
A  determinant  is  fundamental  if  it  is  of  the  form  P  or  2P;  a  discriminant  is  funda- 
mental if  it  is  of  the  form  P,  4P  =  4(4ftr—l)  or  8P,  where  P  is  an  odd  number 
without  a  square  divisor  other  than  1.  The  context  will  usually  be  depended  on  to 
show  to  what  extent  the  Legendre  symbol  (P/Q)  is  generalized. 

Reduced  form  and  equivalence  will  have  the  meanings  assigned  by  Gauss  (cf. 
Ch.  I).  Among  definite  forms,  only  positive  forms  will  be  considered;  and  the 
leading  coefficient  of  representative  indefinite  forms  will  be  understood  to  be  positive. 
Ordinarily,  r  will  be  used  to  denote  the  number  of  automorphs  for  a  form  under 
consideration;  but  when  Z>>0,  r=l. 

Some  account  will  be  given  of  the  modular  equations  which  lead  to  class-number 
relations.  In  reports  of  papers  involving  elliptic  theta  functions,  the  notations  of  the 
original  authors  will  be  adopted  without  giving  definitions  of  the  symbols.  For 
4he  definitions  and  a  comparison  of  the  systems  of  theta-function  notation,  the  reader 
is  referred  to  the  accompanying  table.  The  different  functions  of  the  divisors  of  a 
number  will  be  denoted  by  the  symbols  of  Kronecker,54  and  without  repeating  the 
definition.  A  Gauss  form  will  be  called  odd  if  it  has  at  least  one  odd  outer  coefficient  ; 
otherwise  it  is  an  even  form.  These  terms  are  not  applied  to  Kronecker  forms. 

TABLES  OF  THETA-FUNCTIONS. 


2  *„*  II 


„ 
1  1  1     H        1  1 


H 


5 


Q,(z)  or  0!—  $3(x)=S3(x,  r)=000(z)=000v=e3v)=Q1x    or  9,=  33^=33v,  g 
6  (z)  or  Q=s0(x)=S0(x,r)=801(z)=80i(v)=Q2(v)=e  (x)  or  9  =S4(x)=$0(v,  q) 
H,(z)  orni=32(x)=$.2(x,r)=d10(z)=810(v)=:Hl(v)=ffi(x)oT  Hl=B2(x)=^2(v,  q) 
H  O)  OTH=$1(*)=Sl(a>,r)=$u(z)=6u(i>)=H  (v)=H  (.T)  or  F=^1(a»)=31(v,  q) 


Here,  r—cf,  z  =  2Kx/7r,  V  —  X/TT,  n  is  any,  m  is  any  odd,  integer;  and,  according 
to  Humbert. 

00 

®(x)  =%(  —  l)nqn*  cos  2nx, 

n=—  °° 

fl^s)  =2gwV4  cos  mx,  E(x)  =S(-l)^(m-1)gm2/4  sin  mx. 
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For  x  =  Q,  the  following  systems  of  special  symbols  are  represented  in  this  chapter. 

t  |_N    U    «  ^     3  t    § 

©     (  0  )   —  ''Q     (  (7)     Or    0     \Q)    —  $01  —  V     ^^  W     ^^  ©2  ~~'^4  ~~  '^0 
•"l(")  —''2     \^/    ^^*  ^2\Q)  ~~~^10~~^7    ~  ^7l  ~~  ®1  ~~     2  ^      2 

H'(0)  =»9/(^)  OT6l/(q)  =  ir0i1f     —t]  ='9/ 

In  connection  with  these  tables,  the  following  relations  will  need  to  be  recalled : 

q),   0i'(?)=0(?)02(?)03(?); 


A.  M.  Legendre1  excluded  every  reduced  form  ("  quadratic  divisor ")  whose 
determinant  has  a  square  divisor.  Each  reduced  form  py2  +  2qyz  +  2mz2  of  determi- 
nant —  a=  —  (4n  +  l)  has  a  conjugate  reduced  form  2py2  +  2qyz  +  mz2;  here  p,  q,  m 
are  all  odd. 

If  a  is  of  the  form  8/i  +  5,  one  of  p,  m  is  of  the  form  4n  +  l  and  the  other  of  the 
form  4n— 1.  Hence  the  odd  numbers  represented  by  one  of  the  quadratic  forms  are 
all  of  the  form  4/&+1  and  those  represented  by  the  conjugate  form  are  of  the  form 
4n-f3.  Thus  a  form  and  its  conjugate  are  not  equivalent  and  the  total  number  of 
reduced  forms  is  even. 

If  a=8w  +  l,  the  number  of  reduced  forms  may  be  even  or  odd,1  but  is  odd2  if 
a  =  8n  +  l  is  prime. 

Legendre3  counted  (rf  sf  t)  and  (r,  —s,  t)  as  the.same  form.  Hence  for  a=4n+l, 
his  number  of  forms  is  %^h(—  a)  —  A\,  where  h(—a),  in  the  terminology  of  Gauss4 
(Art.  172),  is  the  number  of  properly  primitive  classes  and  A  is  the  number  of 
ambiguous  properly  primitive  classes  plus  the  number  of  classes  represented  by 
forms  of  the  type  (rf  s,  r). 

C.  F.  Gauss,4  by  the  composition  of  classes,  proved  (Art.  252)  that  the  different 
genera  of  the  same  order  have  the  same  number  of  classes  (cf .  Ch.  IV) .  He5  then 
set  for  himself  the  problem  of  finding  an  expression  in  terms  of  D  for  the  number 
of  classes  in  the  principal  genus  of  determinant  D.  He  succeeded  later8  in  finding 
an  expression  for  the  total  number  of  primitive  classes  of  the  determinant  and  thus 
solved  his  former  problem  only  incidentally. 

iTheorie  des  nombres,  Paris,  1798,  267-8;  ed.  2,  1808,  245-6;  ed.  3,  1830,  Vol.  I,  Part  II, 
§XI  (No.  217),  pp.  287-8;  German  transl.  by  H.  Maser,  Zahlentheorie,  I,  283. 

2  Ibid.,  Part  IV,  Prop.  VIII,  1798,  449 ;  ed.  2, 1808,  385 ;  ed.  3,  II,  1830,  55 ;  Zahlentheorie,  II,  56. 

3  Ibid.,  1798,  No.  48,  p.  74;  ed.  2,  1808,  p.  65;  ed.  3,  I,  p.  77;  Zahlentheorie,  I,  p.  79. 

4  Disquisitiones  Arithmeticae,  1801 ;  Werke,  I,  1876 ;  German  transl.  by  H.  Maser,  Unter- 

suchungen  ueber  Hohere  Arithmetik,  1889;  French  transl.  by  A.  C.  M.  Poullet-Delisle, 
Reserches  Arithmetiques,  1807,  1910. 

5  Werke,  I,  466 ;  Maser,  450 ;  Supplement  X  to  Art.  306.    Cf .  opening  of  Gauss'  8>  9  memoirs  of 

1834,  1837. 
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If  (Art.  253)  Q  denotes  the  number  of  classes  of  the  (positive)  order  0  of  determi- 
nant D,  and  if  r  denotes  the  number  of  properly  primitive  classes  of  determinant  D 
which,  being  compounded  with  an  arbitrary  class  K  of  the  order  0,  produce  a  given 
arbitrary  class  L  of  the  order  0,  then  the  number  of  properly  primitive  (positive) 
classes  is  rQ.  We  take  both  K  and  L  to  be  the  simplest  form  (Art.  250).  It  is 
proved  (Arts.  254-6)  by  the  composition  of  forms  that  the  above  r  classes  are 
included  among  certain  r'  primitive  forms,  rr  being  given  by 


in  which  (A,  B,  C)  is  the  simplest  form  of  order  0,  Df  —  ^D/A2,  and  a  ranges  over 
the  distinct  odd  divisors  of  A,  while  n  =  2  if  D/A2  is  an  integer,  n  =  l  if  41>/k2  =  l 
(mod8),n  =  3if  4Z>/A2  =  5  (mod  8). 

Now  r=r*  if  D  is  a  positive  square  or  a  negative  number  except  in  the  cases 
D=  —  A2  and  —  JA2,  in  which  cases  r=r'/2  and  r'/3  respectively.  No  general  rela- 
tion (Art.  256,  IV,  V)  is  found  between  r  and  r'  for  D  positive  and  not  a  square. 

The  problem  of  finding  the  ratio  of  the  number  of  classes  of  different  orders  of  a 
determinant  will  be  hereafter  referred  to  as  the  Gauss  Problem.  It  was  solved  com- 
pletely by  Dirichlet,20'  93  Lipschitz,41  Dedekind,115  Pepin,120-  137  Dedekind/27' 
Kronecker,171  Weber,220  Mertens,237  Lerch,277  Chatelain,316  and  de  Seguier.226 

If  0  is  the  improperly  primitive  order,  the  same  method  gives  the  following  result 
(Art.  256,  VI)  : 

If  D  =  l  (mod8),r=l;if  Z?<0and  =5  (mod  8),r-3  (except  when  D=  -3  and 
then  r=l)  ;  if  D>0  and  =5  (mod  8),  r=l  or  3,  according  as  the  three  properly 
primitive  forms 

(1,0,  -D),        (4,1,  }(!-£)),        (4,  3, 


belong  to  one  or  three  different  classes. 

Gauss  (Art.  302)  gave  the  following  expression  for  the  asymptotic  median  num 
ber  of  the  properly  primitive  classes  of  a  negative  determinant  —D: 


He  later  corrected6  this  formula  to 

His  tables  of  genera  and  classes  led  him  (Art.  303)  to  the  conjecture304  that  the 
number  of  negative  determinants  which  have  a  given  class-number  h  is  finite  for 
every  h  (cf.  Joubert,60  Landau,260  Lerch,262  Dickson,327  Kabinovitch336*  and  Nagel336"). 

The  asymptotic  median  value  of  h(k2)  is  Sic/*2  (Art.  304).  He  conjectured  that 
the  number  of  positive  determinants  which  have  genera  of  a  single  class  is  infinite. 
Dirichlet40  proved  that  this  is  true.  He  stated  (Art.  304)  that,  for  a  positive  deter- 
minant D,  the  asymptotic  median  value  of  h(D)log(T+UyD)  is  f»V5—  n,  where 
Tf  U  give  the  fundamental  solution  of  t2  —  Du'  =  1  and7  for  m  as  above,  while  n  is  a 
constant  as  yet  not  evaluated  (cf.  Lipschitz102). 

6  Werke,  II,  1876,  284;  Maser's  transl.,  670.    Cf.  Lipschitz.102 

7  On  the  value  of  m,  see  Supplement  referring  to  Art.  306  (X).      Maser's  transl.,  p.  450; 

Werke,  1,  1863,  466. 
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C.  F.  Gauss8  considered  the  lattice  points  within  or  on  the  boundary  of  an  ellipse 
ax2  +  2bxy  +  cy2  =  A,  where  A  is  a  positive  integer.  The  area  is  7rJ./VA  where 
—  ])  —  J)z  —  ac.  Hence  as  A  increases  indefinitely,  the  number  of  representations  of  all 
positive  numbers  ^  A  by  means  of  the  definite  form  (&,  &,  c)  bears  to  A  a  ratio  which 
approaches  Tr/VD  as  a  limit. 

Hereafter9  the  determinant  —  D  has  no  square  divisors,  and  the  asymptotic  num- 
ber of  representations  of  odd  numbers  g  M  by  the  complex  C  of  representative 
properly  primitive  forms  of  determinant  —  D  is 

(-Z>). 

To  evaluate  h(  —  Z>),  a  second  expression  for  this  number  of  representations  is  found ; 
but  Gauss  gives  the  deduction  only  in  fragments.    Thus  if  (n)  denotes  the  number 
of  representations  of  n  by  C  and  p  is  an  odd  prime,  then10 
1.   (pn)  =  (n) ,  if  p  is  a  divisor  of  D ; 


2. 

3.   (pn)=-(n)+h,it 


P 


where  n  =  lip*,  p  arbitrary,  li  prime  to  p. 
This  implies  in  the  three  cases 


2.   (ph)=2(h),  (p2h)=3(h), 

Hence  the  ratio  of  the  mean  number  of  representations  by  C  of  all  odd  numbers 
^  M  to  the  mean  number  of  representations  of  those  numbers  after  the  highest 
possible  power  of  p  has  been  removed  from  each  as  a  factor  is,  in  each  of  the  three 
cases,11 


A  second  odd  prime  divisor  p'  is  similarly  eliminated  from  the  odd  numbers  ^  M ; 
and  so  on.  Eventually  the  number  of  representations  of  the  numbers  is  asymp- 
totically %rM.  Gauss,  supposing  —  Z><  — 1,  takes  the  number  T  of  automorphs  to 
be  2.  (See  Disq.  Arith.,  Art.  179;  Gauss35  of  Ch.  I.)  Hence  the  original  number 
of  representations  is  asymptotically12 


8  Posthumous  paper  presented  to  Konig.  Gesejls.  der  Wiss.  Gottingen,  1834;   Werke,  II, 

1876,  269-276;  Untersuchungen  iiber  Hohere  Arith.,  1889,  655-661. 

9  Posthumous  fragmentary  paper  presented  to  Konig.  Gesells.  der  Wiss.  Gb'thingen,  1837; 

Werke,  II,  1876,  276-291 ;  Untersuchungen  iiber  Hohere  Arith.,  1889,  662-677. 

10  Cf.  remarks  by  R.  Dedekind,  Werke  of  Gauss,  1876,  II,  293-294;  Untersuchungen  iiber 

Hohere  Arith.,  1889,  686. 

11  Cf.  R.  Dedekind,  Werke  of  Gauss,  II,  1876,  295-296;  Untersuchungen,  1889,  687. 

12  Cf.  remarks  of  R.  Dedekind,  Werke  of  Gauss,  II,  1876,  296;  Untersuchungen,  688. 
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And  hence  (Untersuchungen,  670,111;  cf.  Dirichlet,19  (1)) 


Gauss  gives  without  proof  five  further  forms  ofh(-D)  including 


where  0  =  ir/N,  N=Dor4:D,n  is  odd  >  0  and  <  D.    Cf  .  Lebesgue,36  (  1  )  . 

By  considering  the  number  of  lattice  points  in  a  certain  hyperbolic  sector/3  h(D) 
is  found  to  be,  for  D>0, 


0  36  50 

log  s"i  -*  log  sin  --±  log  sin       ±  .  .  . 


where  the  coefficient  ±1  of  1/ra  and  of  log  sin  mO/2  is  (D/m).  Cf.  Dirichlet,23 
(7),  (8). 

For  a  negative  prime  determinant,  —D=  —  (4^+1),  h(—D)  is  stated  incorrectly 
to  be  a—/?,  where  a  and  (3  are  respectively  the  number  of  quadratic  residues  and  non- 
residues  of  D  in  the  first  quadrant  of  D.  [This  should  be  2  (a—  ft)  ;  see  Dirichlet,23 
formula  (5).] 

Extensive  tables  lead  by  induction  to  laws  which  state,  in  terms  of  the  class- 
number  of  a  prime  determinant  p,  the  distribution  of  quadratic  residues  of  p  in  its 
octants  and  12th  intervals. 

G.  L.  Dirichlet14  obtained  h(  —  q),  where  q  is  a  positive  prime  =4n  +  3>3.  By 
replacing  infinite  sums  by  infinite  products  he  obtained  the  lemma  : 


where  n  ranges  in  order  over  all  positive  odd  integers  prime  to  q,  and  m  ranges  over 
all  positive  numbers  which  have  only  prime  divisors  /  such  that  (f/q)  =  1;  while  p 
is  the  number  of  such  distinct  divisors  of  m;  and  s  is  arbitrary  >1.  Now 

ax2  +  2bxy  +  cy2,         a'x2  +  Wxy  +  c'y2,  .  .  . 

denotes  a  complete  set  of  representative  properly  primitive  (positive)  forms  of 
determinant  —q.  Then,  by  the  lemma,  since  the  number  of  representations  of  m 
by  the  forms  is  2^+1  (cf.  Dirichlet,  Zahlentheorie,  §  87),  we  have 

—  -  S/—  ^—  -5  __  -  _  -4-5  _  -  _  4- 
n8        \  q  I  n8  ~  *        2  28  ^  *      '2         '          '2'  ^ 


where  x,  y  take  every  pair  of  values  for  which  the  values  of  the  quadratic  forms  are 

13  Remarks  of  R.  Dedekind,  Gauss'  Werke,  II,  1876,  299;  Maser's  translation,  691.     Cf. 

G.  L.  Dirichlet,  Zahlentheorie,  §98. 

14  Jour,  fur  Math.,  18,  1838,  259-274;  Werke,  I,  1889,  357-370. 
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prime15  to  2q.  We  let  s=  1  +  p,  and  let  p>0  approach  zero.    The  limit  of  the  ratio  of 
each  double  sum  in  the  right  member  to 

q  —  1    TT 
2qVq  f> 

is  found  from  the  lattice  points  of  an  ellipse  to  be  1.    But 

iimSJ.  :lrl.l=i. 

n*         2q        p 
Hence  (cf.  C.  F.  Gauss,9  Werke,  II,  1876,  285), 

(2)  Jl(-q) 

To  evaluate  Sf  we  consider 


where  n  now  ranges  in  order  over  all  integers  ^  1.    In  the  cyclotomic  theory,16 


Hence 


V<7  a     «  «   1    •     2an-rr      _,  _,  1     . 

--     =        ---    --        -— 


, 
JL  a  n   n  q         b  n   n  q 

~ 


where  (a/q)  =1,  (&/g)  =  —  1,  and  a,  I  are  >0  and  <q.    Since  (cf.  W.  E.  Byerly, 
Fourier's  Series,  1893,  39)  z  —  ^l-jr/q  is  between  0  and  STT, 


and  so17 
(3) 


Evaluating  >S  itself  by  cyclotomic  considerations,  Dirichlet  gives  the  result18 
(4)  h  =  A-B  =  2A-$(q-l), 

where  A  and  5  are  respectively  the  number  of  quadratic  residues  and  non-residues 
of  q  which  are  <£g.    For  ^?  =  4n  +  l,  Dirichlet  obtained 


15  This  restriction  is  removed  by  G.  Humbert,  Comptes  Rendus,  Paris,  169,  1919,  360-361. 

16  Cf.  C.  F.  Gauss,  Werke,  II,  1876,  12.    G.  L.  Dirichlet,  Zahlentheorie,  §116. 

17  Stated  empirically  by  C.  G.  J.  Jacobi,  Jour,  fur  Math.,  9,  1832,  189-192;  detailed  report 

in  this  History,  Vol.  I,  275-6;  J.  V.  Pexider,320  Archiv  Math.  Phys.,  (3),  14,  1909, 
84-88,  combined  (3)  with  the  known  relation  2b  +  2a  =  ig  (q  —  1)  to  express  h  in 
terms  of  2a  alone  or  2b  alone. 

18  G.  B.  Mathews,  Proc.  London  Math.  Soc.,  31,  1899,  355-8,  expressed  A  —  B  in  terms  of  the 

greatest  integer  function. 
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where  A  and  B  are  the  number  of  a's  and  b's  respectively  between  0  and  $p;  and 
without  proof,  he  stated  that 


or 

according  as  pq  is  =7  or  3  (mod  8),  where  a,  I  are  positive  integers  <pq,  and 
(a/p)  =  (a/q),(b/p)  =  -  (b/q).  For  h(q),  the  factor  TT  in  (2)  must  be  replaced 
by  log(T+  17  V5)  ;  as  the  lattice  points  involved  must  now  lie  in  a  certain  hyper- 
bolic sector  rather  than  an  ellipse  (cf.  Gauss,9  Dirichlet19)  . 

G.  L.  Dirichlet19  considered  the  four  cases  of  a  determinant:  D  =  P-S2,  P  =  l  and 
3  (mod  4)  ;  D=2P-S2,  P  =  I  and  3  (mod  4),  where  S2  is  the  greatest  square  divisor 
of  D.  He  defined  8  and  e  in  the  four  cases  as  follows  : 

8  =  e  =  l,        8=-l,  e=l,        8  =  1,  e=-l,        8  =  e=-l. 

Employing  the  notation  of  his  former  memoir/4  he  found  for  all  four  cases,  if  m  is 
representable, 

8K/-i>€t<rW-  A  =  i. 
Consequently  the  generalization  of  (1)  of  the  preceding  memoir14  is,  for  D=—Di<Qf 


\P  /  n" 

where  the  restrictions  on  sf  x,  y,  n  are  the  same  as  for  (1)  in  the  preceding  memoir. 
A  lemma  shows  that 


«JA  7~v  . 

p        DI     p  ' 

according  as  D  is  odd  or  even,  where  s=l  +  p  and  p  is  indefinitely  small,  and  </>  is  the 
Euler  symbol.  The  study  of  lattice  points  in  the  ellipse  ax2  +  2bxy  +  cy2=N  for  very 
great  N  leads  to 


_ 

2  vz?~!  '  P       VD*  '  P 

as  the  asymptotic  value  of  each  of  the  h  sums  in  the  first  member,  according  as  D  is 
odd  or  even.    Hence  for  D  =  —  D±  <  0, 

(1)  h=  —  VASS^-1^"2-1'/- 

TT  \ 

Dirichlet  obtained  independently  an  analogous  formula  for  the  number  li'  of 
improperly  primitive  classes  of  determinant  D=—D1<Q.  For  Z)>0,  results 
analogous  to  all  those  for  Z><0,  are  obtained  by  considering  all  the  representations 
of  positive  numbers  f==  JV  by  ax2  +  2bxy  +  cy2,  where  a  is  >0  and  (x,  i/)  are  lattice 
points  in  the  hyperbolic  sector  having  ?/>0  and  bounded  by  y  =  0,  U(ax  +  by)  —Tyt 
and  ax2  +  2bxy  +  cy2=N.  For  i>>0,  these  restrictions  on  a,  #,  t/  are  hereafter 
understood  in  this  chapter  of  the  History. 

19  Jour,  fur  Math.,  19,  1839,  324-369;  21,  1840,  1-12,  134-155;  Werke,  I,  1889,  411-496; 
Ostwald's  Klassiker  der  exakten  Wissenschaften,  No.  91,  1897,  with  explanatory  notes 
by  R.  Haussner. 
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Incidentally  Dirichlet20  stated  for  D<—  3  the  "fundamental  equation  of  Dirich- 
let" (see  Zahlentheorie,  §  92,  for  the  general  statement)  : 

(2) 


where  </>  is  an  arbitrary  function  which  gives  absolute  convergence  in  both  members; 
the  forms  are  a  representative  primitive  system  ;  x  and  y  take  all  pairs  of  integral 
values  (excepting  x=y  =  0)  in  each  form  for  which  the  value  of  the  form  is  prime21 
to  2D  if  the  form  is  properly  primitive,  but  half  of  the  value  of  the  form  is  prime 
to  2D  if  the  form  is  improperly  primitive  ;  the  second  member  is  a  double  sum  as  to 
n  and  nf.  Kronecker171  and  Lerch277  (Chapter  I  of  his  Prize  Essay)  used  this 
identity  to  obtain  a  class-number  formula. 

Dirichlet  noted  from  the  results  in  his19  former  memoir  that  for  7><0,  h  =  h'  or 
3h',  according  as  D=l  or  5  (mod  8),  except  that  h  =  h'  for  D=—  3.  For  D>Q, 
if  D—  8n+l,  h  =  h'',  but,  if  D  =  8n  +  5,  li  —  }if  or  3/i'.  according  as  the  fundamental 
solutions  of  t2  —  Du2  =  4:  are  odd  or  even.  (Cf.  Gauss,4  Disq.  Arith.,  Art.  256.) 

Since  the  series  in  (1)  may  be  written  as 


where  n  is  a  positive  odd  prime,  and  prime  to  D,  it  follows  that  if  h  and  ~h'  denote 
respectively  the  number  of  properly  primitive  classes  of  the  two  negative  deter- 
minants D  and  D'  =  D-S2,  D  having  no  square  divisor,  then 


where22  r  ranges  over  the  odd  prime  positive  divisors  of  S  (except  if  D=  —  l,  the 
ratio  thus  given  should  be  divided  by  2).  The  corresponding  ratio  is  found  for 
ZX>0. 

Dirichlet18  hereafter  took  8=1  and,  representing  the  series  in  (1)  by  V,  found 
that  for  D=  ±P  =  1  (mod  4),  for  example, 


n,  m=0,  1,  2,  ...,P-1;P=\D\. 


20  Jour,  fur  Math.,  21,  1840,  7;  Werke,  I,  1889,  467.    The  text  is  a  report  of  Jour,  fur  Math. 

21,  1840,  1-12;  Werke,  I,  1889,  461-72. 

21  This  restriction  is  removed  by  G.  Humbert,  Comptes  Rendus,  Paris,  169,  1919,  360-361. 

22  Cf.  Disq.  Arith.,  Art.  256,  V;  R.  Lipschitz,41  Jour,  fur  Math.,  53,  1857,  238. 

«  From  this  point,  Jour  fur  Math,  21,  1840,  134-155;  Werke,  I,  1889,  479-496.    Cf.  Zahlen- 
theorie, §§-103-105. 
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The  identity,  in  Gauss  sums, 

(3) 


101 


now  gives 


whence 


1- 


V     m=] 


For  D=  —  P,  P=4:fjL— 1,  the  comparison  of  (1)  and  (3)  gives 


whence24  finally  by  grouping  quadratic  residues  and  non-residues,  we  have 


So  Dirichlet25  obtained  his  classic  f  ormulas  f  or  D  <  0 : 
D=-P,    P=4p  +  3, 


D=-2P, 
D=-2P, 

From  (1)  and  (4)  and  their  analogues,  he  wrote  also  in  the  four  cases  of  D<0 

(6)    - 

where  8  =  m  ranges  from  0  to  P,  4P,  8P,  SP  in  the  four  respective  cases,  and 

For  Z>>0,  the  analogue  of  (1)  is 
(?)  h(D)  = 


24  Fourier-Freeman,  Theory  of  Heat,  Cambridge,  1878,  243. 

25  Jour,  fur  Math.,  21,  1840,  152;  Werke,  I,  492-3;  Zahlentheorie,  §106. 
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where  T,  U  are  the  fundamental  solution  of  t2  —  Du2  =  l.    Hence26  from  equations 
like  (4),  we  obtain: 

*-(-} 

(8.)         D=P,       P 


where  a  and  b  range  over  the  integers  <P  and  prime  to  P  for  which 

(a/P)  =  +l, 


(8.) 


where  a  and  &  range  over  the  integers  ra<4P  and  prime  to  4P  for  which 

(_l)i<m-D/JM—  -fi  or  —  1,  according  as  m  =  a  or  5; 
/o\  n     OP          7  /  m  n  sin    birP 

(8a)  D=zp' 


where  a  and  b  range  over  the  integers  ra<8P  and  prime  to  8P,  for  which 

if  Psl  (mod  4),   (_l)i<«»W^=+i  or  -1,  according  as  m  =  a  or  6; 
if  P  =  3  (mod  4),   (-1)4<«^>+*<*W^=  +  1  Or  -1,  according  as  m  =  a  or  6. 
If  J9=:P=4/A+1>0,  (4)  and  (7)  with  cyclotomic  considerations  give27 


where 

Arndt53  supplied  formulas  for  the  other  three  cases. 

A.  L.  Cauchy28  proved  that  if  p  is  a  prime  of  the  form  4Z  +  3, 

—  £—  =  -35(p+1)/4  or  5(JH1)/4  (mod  p), 

according  as  ^  =  8Z  +  3  or  8Z  +  7,  where  A  is  the  number  of  quadratic  residues  and  B 
that  of  the  non-residues  of  p  which  are  >0  and  <^p,  and  Bk  is  the  Arth  Bernoullian 
number.  This  implies,  by  G.  L.  Dirichlet,23  (5),  that 

(1)  /i(-p)=2£(p+1)/4or  -6£(p+1)/4  (modp), 

according  as  p  =  8Z  +  7  or  8Z+3  [cf.  Friedmann  and  Tamarkine321]  . 

Cauchy29  obtained  also  the  equivalent  of  the  following  for  n  free  from  square 
factors,  and  of  the  form  4x  +  3  : 

(2) 


26  Jour,  fiir  Math.,  21,  1840,  151;  Werke,  I,  492. 

27  See  this  History,  Vol.  II,  Ch.  XII,  372  117;  Cf.  Dirichlet,  Zahlentheorie,  1894,  279,  §  107. 

28  Mem.  Institut  de  France,  17,  1840,  445;  Oeuvres,  (1),  III,  172.    Bull.  Sc.  Math.,  Phys., 

Chim.  (ed.,  Ferussac),  1831. 

29  Mem.  Institut  de  France,  17,  1840,  697;  Oeuvres,  (1),  III,  388.    Comptes  Rendua,  Paris, 

10,  1840,  451. 
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where  A,  B  are  the  number  of  quadratic  residues  and  non-residues  of  n,  which  are 
<.%n,  while  a,  b  are  >0  and  <n,  (a/n)  =  1,  (b/n)  =  —  1  :  and  similar  formulas  for 
n  =  4x  +  1.  Hence,  for  n  =  4z  +  3, 


is  called  Cauchy's  class-number  formula,30 

M.  A.  Stern31  found  that  when  P  is  a  prime  8m  +  V,  or  8m  +  3  respectively, 


where  a  ranges  over  all  positive  integers  <P  prime  to  P  such  that  (a/P)=l, 
and  N  denotes  the  number  of  quadratic  divisors  of  determinant  —P.  This  formula 
has  been  made  to  include  the  case  P=4m+l  by  Lerch.323 

G.  Eisenstein32  proposed  the  problem:  If  D>0  is  =5  (mod  8),  to  determine 
a  priori  whether  p2  —  Dq2  =  4  can  be  solved  in  odd  or  even  integers  p,  q ;  that  is33  to 
furnish  a  criterion  to  determine  whether  the  number  of  properly  primitive  classes  of 
determinant  D  is  1  or  3  times  the  number  of  improperly  primitive  classes  'of  the  same 
determinant.  He  also  proposed  the  problem34:  To  find  a  criterion  to  determine 
whether  the  number  of  properly  primitive  classes  of  a  determinant  D  is  divisible  by 
3 ;  and  if  this  is  the  case,  a  criterion  to  determine  those  classes  which  can  be  obtained 
by  triplication35  of  other  classes. 

V.  A.  Lebesgue36  employed  the  notation  of  Dirichlet23  and,  in  his  four  cases, 
set  p=P,  4P,  8P,  8P,  and  f(x)  =  ^€i(a/p)xa)  summed  over  all  the  positive  integers 
?,  for  t=l,2,3.4.    Then 

f(x)dx 


is  the  sum  of  integrals  (for  the  various  values  of  a),  with  proper  signs  prefixed, 

f1  xP-^dx  1     P  2a7r          .     rmr       TT       ,  air 

J0T^>"    "7m=iC°Sm  ~p~  log8m~P~  "2p 

For  a  negative  determinant,  the  terms  involving  the  logarithm  cancel  each  other 
and  then,  by  the  theory  of  Gauss37  sums,  V  reduces  to*8 

(D  V'=^eot^,     «,(! 

H.  W.  Erler39  developed  a  hint  by  Gauss  (Disq.  Arith.,  Art.  256,  §  V,  third  case) 
that  there  is  a  remarkable  relation  between  the  totality  B  of  properly  primitive  forms 

so  Cf.  T.  Pepin,i2o  Annales  sc.  de  1'Ecole  Norm.  Sup.,  (2),  3,  1874,  205;  M.  Lerch,*"  Acta 

si  Jour,  de  Math.,  (1),  5/1840,  216-7.    This  is  proved  by  means  of  C.  G.  J.  Jacobi's  result 
in  this  History,  Vol.  I,  275-6. 

32  Jour,  fur  Math.,  27,  1844,  86. 

33  Cf.  G.  L.  Dirichlet,  Zahlentheorie,  1894,  Art.  99;  Dirichlet" 

3*C°fUC.fK  Q^$uq?A^  Art.  249;  Mascr's  translation,  1889,  261;  Werke,  I,  1876,  272. 
36  Jour,  de  Math.,  15,  1850,  227-232. 

38  Cffb.  F?  Gauss,  memoir  of  1837,  Werke,  II,  1876,  286;  Untersuchungen,  1889,  671. 
89  Bine  Zahlentheoretische  Abhandlung,  Progr.  Zullichau,  1855,  p.  18. 
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of  determinant  D  which  represent  A2  and  the  least  solution  t1}  n^  of  t2  —  Ihi2  =  A2. 
Erler  considered  the  case  in  which  A2  divides  D,  whence  A  divides  tf±.  Write  r1  =  t/Af 
D'  =  D/A2,  whence  tl  —  D'ul=l.  Find  the  period  of  the  solution  of  the  latter  for 
modulus  A.  From  each  pair  of  simultaneous  values  of  rlf  ui}  we  can  derive  one  and 
only  one  from  the  set  B  which  is  equivalent  to  the  principal  form.  The  terms  of 
every  later  period  give  the  same  forms  in  the  same  sequence  as  those  of  the  first 
period.  In  case  bisection  of  the  period  is  possible,  the  terms  of  the  second  half  are 
the  same  as  in  the  first  half.  The  forms  obtained  from  the  terms  of  the  first  half 
(or  from  the  entire  first  period,  if  bisection  is  impossible)  are  distinct. 
G.  L.  Dirichlet40  recalled  (see  Dirichlet,23  (8))  that  for  a  positive  determinant 


in  which  R  is  independent  of  a1?  a2,  .  .  .,  ak  in  S  =  p^  -  p%3  .  .  .  p%k,  where  the  p's  are 
distinct  primes.  By  the  theory  of  the  Pell  equation  it  is  found  (see  this  History, 
Vol.  II,  p.  377,  Dirichlet184)  that  if  each  a  increases  indefinitely,  S/N  is  eventually 
a  constant.  Hence  for  every  D,  there  is  an  infinitude  of  determinants  D'  =  DS2  for 
which  h(D')  =h(D).  And  a  proper  choice  of  D  and  the  primes  ply  p.2,  .  .  .,  pk  leads 
to  an  infinite  sequence  of  determinants  D'  for  which  the  number  of  genera  coincides 
with  the  value  of  h(D').  This  establishes  the  conjecture  of  C.  F.  Gauss  (Disq. 
Arith.,4  Art.  304)  that  there  is  an  infinitude  of  determinants  which  have  genera  of 
a  single  class. 

E.  Lipschitz41  called  the  linear  substitutions 


/«,  0\      /A  B\ 
(y,   6}>     (r   A/ 

equivalent  if  a,  .  .  .  ,  A  are  integers  and  if  integers  a,  /?',  •/,  8'  exist  such  that 


Every  substitution  of  odd  prime  order  p  is  equivalent  to  one  of  the  p  +  1  non-equiva- 
lent substitutions  : 

I  0\      /O   -p\      (I   -p\      (2   -p\  (p-l   -p\ 

o  p)>  \i     o/>  vi     o/>  vi     o/?          V     i     o/ 

Let  (a,  &,  c),  a  properly  primitive  form  of  determinant  D,  be  transformed  by  (1) 
into  p+1  forms  (of,  V,  c').  Then  D'  =  D-p2.  The  coefficients  of  every  form 
(a',  &',  c7)  satisfy  the  system  of  equations 


4°Bericht.  Acad.  Berlin,  1855,  493-495;  Jour,  de  Math.,  (2),  1,  1856,  76-79;  Jour,  fur  Math., 

53,  1857,  127-129;  Werke,  II,  191-194. 
41  Jour,  fur  Math.,  53,  1857,  238-259.    See  H.  J.  S.  Smith,  Report  Brit.  Assoc.,  1862,  §  113; 

Coll.  Math.  Papers,  I,  246-9;  also  G.  B.  Mathews,  Theory  of  Numbers,  1892,  159-170. 
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Hence  (a',  &',  c')  has  no  other  divisor  than  p,  and  the  condition  that  p  be  a  divisor  is 

-Dy2  =  Q  (mod  p). 


Now,  a  may  be  assumed  relatively  prime  to  p.  The  number  of  solutions  of  this  con- 
gruence is  the  number  of  substitutions  in  (1)  which  do  not  lead  to  properly  primitive 
forms  (a',  V,  c').  This  number  is  2,  0,  1  according  as  (D/p)  =1,  -1,  0.  Hence 
the  number  of  properly  primitive  forms  (a',  V,  c')  isp-  (D/p). 

If  ("f)  De  one  substitution  of  (1)  which  carries  (a,  I,  c)  over  into  a  particular 
(a',  I',  c'),  then  all  the  substitutions  in  (1)  which  effect  the  transformation  are  (£  J), 
in  which  (Gauss,  Disq.  Arith.,  Art.  162;  report  in  Ch.  I) 


t,  u  ranging  over  a  pairs  of  integers  which  satisfy  t2-Du2  =  l,  where  <j  is  the  smallest 
value  of  i  for  which  m  is  a  multiple  of  p  in 


If  ua  =  pu',  ta  —  t',  then 


where  T,  U  is  the  fundamental  solution  of  t2-Du2  =  l,  and  T',  U',  of  t2-Dp2u2  =  l. 
Since  only  one  form  (a,  ~b,  c)  can  be  carried  over  into  a  particular  form  (of,  I',  c') 
by  (1),  DirichletV2  ratio  h(S2D)/h(D)  follows  at  once.43  Similarly,  Lipschitz 
obtained  the  ratio  of  the  number  of  improperly  primitive  classes  to  the  number  of 
properly  primitive  classes  for  the  same  determinant.44 

L.  Kronecker45  stated  that  if  n  denotes  a  positive  odd  number  >3  and  K  denotes 
the  modulus  of  an  elliptic  function,  then  the  number  of  different  values  of  K2  which 
admit  of  complex  multiplication  by  V  —  n  [i.  e.,  for  which  sn2(u'\/  —n,  K)  is  ration- 
ally expressible  in  terms  of  sn2(u}  K)  and  *]  is  six  times46  the  number  of  classes  of 
quadratic  forms  of  determinant  —  n.  These  values  of  K2  are-  the  sole  roots  of  an 
algebraic  equation  with  integral  coefficients,  which  splits  into  as  many  integral 
factors  as  there  are  orders  of  binary  quadratic  forms  of  determinant  —n.  To  each 
order  corresponds  one  factor  whose  degree  is  six  times  the  number  of  classes  belong- 
ing to  that  order.  The  two  following  recursion  formulas47  and  one  immediately 
deducible  from  them  are  given.  Let  n  =  3  (mod  4)  ;  let  F(m)  be  the  number  of 
properly  primitive  classes  of  —  m  plus  the  number  of  classes  derived  from  them; 

42  Jour,  fur  Math.,  21,  1840,  12.    See  Dirichlet.20 

43  For  details,  see  G.  B.  Mathews,218  Theory  of  Numbers,  Cambridge,  1892,  159-166;  also 

H.  J.  S.  Smith's  Report.79 

44  For  details  see  G.  B.  Mathews,2^  Theory  of  Numbers,  1892,  166-169. 

45Monatsber.  Akad.  Wiss.   Berlin,   Oct.,    1857,   455-460.     French  trans.,   Jour,    de   Math., 
(2),  3,  1858,  265-270. 

46  Cf.  H.  J.  S.  Smith,  Report  Brit.  Assoc.,  35,  1865,  top  of  p.  335;  Coll.  Math.  Papers,  I,  305. 

47  Cf.  L.  Kronecker,  Jour,  fur  Math.,  57,  I860,  249. 
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<j>(n)  be  the  sum  of  the  divisors  of  n  which  are  >  Vn;  *l/(n)  be  the  sum  of  the  other 
divisors.    Then 


(I)  2F(n) 

(II)  4F(n-l2)  +  4F(n-3a)  +  4F(n-52) 

where,  in  the  left  members,  n  —  12>0. 

Using  the  absolute  invariant  j  instead  of  K2,  H.  Weber48  has  deduced  in  detail  a 
similar  relation  which  these  two  imply.214 

C.  Hermite49  set  u  =  <p(w)  =  K*,  K  being  the  ordinary  modulus  in  elliptic  functions, 
and  found  that  the  algebraic  discriminant  of  the  standard  modular  equation  for 
transformations  of  prime  order  n, 


=0>  «A  =  n,  m  =  0,  1,  2,  ...,  «,-!, 
is  of  the  form 


where  0  (  w)  =  a0  +  a,  w8  +  a2w16  -f  .  .  .  4-  cr>w81'  is  a  reciprocal  polynomial  with  no  multiple 
roots  and  6(u)  is  relatively  prime  to  u  and  1  —  w8;  moreover, 


8 

By  means  of  the  condition  for  equality  of  two  roots50  of  the  modular  equation,  he 
set  up  a  correspondence  between  these  equal  roots  and  the  roots  of  certain  quadratic 
equations  of  determinant  —A  and  so  proved  the  following  theorem.51  Let 

A'=  (88-3?i)  (n-28)>0,  A"  =  82 
Then 


(Cf.  H.  J.  S.  Smith,  Eeport  Brit.  Assoc.,  1865;  Coll.  Math.  Papers,  I,  344-5.) 

Those  roots  x=<f>(w)  of.0(u)=  0  are  now  segregated  which  correspond  to  the  roots 
w  of  a  representative  system  of  properly  primitive  forms  of  a  given  negative  determi- 
nant —  A ;  similarly  for  a  system  of  improperly  primitive  forms.  If  the  representa- 
tive form  (A,  B,  C)  of  each  properly  primitive  class  is  chosen  with  C  even/ A  uneven, 
then  to  the  roots  w  of  the  equations  A<j>2  +  2Bo>  +  C=Q  correspond  values  of  u8  =  $*(<*>) 
which  are  the  principal  roots  of  a  reciprocal  equation  F  (x,  A)=0  with  integral 

43  Elliptische  Functionen  imd  Algebraische  Zahlen,  Braunschweig,  1891,  393-401;  Algebra, 
III,  Braunschweig,  1908,  423-426.  For  the  same  theory  see  also  Klein-Fricke,  Ellip- 
tischen  Modulfunctionen,  Leipzig,  1892,  II,  160-184. 

*9Comptes  Rendus,  Paris,  48,  1859,  940-948,  1079-1084,  1096-1105;  49,  1859,  16-24,  110-118, 
141-144.  Oeuvres,  II,  1908,  38-82^.  Reprint,  Paris,  1859,  Sur  la  theorie  des  equations 
modulaires  et  la  resolution  de  1'equation  du  cinquieme  degre,  29-68. 

50  Cf.  C.  Hermite,  Sur  la  theorie  des  equations  modulaires,  1859,  4;  Comptes  Rendus,  Parig, 

46,  1859,  511;  Oeuvres,  II,  1908,  8.  Cf.  also  H.  J.  S.  Smith,  Report  Brit.  Assoc.,  1865, 
330;  Coll.  Math.  Papers,  I,  299.  For  properties  of  the  discriminant  of  the  modular  equa- 
tion, see  L.  Koenigsberger,  Vorlesungen  iiber  die  Theorie  der  Elliptischen  Functionen, 
Leipzig,  1874,  Part  II,  154-6. 

51  For  an  equivalent  result  see  Kronecker.124 
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coefficients  and  of  degree  the  double  of  the  number  of  those  classes.     Moreover, 
F(x,  A)  can  be  decomposed  into  factors  of  the  form, 


This  illustrates  the  rule  that,  excepting  A  =  l,  2,  the  number  of  properly  primitive 
classes  of  —A  is  even  if  A  is  =  1  or  2  (mod  4). 

In  a  theorem  analogous  to  the  preceding  and  concerning  improperly  primitive 
classes,  ^(x,  A)  =0  is  a  reciprocal  equation  with  integral  coefficients  and  of  degree 
2  or  6  times  the  number  of  those  classes,  according  as  A=  —  1  or  3  (mod  8)  ;  and 
SF(x,  A)  can  be  decomposed  into  factors  of  the  form  (x2  —  x  +  l)*  +  a(x2  —  a:)2,  if 
A  =  4w-l,  4n-9,  4n-25,.... 

For  a  few  small  determinants  the  class-number  is  exhibited  as  by  the  following 
example.  After  Jacobi,  the  modular  equations  of  orders  3  and  5  respectively  are 


where  q  =  1  —  2*2,  1=  1  —  2A.2.    These  equations  combined  with 
u8=  -  8  —x,  where  u8  =  K2,  vB=\2, 

give,  respectively, 

z,  11)  =0, 


x,  11)  -&(z,  19)  =0. 

The  common  factor  of  the  two  left  members  must  be  identical  with  &(x,  11). 
Then  the  numbers  of  improperly  primitive  classes  of  determinants  —3,  —11,  —19 
are  one-sixth  of  the  degrees  of  the  expressions  in  brackets  in  the  left  members  of  the 
last  two  equations.  P.  Joubert's52  modification  of  this  method  is  given  for  determi- 
nants -15,  -23.  -31. 
F.  Arndt53  wrote 


and,  in  the  three  cases  which  Dirichlet  had  omitted  (see  Dirichlet,23  (9)),  obtained 
the  following  : 


(II) 

where  ^  means  —  or  +  according  to  P  is  or  is  not  prime; 

(III)  D=2P,  P= 

(IV)  D  =  2P,  P= 

52  Cf.  Joubert,62  Comptes  Rendus,  Paris,  50,  1860,  911. 

53  Jour,  fur  Math.,  56,  1859,  100. 
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L.  Kronecker54  published  without  demonstration  eight  class-number  recursion 
formulas  derived  from  singular  moduli  in  the  theory  of  elliptic  functions.55  They 
are  algebraically-arithmetically  independent  of  each  other;  and  any  other  formula 
of  this  type  derived  from  an  elliptic  modular  equation49  is  a  linear  combination  of 
Kronecker*s  eight.  He  employed  the  following  permanent56  notations. 

n  is  any  positive  integer;  m  any  positive  uneven  integer;  r  any  positive  integer 


G(n)  is  the  number  of  classes  of  determinant  —  n;  F(n)  is  the  number  of  uneven 
classes. 

X(n)  is  the  sum  of  the  odd  divisors  of  n  ;  3>(n)  is  the  sum  of  all  divisors. 

V(n)  is  the  sum  of  the  divisors  of  n  which  are  >Vn  minus  the  sum  of  those 
which  are  <  Vn. 

<£'(n)  is  the  sum  of  the  divisors  of  the  form  Sk±l  minus  the  sum  of  the  divisors 
of  the  form  8k  ±  3. 

ty'(n)  is  the  sum  both  of  the  divisors  of  the  form  8k  ±1  which  are  >  Vn  and  of 
the  divisors  of  the  form  8k  ±3  which  are  <  Vw  minus  the  sum  both  of  the  divisors 
of  the  form  8&±1  which  are  <  Vn  and  of  the  divisors  of  the  form  8k  ±3  which  are 
>Vn. 

4>(n)  is  the  number  of  divisors  of  n  which  are  of  the  form  4fc+  1  minus  the  number 
of  those  of  the  form  4k  —  1  . 

\f/(n)  is  the  number  of  divisors  of  n  which  are  of  the  form  3£  +  1  minus  the  number 
of  those  of  the  form  3  k  —  1. 

$'(n)  is  half  the  number  of  solutions  of  n  =  x2  +  64:y2;  and  \f/'  (n)  is  half  the 
number  of  solutions  of  n  =  x2  +  3-64:y2,  in  which  positive,  negative,  and  zero  values 
of  x  and  y  are  counted  for  both  equations. 

(I)     F(4n)  +  2F(4n-I2)  +  2F(4=n- 


(II)     F(2m)  +  2F(2m-l2)+2F(2m-22)  +  2F(2m-32) 

(III)     F(2m)  -2F(2m-l2)+2F(2m-22)-2F(2m-32) 
(IV) 


(V)  2F(m)  +4F(m-l2)  +4F(m-22) 

(VI)  2F(m)  -4F(m-l2)  +4^(m-22) 

(VII)  2F(r)  -4^(r-42)  +4F(r-82)  - 
(YIII) 


s*  Jour,  fur  Math.,  57,  1860,  248-255;  Jour,  de  Math.,  (2),  5,  1860,  289-299. 

55  Demonstrated  by  the  same  method  by  H  J.  S.  Smith,  Report  Brit.  Assoc.,  1865,  349-359; 

Coll.  Math.  Papers,  I,  325-37  .10° 

56  Later  in  the  report  of  this  paper  will  be  noted  the  historical  modification  of  Kronecker's 

F  and  G  printed  in  Roman  type. 
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In  all  recursion  formulas  (except  those  of  G.  Humbert355)  of  this  chapter,  the 
determinants  are  ^  0.  In  the  above  8  formulas,  F(Q)  =  0,  G(Q)  =$.  The  functions 
<f>(n),  \l>(n),  </>'(n),  i//(w)  are  removed  hereafter  from  the  formulas  by  replacing 
italic  letters  F  and  G  throughout  by  Roman  letters  F  and  G,  which  agree  respectively 
with  the  earlier  symbols  except  that  F(0)  =0,  G(0)  =  —  TV,  and  except  that  classes 
(1,  0,  1),  (2,  1,  2)  and  classes  derived  from  them  are  each  counted  as  \  and  ^  of  a 
class  respectively.  Later  writers  have  commonly  adopted  these  conventions  but  have 
not  insisted  on  printing  the  symbols  in  Roman  type. 

The  following  also  result57  from  the  theory  of  elliptic  functions  : 

F(4n)=jF(4n),foralln; 

F(4rc)  =2P(n),  G(4n)  =  F(4n)  +G(n),  for  all  n; 
G(n)=F(n),if  n=lor  2  (mod  4)  ; 
3G(n)  =  [5-(-l)*<"-8>]F(fi),if  n  =  3  (mod  4). 

By  means  of  these  relations,  Kronecker  obtained  from  the  original  eight  formulas 
the  following38  : 

(IX) 
(X) 

where  E(n)  =2F(n)  -G(w).    But 


the  plus  or  minus  sign  being  taken  on  both  sides  according  as  n  is  even  or  odd. 
Hence  formula  (X)  is  equivalent  to  the  important  formula 

(XI)  125B(n)g»=«(g),  6a(q)  =  V    q«',  q  =  e*<», 

n=—  oo 

which  implies  that  the  number  of  representations59  of  n  as  the  sum  of  three  squares 
is  12B(n).  (Cf.  this  History,  Vol.  II,  265.) 

By  (VI)  and  (VII),  Kronecker  calculated  F  (m)  for  m  uneven  from  1  to  10,000. 

P.  Joubert,60  referring  to  a  conjecture  of  Gauss,61  proved  that  if  n  is  a  fixed  prime 
and  A>0  grows  through  a  range  of  values  which  are  quadratic  residues  of  n,  then 
the  number  of  classes  in  a  genus  of  the  forms  of  determinant  —A  has  a  lower  limit 
for  the  range. 

P.  Joubert62  considered  the  principal  root  w  of  Po>2  +  Qa>  +  R=Q.  If  w  furnishes  a 
root  </>2(w)  of  the  modular  equation  for  transformations  of  order  2^,  /A  arbitrary,  he 
found  that  just  two  values  of  <j>2(<*>)  are  furnished  as  roots  by  all  the  forms 
(P,  Q,  R)  of  a  given  improperly  primitive  class  which  have  third  coefficients  a 

57  For  the  means  of  immediate  arithmetical  deduction,  see  Lipschitz  41  and  H.  J.  S.  Smith, 

Report  Brit.  Assoc.,  1862,  514-519;  Coll.  Math.  Papers,  I,  246-51. 

58  See  H.  J.  S.  Smith,  Report  Brit.  Assoc.,  1865,  348;  Coll.  Math.  Papers,  I,  323. 

59  Cf.  C.  F.  Gauss,4  Disq.  Arith.,  Arts  291-2.    For  a  report,  see  this  History,  Vol.  II,  262; 

while  on  pp.  263,  265,  269,  are  reports  on  papers  by  Dirichlet,  Kronecker  and  Hermite 
giving  applications  of  class-number  to  sums  of  three  squares. 
60Comptes  Rendus,  Paris,  50,  1860,  832-837. 

61  Disq.  Arith.,4  Art.  303. 

62  Comptes  Rendus,  Paris,  50,  1860,  907-912. 
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multiple  of  16.  If  (A,  E,  C)  is  a  form  of  this  kind  and  of  negative  determinant 
-  A=  (S2-2»+2)/T2,  in  which  S,  T  are  odd,  it  is  equivalent  to  (2*  A,  B,  C/2"),  and 
these  two  forms  give  the  same  value  of  </>2(w).  Consequently,  if  in  the  ordinary 
modular  equation  we  set  u2  =  vz  =  x,  the  resulting  equation  f(x)=Q  has  a  degree 
which  is  double  the  number  of  representative  improperly  primitive  forms  (A,  B,  C) 
of  negative  determinant  —A;  and  f(x)  can  be  decomposed  into  polynomial  factors 
each  of  degree  the  double  of  the  number  of  the  improperly  primitive  classes  of  the 
corresponding  determinant  —A. 

For  example,  if  /*=  1,  the  only  possible  determinant  is  —  7.  The  modular  equation 
for  transformations  of  order  2  is  v4  =  2u2/(l+u4),  and  becomes  x2  +  x  +  2  =  0.  There- 
fore there  is  a  single  improperly  primitive  class  of  determinant  —  7.  For  somewhat 
larger  values  of  determinant  —  (8fc—  1),  HermiteV9  device  is  used  for  identifying 
common  factors  which  belong  to  the  same  A  and  which  occur  in  the  left  members  of 
f(x)  =0  for  neighboring  values  of  n=2^. 

In  the  modular  equation  jP(A,  *)=0  for  transformations  of  odd  prime  order  n, 
Joubert  wrote  \  =  2x/(l  +  x2),  K  =  x2,  and  obtained  f(x)=Q  in  which  f(x)  is  a 
product  of  polynomials  which  have  the  same  characteristic  properties  as  in  the  former 
case.  If  w  is  such  that  <£2(w)  =  V*  is  a  root  of  F(A,  K)  —0,  then  <o  is  the  principal 
root  of  an  equation 


where  (A,  B,  C)  is  improperly  primitive  and  the  negative  determinant  —A  has  A 
equal  to  one  of  the  numbers  8n  —  I2,  8n  —  32,  Sn  —  52,  ....  Moreover,  C  is  divisible 
by  16  and  again  there  are  therefore  just  two  values  of  </>2(w)  for  each  improperly 
primitive  class;  and  the  roots  <£2(w)  lead  to  forms  (A,  B,  C)  which  just  exhaust  the 
classes  of  negative  determinants  —  (Sn  —  cr2).  Hence  the  aggregate  number  of 
improperly  primitive  classes  of  the  sequence  of  determinants  is  read  off  as  in  the 
following  example.  Let  n  —  3  ;  then  A  =  23,  15, 


F(\,  K)  =  A4-4A3(4K3-3*) 
f(x)  =  (z4  +  4z3  +  5z2  +  2 

Since  15  =  2-8  —  1,  the  first  factor  in  f(x)  has  already  been  associated  with  A  =  15 
by  the  use  of  n  =  2*i  =  2.  The  number  of  improperly  primitive  classes  of  determinant 
—  23  may  be  read  off  as  half  the  degree  of  the  second  factor  and  also  as  the  index  of 
its  constant  term  regarded  as  a  power  of  2. 

Joubert63  illustrated  his  method  by  many  examples. 

Joubert,64  in  the  modular  equations  for  transformations  of  odd  order  n= 
(pj  q,  r  different  primes),  and  with  the  roots 


8/2a>  +  16m\ 
V  > 


added  to  the  usual  conditions  the  restriction  that  g  and  g±  be  relatively  prime.    In 
the  modular  equation  f(x,  y)  =0,  he  took  y  —  \/x.    Now  f(x,  1/y)  is  of  degree 

2AT=2/?a-y-Vv-1(p-f  1)  (q  +  l)  (r  +  l) 

63  Comptes  Rendus,  Paris,  50,  1860,  940-4. 
6*Ibid.,  1040-1045. 
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and  has  2,^+^Vn  or  2^y^  roots  equal  to  "unity,  according  as  n  is  or  is  not  a  square, 
where 


dy 

d2  ranging  over  the  square  divisors  of  n  (n  omitted  if  it  is  a  perfect  square),  while 
yy\  —  n/dz,  y<7i,  y  and  y±  being  relatively  prime.  Excluding  the  unity  roots,  he 
established  a  correspondence  between  the  roots  of  f(x,  l/z)=0  and  the  roots  of 
certain  quadratic  equations,  and  obtained  the  following  formula  when  n  is  or  is  not 
a  square  respectively: 


F(n)  +2F(n-l2)  +  2F(n-22)  +  2F(n-32)  +  .  .  .  =N-^r  or  N-  Jf- 

where  F(D)  denotes  the  number  of  odd  classes  of  determinant  —  D  which  have  all 
their  divisors  prime  to  n.  If,  however,  a  form  is  involved  which  is  derived  from 
(1,  0,  1),  the  right  member  in  each  case  should  be  diminished  by  the  number  of 
proper  decompositions  of  n  into  the  sum  of  two  squares.  Numerous65  other  class- 
number  relations  in  the  modified  F  and  a  similarly  modified  G  are  obtained.  Tables66 
verify  the  formulas  in  F.  The  interdependence  of  Joubert's  and  KroneckerV4  class- 
number  relations  has  been  discussed  by  H.  J.  S.  Smith.67 

H.  J.  S.  Smith68  reproduced  the  principal  parts  of  the  researches  of  Gauss4  and 
Dirichlet19'  20>  23  on  the  class-number  of  binary  quadratic  forms.  For  D>0  and  =1 
(mod  4),  he  wrote 


where  ra  is  positive,  odd,  prime  to  D,  and  <Z>.     (Cf.  Berger,166  (3).) 
C.  Hermite69  began  with  the  factorization 

H2(z)®,(z)  _H(z)®1(z]     E(z) 
®2(z)  ®(z)       ' 


and  expanded  each  factor  after  C.  G.  J.  Jacobi,70  setting  z  =  2Kx/7r.  In  the  product 
of  the  two  expansions,  the  term  independent  of  x  is* 

(i) 

where  in  the  first  sum,  a  =  0,  ±1,  ±2,  ...  ±n;  while  in  the  second  sum,  N  ranges 
over  all  positive  numbers  =3  (mod  4)  which  can  be  represented  by  (I),  and  hence 
by  each  of  the  three  identically  equal  expressions 

(I)  (271  +  1)  (271  +  46  +  3) -4a2, 

(III)  (27&+1)  (47i  +  46  +  4  +  4a)  - 


*The  expansion  of  the  first  fraction  in  (1)   is  2?fc,  fc  =  i(2n+l)  +  (2n+ 1)6, 
65Comptes  Rendus,  Paris,  50,  1860,  1095-1100. 
™Ibid.,  1147-1148. 

67  Report  Brit.  Assoc.,  35,  1865,  364;  Coll.  Math.  Papers,  I,  34^-4. 

68  Report  Brit.  Assoc.,  1861,  324-340:  Coll.  Math.  Papers,  I,  1894,  163-228. 
69Comptes  Rendus,  Paris,  53,  1861,  214-228;  Jour,  de  Math.,  (2),  7,  1862,  25-44;  Oeuvres, 

II,  1908,  109-124. 
70  Fundamenta  Nova  Funct.  Ellipticarum,  1829,  §§40-42;  Werke,  I,  1881.  159-170. 
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Thus  F(N)  denotes  the  number  of  ways  in  which  AT  can  be  represented  by  any  one  of 
the  expressions  (I),  (II),  (HI).  We  represent  ^V  by  (I),  (II),  or  (III),  accord- 
ing as 

a<0,  but  |a|^ 


Now   (I),   (II),   (III)   are  respectively  the  negatives  of  the  determinants  of  the 
quadratic  forms 

(2rc  +  l,  2af 

,  2rz,+  l  — 


Thus  we  have  F(N)  forms  which  are  reduced.  Moreover,  the  F(N)  forms  exhaust 
the  reduced  uneven  forms  of  determinant  —  N.  For,  those  of  the  first  type  constitute 
all  uneven  reduced  forms  of  determinant  —  N  which  have  an  even  middle  coefficient. 
Those  of  the  second  and  third  types  constitute  all  forms  (p,  q,  r)  of  determinant 
—  N  in  which  p  and  q  are  uneven,  p>2q,  r>2^>0.  Hence,  since  (p,  q,  r)  is  here 
never  equivalent  to  (p,  —q,  r),  the  number  of  forms  of  the  three  types  together  is 
F(N),  in  the  class-number  sense.54 

A  second  factorization  yields70 


H2(z) 


-2  cos 


For  x  =  Q,  the  first  member  vanishes  and  the  terms  under  the  summation  sign  are 
ofthetype 


where  N  =  3  (mod  4),  d'  is  any  divisor  >V-ZV  of  N  and  d  is  any  divisor 
In  KroneckerV4  symbols,  we  get,  by  (1)  and  (2), 


Or,  since  0^0) 

(3)  F(N)  +2F(N-22)+2F(N-±2) 

In  Kronecker's54  formulas  this  is  (V)  +  (VI). 

A  third  factorization  combined  with  the  first  yields  the  following  : 

(4)  F(±n-l)  +^(4n-32)  +F(4n-52)  +  .  .  .  =^(n)  -*±(n), 

where  ^(n)  denotes  the  sum  of  the  divisors  of  n  whose  conjugates  are  odd,  and 
^^(n)  denotes  the  sum  of  all  the  divisors  <Vn  and  of  different  parity  from  their 
conjugates.  Similarly, 

(5)  F(N)  -2F(N-22)+2F(N-¥)  -  ...  +2(-l)fcF(A7-4P)  .  .  . 

=  3  (mod  4), 


where  V2(ri)  denotes  the  sum  of  the  divisors  of  n  which  are  <  Vn.    Hermite's  three 
class-number  relations  above  are  all  derivable  from  KroneckerV1  eight. 

7i  See  H.  J.  S.  Smith,  Rep.  Brit.  Assoc.,  35,  1865,  364;  Coll.  Math.  Papers,  I,  1894,  343. 


CHAP.  VI]  BINARY  QUADRATIC  FORM  CLASS  NUMBER.  113 

.» 

Since  N  in  (1)  is  of  the  form  4n  +  3,  (1)  implies 
(6) 


where  t=(l+*)/V^  c4=  —  1,  and  ^^  is  the  result  of  replacing  q  by  —  q  in 
Another  expression  for  \(j&—  eu#0  is  found  by  means  of  the  integral  of  the  product 
quoted  at  the  beginning  of  this  report  ;  comparison  of  it  with  (6)  gives 


(7)  $F  (8n 

This  result  is  implicitly  included72  in  KroneckerV4  (XI)  and  can  be  deduced  from 
it  by  elementary  algebra.73  When  the  coefficients  of  equal  powers  of  q  are  equated 
in  the  two  members,  this  formula  implies  that  the  number  of  odd  classes  of  determi- 
nant —  (871  +  3)  is  the  number  of  positive  solutions  of 


L.  Kronecker74  referring  to  his54  earlier  memoir,  multiplied  formulas  (I),  (II), 
(Y)  respectively  by  #4n,  q2m,  %qm,  added  the  results,  and  summed  for  all  values  of 
n  and  m,  and  obtained 


(1) 


n*-n\ 


Similarly  from  formulas  (I),  (III),  (VI),  he  obtained 


Now  (1)  and  (2)  imply  the  following  three  formulas75: 


and  these  imply  KroneckerV4  (IV). 

By  means  of  an  expansion76  of  sin2  am  2Kx/ir  in  terms  of  cosines  of  multiples  of 
x,  (  1  )  takes  the  form 


(3)  3F(n)f=  4-^r  J-£  fai 

*          67T  6TT    JO 


ain'  am  •**    coe«fc. 


"  From  (3),  all  the  formulas54  (I)-  (VIII)  can  be  deduced."  Other  such  relations 
are  indicated  by  means  of  theta-functions,  although  the  eight  formulas  "  are 
algebraically-arithmetically  independent." 

72  Jour,  fur  Math.,  57,  1860,  253. 

73  Cf.  L.  J.  Mordell,  Messenger  Math.,  45,  1915,  79. 

7*Monatsber.  Akad.  Wiss.  Berlin,  1862,  302-311.    French  transl.,  Annales  Sc.  Ecole  Norm. 
Sup.,  3,  1866,  287-294. 

75  Cf.  C.  Hermite,69  Comptes  Rendus,  Paris,  53,  1861,  226. 

76  Cf.  C.  G.  J.  Jacobi,  Fundamenta  Nova,  1829,  110,  (1),  Werke,  I,  1881,  166. 


114  HISTORY  OF  THE  THEORY  OF  NUMBERS.  [CHAP.  VI 

Kronecker  stated  that  he  had  obtained  arithmetical  deductions  of  certain  of  his 
class-number  relations  by  following  the  plan  of  Jacobi77  who  had  first  found  by 
equating  coefficients  in  two  expansions,  the  number  of  expressions  for  n  as  the  sum 
of  four  squares  and  had  later  translated  the  analytic  method  into  an  arithmetical 
one.78  The  following  theorem,  which  Kronecker  deduced  from  his  formula  (V),  was 
offered  as  a  suggestion  for  a  means  of  deducing  his  class-number  relations  arith- 
metically :  Let  p  be  any  odd  prime  and  let 

a1zz  +  21>1z  +  c1  =  Q,        a2z-  +  2^2z  +  c2  =  0...  (mod  p) 

be  a  succession  of  congruences  corresponding  to  reduced  forms  of  determinants, 
—  p,  —  (p—12),  —  (p  —  22),  ...  respectively  (with  &  taken  negative  in  the  reduced 
form  if  a  =  c)  ;  then  the  number  of  roots  of  the  congruences  is 

F(p)  +  2F(p-l2)  +  2F(p-2z)  +  2F(p-V)  +  .  .  .  ; 

that  is  to  say,  by  formula  (V),  the  number  is  p  +  I  or  p  according  as  p  is  =  1  or  3 
(mod  4). 

H.  J.  S.  Smith79  gave  an  account  of  Lipschitz's41  method  of  obtaining  the  ratio 
of  h(D-S2)  to  h(D). 

C.  Hermite80  gave  a  list  of  expansions  of  quotients  obtained  from  th  eta-functions 
and  showed  how  the  products  and  quotients  of  theta-functions  lead  to  class-number 
relations  (cf.  Hermite69).  This  list  of  doubly  periodic  functions  of  the  third  kind 
has  been  extended  by  C.  Biehler,81  P.  Appell,81*  Petr,252-  258  Humbert,293  and  E.  T. 
Bell.82  Finally,  Hermite  deduced  Kronecker's54  relation  (XI). 

Hermite83  generalized  a  theorem  of  Legendre  (this  History,  Vol.  I,  115,  (5)  )  into 
the  Lemma:  If  m  =  aabPc'Y.  .  .kK,  where  a,  b,  c,  .  .  .,  Ic  are  p  different  primes,  then 
the  number  of  integers  which  are  less  than  or  equal  to  x  and  relatively  prime  to  m  is 


.(,)  =*(*)  -» 

with  the  convention  &(x)  =E(x)  if  m  —  l.    It  follows  that 
(1) 


m 

Now  F(n)  is  defined  by  F(n)  =2$="/(i),  where  f(i)  =0  if  i  is  not  a  divisor  of  n  or  if 
i  is  a  divisor  of  n  but  is  not  prime  to  m;  also  F(n)  =  0,  if  m  and  n  are  not  relatively 
prime.  Then,  by  definition, 

m  n 

2F(k)  =  2  /(i)$ 
£=i  <=i 

77  Fundamenta  Nova,  1829,  Art.  66;  Werke,  I,  1881,  239. 

78  Jour  fur  Math.,  12,  1834,  167-172;  Werke,  VI,  1891,  245-251. 

79  Report  Brit.  Assoc.,  1862,  §  113;  Coll.  Math.  Papers,  I,  1904,  246-9. 

80Comptes  Rendus,  Paris,  55,  1862,  11,  85;  Jour,  de  Math.,  (2),  9,  1864,  145-159;  Oeuvres, 
II,  1908,  241-254. 

81  Thesis,  Paris,  1879. 

siaAnnales  de  FEcole  Normale,  (3),  1,  1884,  135-164;  2,  1885,  9-36. 

82  Messenger  Math.,  49,  1919,  84. 

83  Comptes  Rendus,  Paris,  55,  1862,  684-S92.    Oeuvres,  II,  1908,  255-263. 
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Now  (cf.  Dirichlet,93  (1)  ),  if  D  —  82DQ,  where  D0  is  a  fundamental  determinant,  and 
if  n  is  any  positive  uneven  integer  relatively  prime  to  D,  then  for  f(i)  =  (D0/i)  and 
D  uneven,  for  example,  the  formula 


(2)  F(n)=k&,  fc  =  2if#<-3,  fc  =  lif£>0,  m  =  2\D\, 

gives  the  sum  of  the  number  of  representations  of  integers  from  1  to  n  which  are 
uneven  and  relatively  prime  to  D  by  the  representative  properly  primitive  forms  of 
determinant  D  with  the  usual  restriction84  on  x  and  y  in  case  I>>0. 

Hermite  omits  the  rather  difficult  proof  that  the  term  containing  €  in   (1)   is 
negligible85  for  n  very  great  and  concludes  from  (1)  and  (2)  that,  for  n  very  great, 


C.  F.  Gauss86  and  G.  L.  Dirichlet87  had  found  geometrically  the  asymptotic  mean 
number  of  such  representations  furnished  by  each  form  for  n  large.  A  comparison 
yields  the  class-number  (Dirichlet,19  (1)).  ^  ^  *  •> 

J.  Liouville88  stated  that  the  number89  of  solutions  of  yz+zx  +  xy  —  n  in  positive 
odd  integers  with  y  +z  =  2  (mod4),n  =  3  (mod  4),  is  F(n). 

J.  Liouville90  obtained  an  arithmetical  deduction  of  a  Kronecker54  recursion 
formula  in  the  form 

F(2m-l2)  +  F(2m-32)  +  F(2m-52)  +  .  .  .  =$[ti(m)  +p(™)L 

where  m  is  an  arbitrary  uneven  integer,  ^(m)  represents  the  sum  of  the  divisors 
of  m,  and  p(m)  is  the  excess  of  the  number  of  divisors  of  m  which  are  =  1  (mod  4) 
over  the  number  of  divisors  =3  (mod  4). 

Lemma  1.    Let  any  uneven  integer  m  be  subjected  to  the  two  types  of  partitions 

(  1  )  m  =  2  m'2  +  d"8",         2m  =  ml  +  d282  +  2a*+ldB8s, 

where  mi,  dz,  d3,  82,  83  are  positive  uneven  integers;  a3>0;  while  m'  is  any  positive, 
negative,  or  zero  integer.  Then,  if  f(x)  is  an  even  function, 


/)  -/(2m')  -2f(2m'  +  2)  -  2/(2m'  +  4)  -  ...  -2/(2m'  +  8"- 


Now  take  f(x)  so  that  /(O)  =  1,  f(x)  =0  if  x  =7^  0.  Then  the  only  partitions  of  the 
second  type  (1)  which  furnish  terms  in  the  right  member  of  (2)  are  those  in  which 
d3=i(d2  +  82).  Hence  the  right  member  of  (2)  has  for  its  value  the  number  of 
solutionsof  2m-m!=<J281  +  8«.(d,  +  «a)8,. 

84  G.  L.  Dirichlet,19  Zahlentheorie,  Art.  90,  ed.  4,  1894,  225  and  226. 

85  Cf.  T.  Pepin,  Annales  Sc.  de  1'Ecole  Norm.  Sup.,  (2),  3,  1874,  165;  M.  Lerch,  Acta  Math., 

29,  1905,  360. 

86  Werke,  II,  1876,  281  (Gauss  *). 

s^  Jour,  fur  Math.,i9  19,  1839,  360  and  364. 

88  Jour,  de  Math.,  (2),  7,  1862,  44. 

89  Cf.  Bell,*™  and  Mordell  .»" 

80  Jour,  de  Math.,  (2),  7,  1862,  44-48. 
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We  set  d2-\-$2  =  2u,  d2  —  S2  =  4z.  Hence  u>'2z.  Keeping  mi  fixed,  Liouville  followed 
the  method  of  Hermite69  and  obtained  the  result  that  the  number  of  solutions  of 
—4z2  is 


in  which  £(n)  denotes  the  number  of  divisors  of  n,  ^(n]—\  or  0  according  as  n  is 
or  not  a  perfect  square.    Hence  2w(2m  —  si)  =p(m). 

Now  in  the  first  member  of  (2),  the  summation  of  the  first  two  terms  in  the 
bracket  is  equal  to  £i(m)  —  £(ra).    Furthermore  the  expression  in  (2)  : 

f(2m'  +  2)  +  /(2ra' 


will  have  the  value  1  for  each  pair  of  values  ra'<0,  2w'-f  8">0  and  the  value  0  for 
all  other  values  m'  and  2m'  +  8".  Let  A  denote  the  number  of  pairs  of  values 
m'<0,  2ra'  +  S">0  in  the  partition  (1J  .  We  have  now  proved  that 

(3)  2F(2m-ml)-&t(2m-ml)-lp(m)=$fa(m)--t(m)l-Af 

mi  rot 

Lemma  2.    Let  any  uneven  integer  M  be  subjected  to  the  two  types  of  partitions 
M  =  2M"  +  D"&",         2M  =  Ml  +  D2  A2, 

where  Mlt  D2,  A2,  D",  A"  are  positive  odd  integers,  while  M  '  is  any  integer.  Then, 
if  fi(x)  is  an  uneven  function, 

(4)  a 


To  evaluate  A,  we  identify  m  and  M  and  specialize  fl(x)  so  that  fl(x)=l  if 
>  /i(z)=0  if  x=Q,  fl(x)  =  —  l  if  z<0.  Since  the  number  of  solutions  of 
M=2M'*  +  D"&"  with  M'>Q  is  equal  to  the  number  with  M'<0,  the  left  member 
of  (4)  is  composed  of  the  following  four  parts  : 

,    M'<0,    D"+2M'>0; 


Hence  (4)  implies  that 
Thus  (3)  becomes91 


This  result  has  been  established  in  detail  by  Bachmann91  and  Meissner.292  From 
the  same  two  lemmas,  H.  J.  S.  Smith92  obtains  a  different  form  of  the  right  member, 
for  the  case  m  odd. 

91  Cf  .  P.  Bachmann,  Niedere  Zahlentheorie,  Leipzig,  II,  1910,  423-433. 

92  Report  Brit.  Assoc.,  35,  1865,  366;  Coll.  Math.  Papers,  I,  1894,  346-350. 
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Hermite's  discovery69  of  the  relation  between  the  number  of  classes  of  determinant 
N  and  the  number  of  certain  decompositions  of  Nf  also  enabled  Liouville  to  announce 
that  formulas  exist  analogous  to  those  of  Kronecker,54  but  in  which  the  successive 
negative  determinants  are  respectively  2s2  —  n,  3s2  —  n,  4s2  —  n,  .  .  .,  where  n  is  fixed 
and  s  has  a  sequence  of  values.92* 

G.  L.  Dirichlet93  reproduced  in  a  text-book  the  theory  of  his  memoirs14'  19>  20'  23  of 
1838,  1839,  1840.  Continuing  his  former  notation,  he  obtained  (Arts.  105-110) 
new  expressions  for 

2 


j  =  erif*,  0  =  e2iri/p,  while  s  ranges    over  a  complete  set  of  incongruent  numbers 
(mod  P)  prime  to  P.    The  result94  is,  for  D>0,  D  =  1  (mod  4),  for  example, 


Thence  in  the  notation  of  the  Pellian  equation,  for  example, 

(1)     Z>=P=1  (mod8),    (T+UVP}MD)  =  (t  +  uVDY,       1=    2- 


where  *  =  1  or  0  according  as  P  is  prime  or  composite,  and  t,  u  are  positive  integers 
satisfying  t2  —  Du2  =  l.  From  five  such  relations,  Dirichlet  points  out  divisibility 
properties  of  h(D)  ;  e.  g.,  if  Z>  =  1  (mod  4),  h(D)  is  odd  or  even  according  as  P  is 
prime  or  composite. 

Incidentally  (Art.  91),  Dirichlet  proved  that  the  number  of  representations  of  a 
number  an  by  a  system  of  primitive  forms  of  determinant  D  is 

(2)  T3(l>/8) 

where  a—\  or  2  according  as  the  forms  are  proper  or  improper,  n  is  prime  to  2  D, 
and  8  ranges  over  the  divisors  of  n. 

This  formula  has  been  used  by  Hermite,83  Pepin,120  Poincare271  to  evaluate  the 
class-number. 

V.  Schemmel95  denoted  by  p  an  arbitrary  positive  odd  number  which  has  no  square 
divisors.  By  the  use  of  Gauss  sums  he  set  up  such  identities  as  the  following,  when 


(1)  PS     -   sin  ma=  ™    sn  , 

i   \pJ  2Vp    i   \p/cos2m7r/p-cosa' 

where  a  is  an  arbitrary  real  number.    He  took  a  =  Tr/2  in  both  members,  then 


92*Cf.  Liouville,107'109  Gierster  145,  Stieltjes,154-  162   Hurwitz,107'  184  Petr  5S,  Humbert293, 
Chapelon  34°. 

93  Vorlesungen  iiber  Zahlentheorie,  Braunchweig,  1863,  1871,  1879,  1894,  Ch.  V. 

94  Cf.  G.  L.  Dirichlet,23  Jour,  fur  Math.,  21,  1840,  154;  Werke,  I,  1889,  495;  Arndt.53 

95  De  multitudine  formarum  secundi  gradus  disquisitiones,  Diss.,  Breslau,  1863,  19  pp. 


118  HISTORY  OF  THE  THEORY  OP  NUMBERS.  [CHAP.  VI 

where  A,  B,  C,  D  are  the  number  of  positive  quadratic  residues  which  are  <p  and 
of  the  respective  forms  4n  +  l,  4n  +  2,  4n  +  3,  4n+4.    Whence,96 

<»>  ><-*>=- 


After  differentiating  both  members  of  (1)  with  respect  to  a,  he  took  a=0.    The 
result  is23 


whence  follows  Lebesgue's36  class-number  formula  (  1  )  : 


(3)  P 

Similarly  to  (3)  are  obtained 


Vp   i   \P 

Schemmel,  without  discussing  convergence,  decomposed  an  infinite  series  by  the 
identity 

/  n\  P-l/m\. 

5  (  —  )  COS  Wa  =  lim   2   (  —  H  COS  ma-\-COs(p-}-in}a-}-  .  .  .  +  (/cp-j-TTljaf, 
n  \  P  i  K=OO     1    \  P   ' 

where  p  =  3  (mod  4) ,  and  n  is  positive  and  relatively  prime  to  p.  After  transforming 
the  right  member,  he  integrated  both  members  between  the  limits  0  and  £TT,  with 
Dirichlet's23  formula  (82)  as  the  final  result : 

(5)  h(p)-. 


Employing  the  usual  cyclotomic  notation, 

^(aO^n^-e20^),        < 

Schemmel  found  that,  for  p  = 


which  by  (3)  gives  a  new  class-number  formula  for  —  p  (see  H.  Holden280).     He 
noted  that,  f  or  p  =  ±n  +  3  >  0, 


..   e(S&-2a)7r/p  =1  or   _! 


96  G.  L.  Dirichlet,23  Jour,  fur  Math.,  21,  1840,  152;  Zahlentheorie,  Art.  104,  ed.  4,  1894,  264. 
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according  as  p  is  composite  or  prime.    Hence  by  (5),  if  we  set 

*&=***$$>• 
we  have,  for  p  =  4n  +  3  >  0, 

Similarly  for  p  = 


Moreover,  if  ^  = 


and,  if  p  —  4?i+l, 


where,  in  the  last  four  formulas,  <D= 

L.  Kronecker97  obtained,  more  simply  than  had  G.  L.  Dirichlet,98  the  fundamental 
equation  (2)  of  Dirichlet,20  and  specialized  it  in  the  form 


(1) 

\  n  I  a,b,c  x, 

For  a  particular  (afbfc),  the  sum 


X=S  X  =  S 

lies  between  the  two  values 

±</>(%2/)+|     <}>(x,y)dx, 

Jhy 
if  &f<«<%+l.    Hence 


oo         oo  oo     /-oo 

im  p  2     S  ^(a;,  y)=lim  p  2       </>(a;,  y)rfa?, 

=0      2/=l  *=i  p=0       y=ljhy 


lim 

p 


where  h  is  taken  so  that  ah2  +  2'bh-{-c^=  0.    When  we  set  ax-\-'by  =  zy,  this  limit  is 
given  by 

f  °°          dz  1 

lim  -9  —  =lncr 

&  I  2         7~)   —     A  -»  /  T\  •*•"& 

p=0      Jah+bZ^  —  U         4V  X) 


Hence,  when  we  exclude99  from  the  final  sum  (1)  those  terms  for  which  the  form 
takes  values  not  prime  to  P,  (1)  implies,  for  p  =  0, 


»7  Monatsber.  Akad.  Wiss.  Berlin,  1864,  285-295. 

98  Jour,  fur  Math.,  21,  1840,  7;  Werke,  I,  1889,  467. 

99  Cf  .  R.  Dedekind,  Remarks  on  Gauss'  Untersuchungen  iiber  hohere  Arithmetik,  Berlin, 

1889,  685-686;  Gauss'  Werke,  II,  293-4. 
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where  p  ranges  over  the  distinct  prime  divisions  of  P,  and  t19  u^  are  fundamental 
solutions  of  t2  —  Du2  =  l.  For  Z>>0,  this  proves  that  h(D)  is  finite,  since  the  left 
member  is  a  definite  number. 

H.  J.  S.  Smith100  discussed  the  researches  of  Kronecker,54'  74  Hermite,49'  69'  80 
Joubert,62'  64  and  Liouville90  in  class-number  relations.  He  found  proofs  of  Kro- 
necker's  class-number  relations64  by  means  of  the  complex  multiplication  of  elliptic 
functions.  The  details  are  based  on  the  methods  used  by  Joubert  and  Hermite. 
L.  Kronecker101  has  commended  the  report  for  its  mastery  and  insight. 

For  instance,  formula  (V)  of  Kronecker  is  proved  by  putting  x  —  K2  and  1  —  x=\2 
in  the  ordinary  modular  equation  /8(*2,  A2)  =0  for  transformations  of  uneven  order 
m.  The  right  member  of  the  desired  formula  is  found  as  the  order  of  the  infinity  of 
f8(x,  1  —  x)  as  x  increases  without  limit.  The  left  member  is  the  aggregate  multi- 
plicity of  the  roots  of  /8  (x,  1  —  x)  =  0. 

K.  Lipschitz102  developed  a  general  theory  of  asymptotic  expansions  for  number- 
theoretic  functions  and  found  that,  in  the  special  case  of  the  number  of  properly 
primitive  classes,  the  asymptotic  expression  is 

™*>  5-1,2,3,  ...;   m>0. 


This  agrees  with  C.  F.  Gauss103  since 


And  asymptotically, 

M»)  =  ^|*r«*   5=1,2,3,...;    m>0. 

The  method  of  Lipschitz  is  illustrated  by  C.  Hermite.104 

J.  Liouville105  stated  without  proof  that  if  a  and  a'  denote  respectively  the  [odd] 
minimum  and  second  [odd]  minimum  of  the  forms  of  a  properly  primitive  class  of 
determinant  -fc=-(8n  +  3)<0,  then 


ci 

He  discussed  as  examples  the  cases  fc  =  3,  11,  19,  27.    The  theorem  has  been  proved 
arithmetically  by  Humbert.293 

Liouville106  let  m  be  an  arbitrary  number  of  the  form  8rt-f-3,  whence  the  only 
reduced  ambiguous  forms  of  negative  determinant  —  (m  —  4o-2)  are  (d,  0,  8),  where 
d8  =  m  +  4o-2  and  d  ^  Vm  —  4o-2.  Hence  the  d's  are  the  values  of  the  minima  of  the 
uneven  ambiguous  classes  of  determinant  —  (m  —  4o-2).  And  hence,  if  n^  [and  n2] 
denotes  the  number  of  ambiguous  classes  of  determinant  —  m  whose  minima  are  =  1 

100  Report  Brit.  Assoc.,  35,  1865,  322-375  ;  Collected  Papers,  I,  1894,  289-358. 

101  Sitzungsber.  Akad.  Wiss.  Berlin,  1875,  234. 

102  Sitzungsber.  Akad.  Berlin,  1865,  174-185.    Reproduced  by  P.  Bachmann,  Zahlentheorie, 

Leipzig,  n,  1894,  438-459. 
loswerke,  II,  1876,  284;  Untersuchungen,9  Berlin,  1889.  670. 

104  Bull,  des  Sc.  Math.,20*  (2),  10,  I,  1886,  29;  Oeuvres,  IV,  220-222. 

105  Jour,  de  Math.  (2),  11,  1866,  191-192. 

106  Jour,  de  Math.  (2),  11,  1866,  221-224. 
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(mod  4)  [and  =3  (mod  4)],  and  if  p^  [and  p2]  denotes  the  number  of  uneven 
ambiguous  classes  of  determinants  —  (m  —  4a2)  excluding  o-  =  0,  whose  minima  are 
=  1  (mod  4)  [and  =  3  (mod  4)  ],  then  in  the  notation  of  this  History,  Vol.  II,  p.  265 
(Liouville33*), 

ni-n2  +  2(pl-p2)  =p'(m)  +  2/(ra-4-l2)  +  2/(ra-4-22)  +  ____ 
By  the  theorem  there  stated,  it  follows  from  Hermite69  that 

F(m)  =  ni-n2 


Liouville107  stated  that  he  had  obtained  the  following  results  arithmetically.    He 
generalized  Hermite's69  formula  (4)  both  to 


(1)  •$F(2a+2m-i2)=2a2d-2D,   t>0, 

< 

in  which  i  and  m  are  odd  ;  and  to 
(2) 


where  a  is  an  integer  ^  0,  d  denotes  a  divisor  of  m  ;  and  D  is  a  divisor  of  2°m  which 
is  of  opposite  party  to  its  conjugate  divisor.  By  the  nature  of  their  second  members, 
these  formulas  represent  what  Humbert293  has  called  the  second  type  of  Liouville's 
formulas. 

For  m  =  dS  =  l2g  +  7  or  120  +  11,  he  gave 


where  i=l,  3,  5.  .  ..    He  stated  that  if  m  denotes  an  odd  positive  number  prime  to 
5  ;  and  a,  /?  are  given  positive  numbers  or  zero,  and  m  =  d8,  then 

(4) 

where  t=  1,  3,  5,  .  .  .  ,  m  =  d8.    A  special  case  of  this  relation  is  proved  by  Chapelon340 
as  his  formula  (3)  below. 

If  m  is  a  positive  integer  of  the  form  240  +  11,  then 


-±S.s2)=&~d,    s>0. 
Finally,  if  m  —  40  +  3  and  t  —  g  —  s,  then 

2(8^  +  3)^(8^  +  3)  =-J2(- 


The  right  members  here  characterize  what  Humbert  has  called  the  first  type  of 
Liouville's  formulas.  G.  Humbert108  has  deduced  formulas  of  this  type,  by  C.  Her- 
mite's  method,  from  elliptic  function  theory. 

i^Comptes  Rendus,  Paris,  62,  1866,  1350;  Jour,  de  Math.,  (2),  12,  1867,  98-103. 
108  Jour,  de  Math.,***  (6),  3,  1907,  366-368,  446-447. 
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Liouville109  by  replacing  n  by  3m  in  Hermite's69  formula  (4),  decomposed  it  into 
two  class-number  relations 


(mod  3),   t  =  0   (mod  2) 
i  =  0  (mod  3), 


where  £i(n)  is  the  sum  of  the  divisors  of  n',  and  m  is  odd. 
Liouville110  announced  without  proof  the  relation111 

2/--1 


where  t=l,  3,  5,  7,  .  .  .  ;  a  is  positive  and  uneven;  and  a,  b  range  over  the  integral 
solutions  of  m  =  a2  +  4&2  ;  m  odd. 

Stieltjes160  and  G.  Humbert112  have  each  given  a  proof  by  Hermite's  method  of 
equating  coefficients  in  expansions  of  doubly  periodic  functions  of  the  third  kind. 

Liouville113  stated  forra  =  5  (mod  12)  that 


where  i=l,  5,  7,  11,  13,  17,  ...  is  relatively  prime  to  6;  m  =  8d.    For114  m  odd  and 
relatively  prime  to  5, 

F(Wm) 


where  £  =  !,£,  3,  .  .  .  ;  3>(ra)  denotes  the  sum  of  the  divisors  of  m. 

R.  Dedekind,115  by  the  composition  of  classes,  solved  completely  the  Gauss4  prob- 
lem, obtaining  the  results  of  Dirichlet.20 

R.  Getting,116  to  evaluate  Dirichlet's14  formula  (4)  for  h(—p),  p  a  prime  of  the 
form  47i  +  3,  proved  that 


jS^-l^-E^I+g    3^  ,,-8  ^  P,, 

i(P— 3)  ^     *P    /  a  \  j92  +  l 

^=  o  A\P/a        12    ' 


where  0>ls[^P/.+ -f-J 


w=[Vp;]. 


Hence  if  p  =  8/i+7,        2< 

He  obtained  numerous  formulas  for  computing  2 (a'//?). 


109  Jour,  de  Math.,  (2),  13,  1868,  1-4. 

no  Jour,  de  Math.  (2),  14,  1869,  1-6. 

in  cf.  *T.  Pepin,  Memoire  della  Pontifica  Accad.  Nuovi  Lincei,  5,  1889,  131-151. 

112  Jour,  de  Math.,293  ce),  3,  1907,  367,  Art.  30. 

us  Jour,  de  Math.,  (2),  14,  1869,  7. 

114  Ibid.,  260-262.    Proved  on  p.  171  of  Chapelon's340  Thesis. 

115  Supplement  X  to  G.  L.  Dirichlet's  Zahlentheorie,  ed.  3,  1871;  ed.  4,  1894,  §§  150-151. 
116Ueber  Klassenzahl  quadratischen  Formen.    Sub-title:    Ueber  den  Werth  des  Ausdrucks 


2(o'/p)  wenn  p  eine  Primzahl  von  der  Form  4n  +  3  und  a'  jede  ganze  Zahl  zwischen 
0  und  $p  bedeutet.  Prog.,  Torgau,  1871,  20  pp. 
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F.  Mertens117  denoted  by  *f/(s,  x)  the  number  of  positive  classes  of  negative 
determinants  1,  2,  3,  .  .  .  ,  x  which  have  reduced  forms  with  middle  coefficient  ±  s  ;  by 
x(s,  x)  the  number  of  these  classes  which  are  even.  By  a  study  of  the  coefficients  of 
reduced  forms,  it  is  found  that  the  number  of  uneven  classes  of  negative  determi- 
nants 1,  2,  3,  ...,a;is118 

Vi/3 

F(x)=  2   [*(«/*)'-x(«<*)L 

o 

where,  except  for  terms  of  the  order  of  x, 


2    #(f,s)=r*l|         2 

o  o 


If  we  set  f(N)  =  2f/i(  —  w),  we  have 

f(s)  =/(*)  4-  /(z/32)  +  /(z/52) 
F(x/3*)  =  f(x/32) 

F(x/V)  =  /(z/52) 


and  we  solve  for  f(x)  by  multiplying  the  respective  equations  by/A(l),/n(3),ju.(5), 
.  .  .,  where  p(n)  is  the  Moebius  function  (this  History,  Vol  I,  Ch.  XIX).    Thus 

f(x)  =   2  n 

n=l 

But 


where  Of(x)  denotes  a  function  of  the  order  of  /(a),  or  more  exactly  a  function 
whose  quotient  by  f(x)  remains  numerically  less  than  a  fixed  finite  value  for  all 
sufficiently  large  values  of  x. 

Hence,  when  terms  of  the  order  of  x  are  neglected, 


Then,  asymptotically, 


And  therefore  the  asymptotic  median  class  number  is119  ZirVN/(7S3). 

T.  Pepin120  let  Sm  be  the  total  number  of  representations  of  numbers  n  relatively 
prime  to  a  given  number  A,  0  ^  n  ^  M,  M  being  an  arbitrary  positive  integer,  by  a 
system  of  properly  primitive  forms  of  negative  determinant  D.  He  also  let  2m  be 
the  total  number  of  representations  of  numbers  2n,  n  relatively  prime  to  A, 

*"  Jour,  fur  Math.,  77,  1874,  312-319.    Reproduced  by  P.  Bachmann,  Zahlentheorie,  Leipzig, 

II,  1894,  459. 

118  Cf.  C.  F.  Gauss,  Disq.  Arith.,  Art.  171. 
"9  Of.  C.  F.  Gauss,  Disq.  Arith.,  Art.  302;  Werke,  II,  1876,  284.    Cf.  R.  Lipschitz,i°2  Sitz- 

ungsber.  Akad.,  Berlin,  1865,  174-185. 
120  Annales  Sc.  de  1'Ecole  Norm.  Sup.,  (2),  3,  1874,  165-208. 
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0  ^  n  ^  M,  by  a  system  of  improperly  primitive  forms  of  determinant  D.    In  every 
representation,  let 

x  =  axi  +  y,    y  =  pyi  +  S,    7<a,     8<&     a,  /?,  y,  8  each  ^  0  ; 

and  in  each  of  the  two  cases  above,  let  %,  K'  be  respectively  the  number  of  pairs  of 
values  y,  8  possible  for  given  a,  j3.    Then121 


ir      ,  „ 
-l-J*-+Jf«= 

where  the  limits  of  ^/c  and  ^  for  Jf  —  oc  are  finite. 

A  comparison  of  K  and  IT'  for  a=fl=&  =  2  gives  Dirichlet's20  ratio  h/h'.  The 
corresponding  result  is  obtained  for  the  other  orders  and  for  the  positive  determinant. 

Pepin  avoids  the  convergence  difficulty  of  Hermite83  and  obtains  Dirichlet's23 
classic  closed  expression  (5)  for  h(D),  Z><0,  by  extending  a  theorem  of  Dirichlet93 
(2),  to  give 


in  which  K  is  the  automorph  factor  2,  4  or  6;  D0  is  a  fundamental  determinant, 
D=DoS2;  i  ranges  over  all  divisors  of  n,  while  n  ranges  over  all  odd  numbers  ^  M; 
and  (D0/i)  is  the  Jacobi-Legendre  symbol. 

Pepin  translating  certain  results  of  A.  Cauchy122  on  the  location  of  quadratic 
residues,  found  in  Dirichlet's23  notation 


where  —  n=  —  (4/*  +  3)  is  a  fundamental  negative  determinant.  This  latter  class- 
number  formula,  called  Cauchy's,  has  been  simply  deduced  by  M.  Lerch,  Acta  Math., 
29,  1905,  381.  Other  results  of  Cauchy123  give,  in  terms  of  Bernoullian  numbers, 


h(-n)=2B(n^)/4  if  n=Sl+7;    =-6£(n+1)/4  if  n= 
modulo  n  a  prime.    And  without  proof  Pepin  states,  for  n>0,  that 


L.  Kronecker124  obtained  from  his54  eight  classic  relations  new  ones,  as,  for 
example,  by  combining  (IV),  (V),  (VI),  the  following: 

2(  —  l)hF(n  —  4/i2)  =!>(  —  l)*(n~3)-J3>(ft)  +&(n) }-,     n  =  3  (mod  4),     /t<0 

h 

By  means  of125 

(1)  42F  (4:n  +  2)  qn+l  =  e%(q)03(q), 

o 

121  C.  F.  Gauss,  Werke,  II,  1876,  280;  Untersuchungen  iiber  hohere  Arithmetik,  Berlin,  1889, 

666. 

122  Mem.  Institut  de  France,29  17,  1840,  697;  Oeuvres,  (1),  III,  388. 

123  Mem.  Institut  de  France,  17,  1840,  445  (Cauchy28) ;  Oeuvres,  (1),  III,  172. 

124  Monatsber.  Akad.  Wiss.  Berlin,  1875,  223-236. 
^  Cf.  Monatsber.  Akad.  Wiss.  Berlin,™  1862,  309. 
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he  obtained  formulas  for 


He  obtained  two  analogues156  of  (1),  and  stated  that,  in  his54  classic  relations, 
J(IV)  —  Jf  (V)  +  A  (VI)  —  -J(YIII)  is,  when  ra  is  the  square  of  a  prime,  equivalent 
to  Hermite's49  first  class-number  relation. 

R.  Dedekind126  supplied  the  details  of  Gauss'9  fragmentary  deduction  of  formulas 
for  h(D)  and  h(—D).  He  also127  deduced  and  complemented  Gauss'9  set  of  theorems 
which  state,  in  terms  of  the  class-number  of  the  determinant  —pt  the  distribution 
of  quadratic  residues  and  non-residues  of  p  in  octants  and  12th  intervals  of  p,  where 
p  is  an  odd  prime. 

Dedekind,1273  in  a  study  of  ideals,  obtained  results  which  he  translated373  im- 
mediately into  the  solution  of  the  Gauss  Problem.4 

Dedekind128  extended  the  notion  of  equivalence  in  modular  function  theory  by 
removing  the  condition129  that  /?  and  y  be  even  in  the  unitary  substitution  (J  $)  . 
Each  point  w  in  the  upper  half  of  the  complex  plane  is  equivalent  to  just  one  point 
a>o,  called  a  reduced  point,  in  a  fundamental  triangle  defined  as  lying  above  the  circle 
x2  +  y2  =  l  and  between  the  lines  x—  ±.\  and  including  only  the  right  half  of  the 
boundary  (cf.  Smith95  of  Ch.  I).  The  function,  called  the  valence  of  <o, 

(1)  .  =  wri(.)= 


where  p  is  an  imaginary  cube  root  of  unity,  is  invariant130  under  the  general  unitary 
substitution.    Dedekind's  v  is  —4/27  times  C.  HermiteV31  a.    Let 


C  D 
A  B 


--n, 


where  A,  B,  C,  D  are  integers  without  common  divisor.    Then  vn  ranges  exactly  over 
the  values 


where  a,  c,  d  are  integers  ^  0  and  ad  =  n;  moreover,  if  e  is  the  g.c.d.  of  a  and  d}  then 
c  ranges  over  those  of  the  numbers  0,  1,  2,  .  .  .  ,  a  which  are  relatively  prime  to  e. 
Hence  the  number  of  distinct  values  of  vn  is 


(2)  r=J- 

where  p  ranges  over  the  distinct  prime  divisors  of  n. 


126  Remark  on  Disq.  Arith.,  in  Gauss's  Werke,  II,   1876,  293-296;   Untersuchungen  tiber 

Hohere  Arithmetik,  1889,  686-688. 

i2?  Gauss's  Werke,  II,  1876,  301-303;  Untersuchungen,  1889,  693-695. 
12TaUber  die  Anzahl  der  Ideal-classen  in  der  verschiedenen  Ordnungen   eines   endlichen 

Korpers.     Festschrift  zur  Saecularfeier  des  Geburstages  von   Carl  Frederich   Gauss, 

Braunschweig,  1877,  55  pp. 

128  Jour,  fur  Math.,  83,  1877,  265-292. 

129  Cf.  H.  J.  S.  Smith,100  Rep.  Brit.  Assoc.,  35,  1865,  330;  Coll.  Math.  Papers,  I,  299. 
i3°  Cf.  C.  F.  Gauss,  Werke,  III,  1876,  386. 

131  Oeuvres,  II,  1908,  58  (Hermite49). 
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Dedekind  discussed  the  equations  whose  roots  are  the  v  values  of  vn> 
H.  J.  S.  Smith132  called  the  totality  of  those  indefinite  forms  which  are  equivalent 
with  respect  to  his  normal  substitution  (Smith95  of  Ch.  I)  a  subaltern  class.  He 
found  that  if  o-  denotes  2  or  1,  according  as  U  is  even  or  uneven  in  T2  —  NU2  =  I,  the 
circles  of  each  properly  primitive  class  of  determinant  N  are  divided  into  So-  subaltern 
classes  which  in  sets  of  o-  satisfy  the  respective  conditions 

(A)  aE=CE=l  (mod2);        (B)  a  =  0,  c=l  (mod  2)  ;        (C)  a  =  l,  c  =  0  (mod  2). 

Since  the  circle  [a,  I,  c]  corresponds  to  both  (a,  I,  c)  and  (  —  a,  —  b,  —  c),  the 
number  of  subaltern  classes  of  properly  primitive  circles  of  determinant  N  is 
H  =  *ah(N).  There  is  a  similar  relation  for  the  improperly  primitive  circles. 

Now  ia  =  x  +  iy,  representing  a  point  in  the  fundamental  region  S,  is  inserted  in 


where  <£8(w),  \l/8(o>)  are  HerrniteV9  symbols  in  elliptic  function  theory.  Then  if  the 
circle  [a,  bf  c]  satisfy  (A),  for  example,  the  arcs  within  2  of  all  and  only  circles 
(completely)  equivalent  to  [a,  bf  c]  are  transformed  by  the  modular  equation 
F(k2,  A.2)=0  of  order  N  into  a  certain  algebraic  curve,  an  interlaced  lemmiscatic 
spiral.  Hence  all  the  circles  of  determinant  N  that  satisfy  (A)  go  over  into  a 
modular  curve  consisting  of  $H  distinct  algebraic  branches.  This  is  called  by 
F.  Klein  the  Smith-  curve.133 

The  number  of  improperly  primitive  subaltern  classes  of  determinant  N  (not  a 
square)  is  just  the  number  of  branches  of  a  modular  curve  which  is  derived  as  the 
preceding  from  circles  of  determinant  N,  in  which  a  =  c  =  0  (mod  2). 

F.  Klein134  called  DedekindV28  v  the  absolute  invariant  J  and,  instead  of  vn« 
he  wrote  J'.  The  equation,  II  (J  —  J')=Q  is  called  the  transformation  equation  of 
order  n.  He  gave  an  account  of  its  Galois  group,  fundamental  polygon,  and  Eiemann 
surface.  Simplest  forms  of  Galois  resolvents  are  found  for  n=2,  3,  4,  5.  For 
example,  the  simplest  resolvent  for  n=5  is  the  icosahedron  equation. 

Define  ^(w)  as  a  modular  function  if  it  is  invariant  under  a  subgroup  of  the  group 
of  unitary  substitutions  ("  f  )•    Then  wj  and  w2  are  relatively  equivalent  if 
r)(<o2).    A  subgroup  ("  |)  is  said  to  be  of  grade  (stufe)  q  if 


6  - (:«)<-< 


where  a,  b,  c,  d  are  constants.    Klein  ascribed  the  grade  q  to  any  modular  function 
which  is  invariant  under  only  (that  is,  belongs  to)  such  a  subgroup.    The  subgroup 


is  called  the  principal  subgroup  :•  and  it  is  found  that  the  icosahedron  irrationality 
belongs  to  this  subgroup  if  q=5.    This  result  for  the  case  of  n=5  is  extended  to  all 

132Atti  della  R.  Accad.  Lincei,  fis.  math.  nat.  (3),  1,  1877,  134-149;  Coll.  Math.  Papers,  II, 
1894.  224-239;  Abstract,  Transmit!,  (3),  1,  68-69. 

133  Elliptische  Modulfunctionen,217  II,  1892,  167  and  205. 

134  Math.  Annalen,  14,  1879,  111-162. 
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odd  primes  n.  A  modular  function  which  belongs  to  the  principal  subgroup  is  called 
a  principal  modular  function. 

If  n  is  an  odd  prime,  the  simplest  Galois  resolvent  is  of  order  ^n(n2  —  1)  and  its 
Riemann  surface  is  equivalent  to  Jn(n2  —  1)  triangles  in  the  modular  division  of 
the  plane.  These  triangles  are  chosen  so  as  to  form  a  polygon;  and  the  surface  of  the 
resolvent  is  formed  from  the  polygon  by  joining  the  points  in  the  boundary  which 
are  relatively  equivalent.  The  genus  of  the  surface  is 

p  =  ^(n-3)  (n-5)  (w  +  2). 

Klein  hereafter  ascribes  the  p  of  the  surface  to  77  itself.  Hence  if  a  principal  modular 
function  77  has  q  =  3  or  5  then  p  =  Q;  but  if  q=V,  then  p  =  3.  It  follows  that  if  q 
is  an  odd  prime,  J  is  a  rational  function  of  77  if  and  only  if  q  =  3  or  5.  It  is  found 
similarly  that  if  q  =  2  or  4,  J  is  a  rational  function  of  77. 

The  modular  equation  of  prime  order  n,  =^  5  and  of  grade  5  is  written  as 


(1)  IIh(«>)  -,,(<»')  ]=0, 

where  77  (<o)  is  the  icosahedron  function,  and  the  n  +  l  relatively  non-equivalent 
representatives  <*/  are  displayed  in  detail. 

J.  Gierster135  wrote  a  set  of  eight  class-number  relations  which  he  stated  he  had 
found  from  the  icosahedron  equation  (Klein,134  (1))  by  the  method  of  L.  Kro- 
necker136  and  Smith.100  For  example, 

3SH(4w-W)=fc(w),         ns=±l  (mod  5), 

where,  as  always  hereafter,  H(m)  denotes  the  number  of  even  classes  of  determinant 
—  m  with  the  usual  conventions54;  k^  ranges  over  positive  quadratic  residues  of  5 
which  are  ^  V4n. 

A  combination  of  these  eight  relations  gives 

(A)  Sjff(4n-fc2)  =*(n)  +*(n), 

which  may  be  expressed  in  terms  of  Kronecker's54  original  eight  : 
In   -IIm    or  In   -l 


according  as  n  is  odd  or  even  in  n—^m,  where  m  is  odd. 

T.  Pepin137  completed  the  solution  of  Gauss'4  problem.  He  accomplished  this  by 
rinding  the  number  of  properly  primitive  classes  of  determinant  S2-D  which  when 
compounded  with  (Sf  0,  —D-S)  reproduce  that  class.  Similarly  he  found  the  ratio 
between  the  number  of  properly  and  improperly  primitive  classes  of  the  same 
determinant. 

F.  Klein138  emphasized  the  importance  of  the  study  of  the  modular  functions 
(cf.  Klein134)  which  are  invariants  of  subgroups  of  finite  index  (i.  e.,  subgroups 
whose  substitutions  are  in  (1,  k)  correspondence  with  those  of  the  modular  group) 
and  in  particular  those  in  which  the  subgroups  are  at  once  (a)  congruence  sub- 

135  Gottingen  Nach.,  1879,  277-81  ;  Math.  Annalen,  17,  1880,  71-3. 

138  Monatsber.  Akad.  Wiss.  Berlin,  1875,  235. 

13T  Atti  Accad.  Pont.  Nuovi  Lincei,  33,  1879-80,  356-370. 

138  Math.  Annalen,  17,  1880,  62-70. 
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groups,  (b)  invariant  subgroups,  and  (c)  of  genus  zero.  In  the  last  case,  a  (1,  1) 
correspondence  can  be  set  up  between  the  points  of  the  fundamental  polygon  of  the 
sub-group  in  the  w  plane  and  the  points  of  the  complex  plane  by  means  of  the  equa- 
tion J=f(y)  of  genus  zero  where  ^(o>)  is  called  a  haupt  modul.  But  if  the  genus 
p  is  >0,  T)(O>)  must  be  replaced  by  a  system  of  modular  functions  lfi(o>),  M2(w), 
....  Klein  and  after  him  A.  Hurwitz  and  J.  Giester  always  chose  Mi((a)  so  that 


for  all  values  of  i,  is  a  linear  combination  of  M1  (w),  M2  («)  ,  .  .  .  .  The  representatives 
a/  are  (A<»+B)/D,  with  AD  —  n,  0  ^  B<D,  B  having  no  factor  common  to  A  and 
D.  The  analogue  of  the  vanishing  of  II  [T?(<O)  —  77(0)')]  in  the  modular  equation134 
for  the  case  p  =  0,  is  for  the  case  p>0  the  coincidence  of  the  values  of  ^(w), 
71/2  (w),  .  .  .  with  those  of  MI(<*>'),  .¥2(</),  .  .  .  respectively.  This  analogue  of  the 
modular  equation  is  called  the  modular  correspondence  and  it  is  said  to  be  grade  q 
if  the  M's  are  of  grade  q. 

J.  Gierster139  stated  that  all  of  F.  Kronecker's54  eight  class-number  relations  are 
obtainable  as  formulas  of  grades  2,  4,  8,  16.  From  F.  Klein's140  correspondence  of 
order  n  and  grade  q>2,  Gierster  obtained  r=$q(q2  —  1)  correspondences  by  means 
of  the  unitary  substitutions.  He  also  considered  the  case  where  A,  B,  D  have  a 
common  factor,  i.  e.,  the  reducible  correspondence.  The  number  of  coincidences  of  a 
reducible  correspondence  at  points  w  in  the  fundamental  polygon134  for  q  can  be 
determined  arithmetically  in  terms  of  class-number  and  algebraically  in  terms  of 
the  divisors  of  n.  Excluding  the  coincidences  which  occur  at  the  vertices,  in  the 
real  axis,  of  the  fundamental  polygon,  he  gave  briefly  the  chief  material  for  the 
arithmetical  determination.  This  he145  made  complete  later. 

If  a  given  congruence  subgroup  G  is  not  invariant,  Gierster  indicated  a  method  of 
finding  the  number  of  coincidences  of  a  correspondence  for  G  in  terms  of  the  number 
of  coincidences  of  the  r  reducible  correspondences  for  the  largest  invariant  subgroup 
under  G  and  hence  in  terms  of  a  class-number  aggregate  (cf.  Gierster148  for  details). 

He  here  stated  (but  later141  proved)  a  full  set  of  class-number  relations  of  grade  7 
(failing  to  evaluate  just  one  arithmetical  function  £(n)  which  occurs  in  several  of 
the  relations).  These  relations  for  the  case  when  n  is  relatively  prime  to  7  were 
derived  in  detail  later  by  Gierster148  and  A.  Hurwitz142  by  different  methods,  Gierster 
employing  modular  functions  which  belong  to  other  than  invariant  congruence 
subgroups. 

A.  Hurwitz143  denoted  by  D  any  positive  or  negative  integer  which  has  no  square 
factor  other  than  1,  and  wrote 


F(8,D)=    i-(-i)K^i)      ..,  if  Dsi  (mod  4), 


F(s,  D}  =%——    in  all  other  cases, 
n     n8 


139  Sitzungsber.  Munchener  Akad.,  1880,  147-63  ;  Math.  Annalen,  17,  1880,  74-82. 
«°Math.  Annalen,  17,  1880,  68  (Klein  «*). 
1*1  Ibid.,  22,  1883,  190-210  (Giester  ^s). 
^Ibid.,  25,  1885,  183-196  (Hurwitz  «*). 
143  Zeitschrift  Math.  Phys.,  27,  1882,  86-101. 
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where  the  summation  extends  over  all  integers  n>0  prime  to  2D.     (Cf.  Dirichlet,19 
(1).)    He  proved  the  following  four  theorems  : 

(I)  The  functions  F(s,  D)  are  everywhere  one-valued  functions  of  the  complex 
variable  s. 

(II)  Every  function  F(s,  D),  except  F(s,  1),  has  a  finite  value  for  every  finite 
value  of  s. 

(III)  For  every  finite  value  of  s,  the  function  F(s,  1)  has  a  finite  value  except 
when  s=l.    Then  F(s,  1)  becomes  infinite  in  such  a  way  that 

lim[(* 

*->•! 

(IV)  If7»0, 


/l—s\ 

V  a  / 


if  D<0, 

-s,  D)  =   -—1"'  —  —       - 


"  3 


where  K  =  1  if  D  =  1  (mod  4) ,  K  =  4  in  all  other  cases.    These  four  results  are  extended 
to  D=D*'S2  by  the  use  of  Dirichlet's  identity 


where  nf  ranges  over  all  positive  integers  prime  to  2D',  and  r  ranges  over  all  prime 
numbers  which  are  divisors  of  Df  but  not  of  D  (cf.  Dirichlet,  Zahlentheorie,  §  100). 
The  memoir  ends  with  an  ingenious  proof  of  the  three  following  theorems  : 

If  D>0  and  D  ^=  1,  F(s,  D)  =0, 

for  5=0  and  for  all  negative  even  integral  values  of  s.    If  7)<07  F(s,  D)  =0  for  all 
negative  odd  integral  values  of  5. 

F(S, 


are  not  altered  in  value  when  s  is  replaced  by  1  —  5. 

L.  Kronecker144  proved  six  of  his54  eight  classic  relations  by  means  of  a  formula  for 
the  class-number  of  bilinear  forms  and  a  correspondence  between  classes  of  bilinear 
forms  and  classes  of  quadratic  forms  (Kronecker14  of  Ch.  XVII). 

Two  quadratic  forms  are  completely  equivalent  if  and  only  if  one  is  transformed 
into  the  other  by  a  unitary  substitution  congruent  to  the  identity  (mod  2).  (For 

^Abhand.  Akad.  Wiss.  Berlin,  1883,  II,  No.  2;  Werke,  II,  1897,  425-490. 
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more  details,  see  Kronecker113  of  Ch.  I.)  Whence  l2G(n)  and  12~F(n)  are  the 
number  of  classes  and  of  odd  classes  respectively  of  determinant  —  n  under  this  new 
definition  of  equivalence.  Two  bilinear  forms  are  likewise  completely  equivalent  if 
they  are  transformed  into  each  other  by  cogredient  substitutions  of  the  above  kind. 
Then  the  number  of  representative  bilinear  forms  Ax^y^  +  Bx^yz  —  Cxzyi  +  Dxzyz 
having  a  determinant  &  =  AD  +  BC  is  12(G(n)  —~F(n))  or  12G(?i),  according  as 
B  +  C  is  odd  or  even  where  n=  —  A+J(5  +  C)2  is  the  determinant  of  the  quadratic 
form  (A,  i(B-C),  D).  But  since  G(4n)  -F(4n)  =G(n),  the  number  of  classes 
of  bilinear  forms  of  determinant  A  is 


-/t2)  -F(4A-/t2)],     - 

h 

And  there  are  122F(A  —  h2)  classes  of  those  bilinear  forms  of  determinant  A,  for 
which  at  least  one  of  the  outer  coefficients  A  and  D  is  odd  and  the  sum  of  the  middle 
coefficients  B  and  C  is  even. 

The  class-number  of  bilinear  forms  is  now  obtained  in  terms  of  ^(A),  ^(A)  and 
This  gives  immediately  such  class-number  relations  as 


2[G(4A-/i2)  -F(4A-/r)]  = 

and  so  (I)-(VI)  of  Kronecker.54 

J.  Gierster145  gave  a  serviceable  introductory  account  of  the  modular  equation 
/(«/',  J)  =  n(J  —  J')  =0  and  of  the  congruencial  modular  equation,  and  also  of  the 
congruencial  modular  correspondence.  He  determined  (p.  11)  the  location  and 
order  of  the  branch-points  of  the  Biemann  surface  of  the  transformed  congruencial 
modular  function  /u.(o/)  as  a  function  of  /".(to),  for  the  case  q  a  prime,  n  prime  to  q, 
and  /A  (o>)  belonging  to  the  unitary  sub-group, 

(1)  CJS)-(SS)  (mod?). 

From  the  condition  that  w  furnish  a  root  of  the  reducible  modular  equation134 
/(</',  J)  =  0,  namely,  that  integers  a,  J),  c,  d  exist  such  that 

(2)  » 


he  established  (p.  17)  a  correspondence  between  the  roots  of  f(J',  «7)=0  and  the 
roots  of  certain  quadratic  equations  Po>2  +  Q<0+R=Q  of  all  discriminants  —  A= 
(d+a)2  —  4n<0.  Whence  the  number  of  zeros  of  f(J',  J)  in  the  fundamental 
triangle  is 

K2),        K  =  O,  ±1,  ±2,  .  .  ., 


To  study  the  infinities  of  f(J,  J')  in  the  fundamental  triangle,  Gierster  (after 
Dedekind128)  took  <D'=  (A<,>  +  B)/DJ  noted  the  initial  terms  in  the  expansion  of  J  and 
J'  in  powers  of  q  =  evi(a,  and  found  that 


in  the  neighborhood  of  <o  =  too  ;  in  which  g  is  the  greater  of  A  and  D,  and  T  is  the 

145  Math.  Annalen,  21,  1883,  1-50.    Cf.  Gierster139;  Klein-Fricke,  Elliptische  Modulfunc- 
tionen,  II,  160-235. 
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g.c.d.  of  A  and  D.     Whence,  taking  into  account  the  number  of  values  of  B,  he 
arrived  at  the  class-number  relation 


,        K  =  Q,  ±1,  ±2,  .... 

The  result  also  follows  from  the  Chasles  correspondence  principle.146 

The  irreducible  correspondence139  is  now  studied  (p.  29)  between  /*t(to)  and 
/M(O/)>  where  the  /i*(w)  are  a  system  of  functions  invariant  only  of  the  subgroup 
of  unitary  substitutions  (1),  and  «/  ranges  over  a  complete  set  of  relatively  non- 
equivalent  representatives 


where  n  is  prime  to  q,  and  a,  b,  c,  d  have  fixed  residues  (mod  q).  Now  w  in  the 
fundamental  polygon134  furnishes  a  finite  coincidence  if  and  only  if  there  exist 
integers  a,  1),  c,  d  satisfying  (2)  .  Hence  the  condition  is  that  o>  be  the  vanishing  point 
for  some  form  Pw2  +  Qv  +  R,  for  which 

(3)  ±P=±c,       ±Q=±(d-d)f       ±R=^b  (mod  q). 

For  an  arbitrary  reduced  form  P0a>2  +  $0w  +  -R0,  let  g  be  the  number  of  equivalent 
forms  P,,<o2  -f-  Qvw  +  Rv  which  have  roots  in  the  fundamental  polygon  and  which  satisfy 
both  (3)  and 

W  (Pv,  QM«,)(§)  =  (Po,Co,*o). 


In  the  particular  case,  &  =  c  =  0,  d  =  a=^/nf  we  have  a  -f-  d  = 
=  A=4^—  (a+d)2  (mod  q)  ;  and  (3)  and  (4)  impose  no  condition  on  a,  ft  y,  8. 
Hence  (Klein134),  g=%q(qz  —  1)  and  the  number  of  finite  coincidences  is 


where  I  ranges  over  the  positive  and  negative  integers  for  which  4n—  I2  is  positive 
and  divisible  by  q2,  while  H'(m)  is  the  number  of  classes  of  forms  of  discriminant 
—  m  which  have  no  divisor  which  is  a  divisor  of  n.  The  number  of  finite  coincidences 
of  the  reducible  correspondence  of  order  n  is  therefore 


where  K  =  K2V^  ranges  over  the  positive  integers  ^  2  Vn  which  are  =  ±  2  Vn  (mod  q)  . 
Gierster  now  finds  for  the  reducible  correspondence  the  number  of  infinite  coinci- 
dences in  the  fundamental  polygon.    For  the  above  particular  case,  this  is 


where  Ui  denotes  the  sum  of  the  divisors  of  n  which  are  <  Vn  and  =  ±i  (mod  q), 
provided  that,  if  Vn  is  an  integer  =  ±i  (mod  q)  then  -jVn  is  to  be  added  to  the 
sum.  He  evaluated  o-  in  many  further  cases. 

146  M.  Chasles,  Comptes  Rendus  Paris,  58,  1864,  1775.  A.  Cayley,  On  the  Correspondence  of 
Two  Points  on  a  Curve,  Proc.  London  Math.  Soc.,  1,  1865-6,  Pt.  VII;  Coll.  Math. 
Papers,  VI,  9-13. 
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For  q's  such  that134  p  =  0,  the  o-'s  are  evaluated  also  by  the  principle  of  Chasles.146 
And  so  for  q  =  3  and  5,  twelve  exhaustive  class-number  relations  are  written  such  as 
(for  our  particular  case  above)  : 


J.  Gierster147  tabulated  congruence  sub-groups  of  prime  grade  q  of  the  modular 
group  and  calculated  their  genus  (Klein134)  for  q  ^  13. 

Gierster148  continued  his145  investigation  but  now  replaced  his  former  invariant 
subgroup  of  grade  q  by  any  one  not  invariant.  There  the  total  number  of  coincidences 
in  the  correspondences  was  expressed  as  a  sum  a  of  class-numbers.  Here  the 
analogues  of  the  o-'s  are  found  to  be  mere  linear  combinations  of  the  former  <r's. 
Employing  congruence  groups  of  grade  7,  11,  13  and  genus134'  138  zero,  he  deduced 
class-number  relations149  including  for  example 


-Ks=>n,  g  =   ,  s  =        -n,     » 
A.  Berger150  employed  an  odd  prime  pf  integers  m,  n  and  put 


where  [x~\  denotes  the  largest  integer  ^  x.    Various  expressions  for  Sm  are  found. 
For  example,  if  p  =  l  (mod  4), 

fc^m/4       /  k  \ 

(1)  &,=€+>       2        (-), 

k>(»-*)/4\P  ' 

where  e=  4-1  if  m  =  0  (mod  4),  e=  —  1  if  w  =  l,  2,  or  3  (mod  4).    Write 

fc<rp/8 
Lr=  2 


Let  K1  be  the  number  of  properly  primitive  classes  of  determinant  —  p,  and  K2 
that  of  determinant  —2p.    A  study  of  Lr  and  Diri  chiefs23  formula  (5)  give 


^4),  if  p  =  l  (mod  4); 

=  ^8  =  1(^1+^2),    ^2  =  ^4  =  ^  =  ^7  =  4(^1-^2),    ifp  =  l  (mod8). 


Whence,  for  ^?  =  1  (mod  8),  he  found  by  (1)  such  relations  as 

^=- 


Similar  relations  are  obtained  for  ^  =  3,  5,  7  (mod  8). 


"7  Math.  Annalen,  22,  1883,  177-189. 

"s  /bid.,  190-210. 

149  Notations  of  Gierster145  (2),  or  more  fully  in  Math.  Ann.,  22,  1883,  43-50. 

loo  Nova  Acta  Reg.  Soc.  Sc.  Upsaliensis,  (3),  11,  1883,  No.  7,  22  pp.    For  some  details  of 

the  proof  of  (1),  see  Fortschritte  Math.,  14,  1882,  143,  where  the  denotation  of  (1)  is 

incorrectly  given. 
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Berger  wrote  Q(x)  for  the  largest  square  ^  x  and  deduced  eight  theorems  like 
the  following  :    Among  the  p  squares 

(2)  0(0),     0(4p),    0(8?),  ..-,  Q^(p-l)pl 

there  are  4(^  +  1+^),  i(p  +  l),  4(^  +  1+^),  or  t(p  +  l-2KJ  even  numbers, 
according  as  p  =  1,  3,  5,  or  7  (mod  8)  .  Since  KI  and  K2  are  positive,  the  squares  (2) 
include  at  least  i(^H-5),  i(p+l),  i(p  +  3),  or  |(p  —  1)  even  numbers  in  the 
respective  cases. 

C.  Hermite151  communicated  to  Stieltjes  and  Kronecker  the  fact  that  if  F(D) 
denotes  the  number  of  uneven  classes  of  determinant  —D,  then  (cf.  Hermite/64  (2)  ) 


in  which  n-r*-2kv 

Hermite152  stated  Oct.  24,  1883,  that  if  F(N)  denotes  the  number  of  properly 
primitive  [he  meant  uneven]  classes  of  determinant  —  N  and  \j/(n)  =  S(  —  l)(d-1}/2, 
where  d  ranges  over  all  divisors  <  Vn  of  w,  then 

F(3)  + 


=  3,  11.  19,  .  .  .,  n;  2  =  7,  15,  23,  .  .  .,  n-4. 
T.  J.  Stieltjes153  observed  that  this  result  is  equivalent  to 


F(n)  =f(n) 

and  this  is  equivalent  to  an  earlier  result  of  J.  Liouville,  Jour,  de  Math.,  (2),  7, 
1862,  43-44.  [For,  by  definition,  Liouville's  p'(w)  is  Hermite's  \J/(n)  ;  see  this 
History,  Vol.  II,  Ch.  VII,  265,  note  33a.] 

Stieltjes154  let  F(n)  denote  generally  the  number  of  classes  of  determinant  —  n 
with  positive  outer  coefficients,  but  in  case  n=8^  +  3  with  even  forms  excluded.  Then 
he  found,  when  n  =  5  (mod  8),  that  %F(n)  is  the  number  of  solutions  of  n  =  x2  +  2y2 
+  2z2,  x,  y,  z  each  >0  and  uneven.  Consequently  setting  <f>(n)  ='%(2/d1)d,  ddl  =  n, 
he  found  that 


,  n  =  3or4  (mod  8); 
F(n-2'l2)+F(n-2.32)+F(n-2-52)  +  ...=$<j>(n),n  =  5  or  7  (mod  8). 

On  Nov.  15,  1883,  Stieltjes155  observed  that  the  former  of  the  last  two  theorems  is 
a  corollary  to  Gauss,  Disq.  Arith.,  Art.  292.     For  t  =  l,  2,  3,  5  or  6,  he  found  that 

~Nl, 

151  Aug.,  1883,  Correspondance  d'Hermite  et  Stieltjes,  Paris,  I,  1905,  26. 

152  Correspondance  d'Hermite  et  Stieltjes,  Paris,  I,  1905,  43. 


.,  45;  Oct.  28,  1883. 

154  Correspondance  d'Hermite  et  Stieltjes,  Paris,  1905,  I,  50-52,  Nov.  12,  1883. 

155  Ibid.,  52-54. 
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asymptotically    (cf.    Gauss,4   Disq.   Arith.,    Art.    302,    Mertens,117    Gegenbauer,199 
Lipschitz102). 

Stieltjes,156  by  the  use  of  the  two  Kronecker124  formulas, 


q),         81F  (Sn  +  3)  q2^  =  Ol(q)  , 
o  o 

obtained  the  following  three  results  :  Let 


whence  23f(n)  is  the  total  number  of  representations  of  n  by  x2  +  2y2',  then 
n  =  l  (mod  8), 


n  =  39  5  (mod  8),        SF(n-8r»)=i*(n) 


fis3,  5,  7  (mod8),    2^(ri-2s2)  =  i*(n)  +  i*(n),     (5=1,3,5,...)- 
Stieltjes157  stated  that  he  had  deduced  LiouvilleV10  class-number  relation  of  1869 
and  other  similar  formulas  both  by  arithmetical  methods  and  by  the  theory  of  elliptic 
functions.    For  example,  for 


2y2),    s  =  l,  3,  5,  ..., 

summed  for  all  integral  solutions  of  x2  +  2y2  =  N.    This  he158  later  proved  in  detail. 


summed  for  all  integral  solutions  of  different  parity  of  x2  +  3y2  =  N.    The  method  of 
verifying  this  formula  was  indicated189  later. 

Stieltjes160  obtained  from  classic  expansions  the  expansion 

(1)  0(q)6t(q)03(q)=l(&(x2-y2)q*a^,    x=l,  3,  5,  7,  .  .  .,    y  =  0,  ±2,  ±4,  .  .  .. 
But 

(2)  e(q).6z 
and  (cf.  Hermite,69  (7)) 
(3) 


o 

A  comparison  of  (1),  (2),  (3)  gives  at  once  a  Liouville110  class-number  relation. 
Stieltjes  added  three  new  relations  of  the  same  type;  e.  g.,  for  N  = 


summed  for  all  integral  solutions  of  xz  +  8y*  =  N  in  which  a;>0  and  uneven. 
Stieltjes161  stated,  for  the  Kronecker54  symbol  F(n),  that 

(1)  F(np2*) 

156  Correspondance  d'Hermite  et  Stieltjes,  Paris,  I,  1905,  54,  Nov.  24,  1883. 
157Comptes  Rendus,  Paris,  97,  1883,  1358-1359;  Oeuvres,  I,  1914,  324-5. 
138  Correspondance  d'Hermite  et  Stieltjes,  Paris,  I,  1905,  63,  Nov.  27,  1883. 
i5»Ibid:,  69-70,  Dec.  8,  1883. 

160Comptes  Rendus,  Paris,  97,  1883,  1415-1418;  Oeuvres,  I,  1914,  326-8. 
161  Correspondance   d'Hermite   et   Stieltjes,  Paris,   I,    1905,   81,   85-87,   letter  to  Hermite, 
Jan.  6,  1884. 
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He  gave162  a  proof  depending  on  the  fact  that  F(n)=p%h(n/d),  where  d  ranges 
over  the  odd  square  divisors  of  n;  p  =  %  or  1,  according  as  n  is  or  is  not  an  uneven 
square;  li(m)  denotes  the  number  of  properly  primitive  classes  of  determinant  —  m. 
Stieltjes162  put 


where  x  ranges  over  the  solutions  of  n  =  x2  —  2y2>0,  #>0,  |y|<Jar;  and  stated  that, 
when  n  is  odd, 

r  =  0,  ±1,  ±2,  ...; 
r=0,  ±1,  ±2,  .... 

These  and  two  similar  formulas  he  was  unable  to  deduce  by  equating  coefficients  of 
powers  of  q  in  expansions.  This  was  later  done  for  formulas  which  include  these  as 
special  cases  by  Petr,258  Humbert,293  and  Mordell.352 

C.  Hermite163  imparted  to  Stieltjes  in  advance  the  outline  of  the  deduction  of 
Hermite's164  formula  (1). 

Hermite,164  by  the  same  study  of  the  conditions  on  the  coefficients  of  reduced  forms 
as  he  employed69  in  1861,  found  that 


where  (N)  denotes  the  number  of  ambiguous,  and  f(N)  the  number  of  unambiguous, 
even  classes  of  determinant  —  N',  while  c=l  or  0,  according  as  ^V  is  or  is  not  the 
treble  of  a  square.  For  the  case  N  =  3  (mod  8)  a  comparison  of  this  with  his  earlier 
result69  el(q)=S2F(N)qW*,  where  F(N)  is  the  number  of  uneven  classes  of  -N, 
gives  at  once  the  ratio  between  the  number  of  classes  of  the  two  primitive  orders 
(cf.  Gauss,4  Disq.  Arith.,  Art.  256,  VI). 
KroneckerV24  formula  (  1  )  implies  that 


But  obviously 


o  o 

where  f(n)  denotes  the  number  of  solutions  of  x'2  +  y2  =  n.    Moreover, 


Therefore,  in  the  identity 


1-g  l-q 

the  first  term  of  the  right  member  is  2/(8c  +  2)^n+^,  summed  for  n  =  0,  1,  2,  . . . ; 


162  Correspondance  d'Hermite  et  Stieltjes,  Paris,  I,  1905,  82-85,  Jan.  15,  1884. 
i«s  Ibid.,  I.  88-89,  Feb.  28,  1884. 

le*  Bull,  de  1'Acad.  des  Sc.  St.  Petersburg,  29,  1884,  325-352;  Acta  Math.,  5,  1884-5,  297-330; 
Oeuvres,  IV,  1917,  138-168. 
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c  =  Q,  1,  2,  .  .  .,  [-Jn]  ;  the  second  term,  by  a  lemma  on  the  Legendre  greatest-integer 
symbol,  is 


summed  for  n  =  0,  1,  2,  .  .  .,  c  =  0,  1,  2,  .  .  .,  [-J(n-l)].    Hence  a  comparison  with 
(1)  gives 


d=0 

By  the  use  of  Jacobi's  expansion  formula  : 


Hermite  found  similarly  other  expressions  for  F(2)+F(G)  +  .  .  .+F(4n 
such  as 


where  a  and  6  range  over  all  odd  positive  integers  satisfying 


By  means  of  two  other  formulas  of  Kronecker,  Hermite  evaluated  similarly 
F(l)  +F(5)  +  ...  +F(4n+  1),        F(3)  +  F(ll)  +  ...  +F(8n+3). 
He  announced  without  proof  that 
(2)  F(3)  +F(1)  +  ...  +F  (4n+3)  =22 


c>0,  c'>0  and  satisfying  (c-f  1)  (2c+2c/  +  l)  ^  n+1,  counting  half  of  each  term 
in  which  c'  =  0. 

T.  J.  Stieltjes165  stated  that  by  the  theory  of  elliptic  functions  he  obtained  the 
theorem  :  If  d  range  over  the  odd  divisors  of  n  and 


then,  for  n  =  2  (mod  4),  in  KroneckerV4  notation, 

n-2rz)=^(n-Sr2),     r=Q,   ±1,  ±2,   .... 


Thence  he  verified  his161  earlier  theorem  (1)  for  the  cases  n=k2  and  n=2k2  by  the 
method  used  by  Hurwitz  in  finding  the  number  of  decompositions  of  a  square  into 
the  sum  of  five  squares  (see  this  History,  Vol.  II,  311). 
A.  Berger,166  to  evaluate  DirichletV4  series  (2),  namely, 


165Comptes  Rendus,  Paris,  98,  1884,  663-664;  Oeuvres,  I,  1914,  360-1. 
166  Nova  Acta  Regiae  Soc.  Sc.  Upsalieusis,  (3),  12,  1884-5,  No.  7,  31  pp. 
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A  being  a  fundamental  discriminant,  started  from  KroneckerV71  identity  (4a)  in 
the  form 


where  e  is  the  sign  of  A,  and  fc>0.    By  separating  the  real  from  the  imaginary  and 
by  a  study  of  quadratic  residues  and  non-residues,  he  obtained 


Since  (cf.  Dirichlet14) 

"  sin  nu  _  TT  —  u 
*    '  n        —      2      ' 

we  get,  by  dividing  (1)  by  Tc  and  summing,  DirichletV3  formula  (6)  for  A<0. 
Similarly  by  the  use  of  the  identity 

\   cos  nu 


Berger  obtained  DirichletV3  closed  formula  (8),  for  A>0. 

To  obtain  DirichletV3  second  closed  form,  Berger  took,  for  A<0  (cf.  Dirichlet, 
Zahlentheorie,  §  89,  ed.  4,  p.  224) 


where171  r=  1  —  -J(A/2),  and  ^  ranges  over  all  odd  positive  primes.    By  means  of  (1), 
this  becomes 


—  A/2 


But  (2)  implies  that  the  final  factor  is  7r/4.     Hence  we  get  DirichletV3  classic 
formula  (5).    By  parallel  procedure,  Berger  obtained,  for  A>0, 

(3)  V= 


Cf.  Dirichlet,23  (8). 

A.  Hurwitz167  gave  without  proof168  thirteen  class-number  relations  of  the  llth 
grade  which  he  had  deduced  by  the  .method  which  he  had  used  to  obtain  relations  of 
the  7th  grade.169 

For  example, 


where  K  ranges  over  all  positive  integers  whose  square  is   =n   (mod  11);  while 

167  Berichte  Sachs.  Gesells.,  Math-Phys.  Classe,  36,  1884,  193-197. 

168  For  proof,  see  F.  Klein  and  R.  Fricke,  Vorlesungen  liber  Elliptischen  Functionen,217 

Leipzig,  II,  1892,  663-664. 

169  Math.  Annalen,184  25,  1885,  157-196. 
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$\(n)  —  i^z,  where  x  ranges  over  those  solutions  of  4:n  =  x2  +  lly2  in  which  x  and  y 
are  not  0,  and  (x/ll)  =  —  1  ; 


in  which  Z(n)  denotes  the  number  of  solutions  of  4n=x2  +  Hy2-\-z2  +  llu2  for  which 
x+y  is  even;  Z0(n),  the  number  for  which  one  of  x,  z,  x—z,  x+z  is  divisible  by  11. 

By  eliminating  \f/2  and  ^3  from  his  set,  Hurwitz  obtained  a  new  set  which  he  showed 
to  include  J.  G-iersterV70  class-number  relations  of  grade  11. 

L.  Kronecker,171  unlike  Gauss,  studied  quadratic  forms  ax'  +  bxy  +  cy2  in  which  b 
may  be  even  or  uneven.  He  defined  primitive  forms  as  those  in  which  a,  b,  c  have 
no  common  factor.  He  denoted  by  K(D)  the  number  of  primitive  classes  of  dis- 
criminant D  =  b2  —  4ac.  He  put 


(?)-(»©• 


if  h  =  2°h',  h'  uneven,  in  which  the  symbols  of  the  last  right  member  are  the  Jacobi- 
Legendre  signs. 

Dirichlet's20  fundamental  formula  (2)  is  specialized  as  follows: 


(1)  r  2  (£}(P.\F(hk)=    2      j 

7i,  k  \  'l    '  \  K  /  a,  b,  c  m, 


where  h,  k  range  over  all  positive  integers;  m,  n  qver  all  integers  not  both  zero; 
a,  b,  c  over  the  coefficients  of  a  system  of  representative  forms  (a,  &,  c)  of  the  primi- 
tive classes  of  the  discriminant  D  =  D0-Q2  (D0  being  fundamental)  ;  a>0  is  relatively 
prime  to  Q,  and  &  and  c  are  divisible  by  all  the  prime  divisors  of  §;  F(x)  is  any 
function  for  which  the  series  in  each  member  is  convergent. 

By  Dirichlet's  methods  (Zahlentheorie,  Arts.  93-98)  are  obtained  the  following 
results  : 


(2)       TH(D)  =         -K(D),    D<0;         ff(l>)  =  .lo,    D>0. 

These  are  combined  into  one  formula 


where  T,  U  denote  that  fundamental  solution  of  T2  —  DU2  =  l  or  4  for  which  T/U 
is  the  greater.    This  is  equivalent  to 

(3)  H(D)=?^2±logE(D),       B(D)=—(T+UVD),  r=lo?2. 

But  (cf.  Dirichlet,  Zahlentheorie,  Art.  100), 


170  Math.  Annalen,i48  22,  1883,  203-206. 

"l  Sitzungsber.  Akad.  Wiss.  Berlin,  1885,  II,  768-780. 
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q  ranging  over  the  prime  divisors  of  Q.    Hence, 


Z(Do) 
In  the  light  of  the  identity  (p.  780) 

(4a)          (T)  =-^*(^)e*r1ari/^>  k=l>  3>  5>  •••>  2l^o|-i;  o>o, 

(2)  implies 


e2ta'/i).)J    Z>0>0. 

H.  "Weber172  and  J.  de  Seguier173  have  modified  the  above  identity  (4a)  so  as  to 
be  true  also  for  D0  =  Q  (mod  4),  which  is  not  the  case  in  Kronecker's  form  of  it. 
De  Seguier  has  given  the  deduction  in  full  of  (5)  and  has  shown  that  (52)  holds 
also  for  D0<0.  Dirichlet174  at  this  point  needed  to  treat  eight  cases  instead  of 
Kronecker's  two  and  de  Seguier^s  one. 

Kronecker175  had  defined  the  function  6(£,  w)  by 

0(C,«o)=SeK*«+*'f-»'>»',  v=±l,   ±3,   ±5,..., 

V 

and  the  function  A  by 


in  which  <r,  r  are  arbitrary  complex  numbers;  <«>!,  o>2  are  any  complex  numbers  such 
that  wjt  and  w2i  have  negative  real  parts.  He176  found  that  if  o^  and  —  o>2  are  the 
roots  of  a+bw-}-cw2  =  Q,  where  b2  —  4ac=  —A  is  a  negative  discriminant,  then 

og     (o-,  r,  MV  w2j  -  — —      ^nn  ^  ^  (amt  +  bmn  +  cn2)1-^ 

and  therefore  A  is  a  class  invariant.  Relation  (6)  was  afterward  developed  by 
Kronecker177  into  what  J.  de  Seguier178  has  called  Kronecker's  second  fundamental 
formula. 

For  Z>i,  D2  two  arbitrary  conjugate  divisors  of  D=D^  •  D2=D0  •  Q*  (1)  is  found 
to  imply  what  J.  de  Seguier179  has  called  Kronecker's  first  fundamental  formula, 
namely,180 


,b,c 


m 


172  Getting.  Nachr.,  1893,  51-52. 

173  Formes  quadratiques  et  multiplication  complexe,226  Berlin,  1894,  32. 
"*  Zahlentheorie,  Art.  105,  ed.  4,  1894,  274-5. 

"»  Sitzungsber.  Akad.  Wiss.  Berlin,  1883,  I,  497-498. 

176  Ibid.,  528. 

177  Sitzungsber.  Akad.  Wiss.  Berlin,  1889,  I,  134,  formula  (16);  205,  formula  (18)  ,213 

178  Formes  quadratiques  et  multiplication  complexe,  1894,  218,  formula  (3).226 

179  Ibid.,  133,  formula  (6).226 

180  L.  Kronecker,  Sitzungsber.  Akad.  Wiss.  Berlin,  1885,  II,  779. 

10 
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with  ranges  of  summation  as  in  (1),  while  2am/n+b  ^  U/T  and  n>0,  if  D  is  >0; 
A  is  an  arbitrary  number  relatively  prime  to  2D  and  representable  by  (a,  &,  c).  An 
elegant  demonstration  has  been  given  by  H.  Weber.181 

Take  Q  =  l,  A<0,  A>>0,  F(x)  =  x~1-f>.  When  (6)  is  applied  to  the  right  member, 
the  result,  when  p  =  0,  is 

(7) 

This  formula  refers  the  problem  of  the  class-number  of  a  positive  discriminant  to 
that  of  a  negative  discriminant.  For  the  purposes  of  calculation,  this  formula  has 
been  improved  by  J.  de  Seguier.182 

L.  Kronecker183  considered  solutions  (U,  V)  of  U2-\-DV2=±p,  where  p  =  l  (mod 
D),D  aprime  =  4r&+3>0.  If  a?=l,  aD=l,  x^l,  a^l,  and  g  is  a  primitive  root 
of  p,  then 

Tl(x  +  a°x9  +  a2"xe2 


where  a  ranges  over  the  incongruent  quadratic  residues  of  D,  and  u  and  v  are  integers. 
Whence  finally  he  stated  that  U  and  V  are  determined  from 


Cf.  Dirichlet's23  formula  (6). 

A.  Hurwitz184  stated  that  his185  modular  equations  of  the  8th  grade134  yield  those 
class-number  relations  which  L.  Kronecker124  had  given  in  Monatsber.,  Berlin,  1875, 
230-233.  He  modified  GiersterV45  deduction  of  the  class-number  relation  of  the 
first  grade  by  showing  that  a  modular  function  /(J,  J')  has  as  many  poles  as  zeros 
in  the  fundamental  polygon. 

For  genus138  p>0,  Hurwitz  employed  a  system  of  normalized  integrals  jL(o>), 
;2(o>),  .  .  .,  ;P(W)  of  the  first  kind  on  the  Riemann  surface  formed  from  the  funda- 
mental polygon  for  the  largest  invariant  sub-group  of  grade  q.  For  arbitrary  con- 
stants er  the  6  functions186  of  jr  have  the  property 

0[;V(r(«0)-6r]=0[;V(«)-«r]«fc,        fcs  25  2*r(;r(«)  -er)  +Ct, 

r  =1 

where  T  is  an  arbitrary  unit  substitution  =  (\  ?)  (mod  q)  ;  while  t19  tz,  ts,  .  .  .,  tp,  Ct 
depend  only  on  T.    Constants  cr  are  so  chosen  that 

0\jr(<»)  -;V(O)  -Cr]  =6[jr(ti)  —jr(<»)  +Cr], 

and  0  =  0  when  and  only  when  the  zero  regarded  as  a  value  of  w(and  Q)  is  relatively 

181  Reproduced  by  de  Seguier,  Formes  quadratiques,  332-334. 

182  Formes  quadratiques  et  multiplication  complexe,  Berlin,  1894,  314,  (25)  . 

183  Gottingen  Gelehrte  Anzeigen;  Nachrichten  Konigl.  Gesells.  Wiss.,  1885,  368-370,  letter 

to  Dirichlet. 

«*  Math.  Annalen,  25,  1885,  157-196. 
18<5  Gottingen  Nachr.,  1883,  350. 
i8^  Cf.  B.  Riemann:   Jour,  fur  Math.,  65,  1866,  120;  Werke,  1892,  105;  Oeuvres,  1898,  Mem. 

XI.  207;  C.  Neumann,  Theorie  der  Abel'schen  Integrate,  Leipzig,  1884,  Chaps.  XII, 

XIII. 
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equivalent  to  O,  o>1?  o>2,  .  .  .,  wp^  (and  <o,  o>p,  wp+1,  .  .  .,  <o2p_2),  where  o^,  o>2,  .  .  .,  o>2p_2 
are  constants  chosen  almost187  arbitrarily  ;  moreover,  that  zero  is  of  the  first  order. 

The  transformations  #i(w),  R2(<i>),  .  .  .  are  a  system  of  representative  substitu- 
tions188 of  order  n  and  are 


where  a,  &,  c,  d  are  fixed  for  all  R's. 
Consider  the  function 

*(w)  =  n0[;r(o»)  -;V(£iW)  -cr], 

where  if  n  is  a  square,  we  omit  the  representative 


which  is  relatively134  equivalent  to  w.  Aside  from  the  zero  values  which  are  due  to  the 
choice  of  wj,  <*>2,  .  .  .,  <o2p_2,  and  aside  from  the  rational  points  o>,  the  theory  of  the 
zeros189  of  a  ^-function  shows  that,  since  <£(<o)  is  reproduced  except  for  a  finite 
exponential  factor  under  the  substitution  T(w),  <£(o>)  vanishes  in  the  fundamental 
polygon  as  many  times  as  there  are  identities 


From  this  point  Hurwitz  treats  the  ^-functions  as  Gierster145  had  treated  the 
factors  rj(o>)  —  ?)(<»')  of  the  modular  equation  and  his  determination  of  Gierster^s  o- 
differs  only  in  details  from  Gierster's  determination. 

To  complete  Gierster's  nine  class-number  relations190  of  the  7th  grade  for  n  ^  0 
(mod  7)  and  without  recourse  to  non-invariant  subgroups,  Hurwitz,  after  F.  Klein,191 
put 


Three  normalized  integrals  of  the  first  kind  and  of  grade  7  are 

f  =S*^«'"",  r=l,2,4; 

summed  for  values  of  m  =  r  (mod  7),  where  necessarily  \l/r(m)  =%2a,  the  summation 
extending  over  all  positive  and  negative  integer  solutions  a,  @  of  4ra  =  a2-f  7/?2, 
m  =  r  (mod  7),  (a/7)=l.  Now/r(w)  has  the  property 

S  7r  (/?*(«>))=  const.,  or  ^  (»)/r(5f(«)  )+  const., 
t=i 

according  as  (n/7)  —  —  1  or  +  1,  while 


187  Cf.  H.  Poincare  and  E.  Picard,  Comptes  Rendus,  Paris,  97,  1883,  1284. 

188F.  Klein,  Math.  Annalen,  14,  1879,  161. 

18»B.  Riemann,  Jour,  fur  Math,  65,  1866,  161-172;  Werke,  1892,  212-224. 

]0o  Math.  Annalen,  17,  1880,  82;  22,  1883,  201-202. 

i"1  Ibid.,  17,  1880,  569. 
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and  \f/(n)=%2<a,  the  summation  extending  over  all  positive  and  negative  integer 
solutions  a,  /?  of  4n:=a2  +  7/32,  (a/7)=l.  Let  this  property  of  the  integrals  Ir  be 
possessed  by  the  integrals  ;\,  ;2,  /4.  Hurwitz  put 


if(n/7)  =  - 


,,  ., 

^(o>o,  u>)-^(a/,  o>0) 

where  <4,  w0  are  arbitrary  fixed  values  of  <o  with  positive  imaginary  parts.  Then 
F(v',  w)  is  invariant  under  T(o>')  and  hence  as  a  function  of  w  and  of  «'  is  an 
algebraic  function  belongs  to  the  Eiemann  surface  of  the  7th  grade.  F(u',  w)=0 
expresses  algebraically  the  modular  correspondence192  of  grade  q  and  order  n. 

F(u',  w)  is  an  algebraic  function  which  belongs  to  the  surface  and  has  as  many 
zeros  as  poles  in  the  fundamental  polygon.    Hence 


(1)  <T-Jc'ij,(n)=23>(n)-2d(n)  if  (*!)**  (V»i). 

Vc  d/  V0  V« 

where  A;  is  the  number  of  zeros  of  0[;Y(a>)  —  jr(S(w))  —  cr]   in  the  fundamental 
polygon,  and  a  has  the  value  given  by  Gierster.145 
Similarly 

(2)  0  =  23?(n)  —  6\I/(n)  +  w,   if  (aJ)  =  (Vno)? 

0  V" 

where  ?y  =  4  or  0  according  as  n  is  or  is  not  a  square. 
From  (1)  and  (2)  and  the  relation145 


GiersterV93  class-number  relations  of  grade  7  follow  at  once;  for,  Gierster's139  £(n) 
is  Hurwitz Js  —  2^  (n ) . 

A.  Hurwitz194  generalized  completely  his184  deduction  of  the  class-number  relations 
of  grade  7  to  grade  q,  where  q  is  a  prime  >  5 ;  and  showed  that  the  right  member  of 
these  relations  is  2®(n)  plus  a  simple  linear  combination  of  coefficients  $(n)  which 
occur  in  an  expansion  of  Abelian  integrals  of  the  first  kind  and  of  grade  q.  That 
is,  if  o- (n)  be  determined  in  terms  of  class-number  as  by  Gierster145  and  Hurwitz,184 

a(n)-2&(n)  -77  =  7^(71)  +7^2(n)  +  .  . .  +h^  (n), 

where  rj  =  2(p  —  1)  or  0  according  as  n  is  or  is  not  a  square;  and  hl9  hz,  . . .,  h^  are 
independent  of  n.  Klein  and  Fricke217  have  since  shown  for  g  =  7,  11,  how  the  h's 
may  be  simply  evaluated  when  the  ^'s  are  known. 

192  Cf .  A.  Hurwitz,  Gottingen  Nachr.,  1883,  359. 

193  Math.  Annalen,  22,  1883,  199-203  (Gierster148). 

194  Berichte  Konigl.  Sachs.  Gesells.,  Leipzig,  37,  1885,  222-240. 
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E.  Pfeiffer195  wrote  H(n)  for  the  number  of  classes  of  forms  of  negative  determi- 
nant  —  nf  and  sharpened  MertenV17  asymptotic  expression  for  the  sum 
to  the  equivalent  of 


where  the  order117  only  of  the  last  term  is  indicated  and  e  is  a  small  positive  quantity. 
Pfeiffer,  in  a  discussion  which  lacks  rigor,  indicated  a  method  of  proof  (see  Landau330 
andHermite204). 

L.  Gegenbauer196  denoted  by  f(n)  the  number  of  representations  of  n  as  the  sum 
of  two  squares,  and  deduced  from  four  of  Kronecker's  formulas  like124  (1)  four 
formulas  similar  to  and  including  the  following : 

12  5  E(x)=f2(n)+2[2]f2(n-x2), 

x=l  x=i 

where54 

r  [Vr]  

E(n)=2F(n)-G(n),    ft(r)=  S  f(x)=  2   [Vr-*«|. 

x=l  x=Q 

His  earlier  result197 


,. 
*=o  4V  a 

transforms  this  into 


(For  the  notation  0,  see  F.  Mertens.117)    The  other  analogous  results  are 


lim         F(4x  +  a)/nV2  =  l>7T,         lim     28 

n—ao     x=Q  n  =  oo    x= 


where  a=l  or  2.    Hence  the  asymptotic  median  number  in  the  three  cases  is 
jTrVn,  Tr\fn/2.    These  four  results  combined  with  those  of  Gauss198  and  Mertens117 
give  the  asymptotic  median  number  of  odd  classes  as 


Gegenbauer199  derived  from  four  of  Kronecker^s200  and  four  of  Hurwitz's202 
formulas,  twelve  class-number  relations  with  more  elegance  than  he198  or  Hermite164 
had  derived  three  of  the  same  formulas.  For  example,  from  the  following  formula 
of  Hurwitz,202 


4  S 

71  =  0 


195  Jahresbericht  der  Pfeiffer'schen  Lehr-und  Erziehungs-Anstalt,  Jena,  1885-1886,  1-21. 

196  Sitzungsber.  Akad.  Wiss.  Wien,  Math-Natur.,  92,  II,  1885,  1307-1316. 

197  ibid.,  384. 

"sDisq.  Arith.*  Art.  302;  Werke,  II,  1876,  284. 

199  Sitzungsber.  Akad.  Wiss.  Wien.,  Math.-Natur.,  93,  II,  1886,  54-61. 

200  Monatsber.  Akad.  Wiss.  Berlin,"*  1875,  229. 
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it  follows  that  4F(8n+ 1)  is  the  number  of  integral  (positive,  negative  or  zero) 
solutions  of 


Put  x2  +  y2  =  k  and  solve  for  z.    For  a  fixed  Ic,  the  number  of  integer  values  of  z  as  n 
ranges  from  1  to  N  is  therefore 

Hence 

2  2  F(8x+l)  = 

iZ=0  *=0 

where  f(x)  denotes  the  number  of  representations  of  x  as  the  sum  of  two  squares. 
The  symbol  f(x)  is  decomposed  so  that  the  last  formula  becomes 


28 

x=0 

with  0  as  in  Mertens.117  As  in  the  previous  case,196  Gegenbauer  now  finds  that  the 
asymptotic  median  number  of  odd  classes  of  the  determinant  —  (8?i  +  i),  t=l,  2,  3, 
5,  or  6  is  TrVnA 

Gegenbauer201  without  giving  proofs  supplemented  his  earlier  list199  of  12  class- 
number  relations  with  20  others  which  are  easily  deduced  by  processes  analogous  to 
those  used  before199  and  which  include  the  following  three  types : 


ar=0  £=0 

in  which  [presumably]  \l/i(n)  denotes  the  number  of  representations  of  4n  as  the 
sum  of  four  uneven  squares,  where  the  order  of  terms  is  regarded,  but  (—  a)2  is 
regarded  as  the  same  as  (+a)2. 


.r=o 
p(m)  =^(  —  2/dj),  dl  ranging  over  the  odd  divisors  of  n. 


a;=0  y  y,  z 


A.  Hurwitz202  employed  four  formulas  of  Kronecker203  all  of  the  same  type  and 
including 

(1) 
(2) 

He  enlarged  the  list  to  12  such  formulas  by  simple  methods,  for  example  by  replacing 
q  by  —  q  in  (1),  adding  the  result  to  (1),  and  then  using  the  relation 


6l(q)=202(q2)6z(q2). 


201  Sitzungsber.  Akad.  Wiss.  Wien,  Math-Natur.,  93,  II,  1886,  288-290. 

202  Jour.  fur.  Math.,  99,  1886,  165-168;  letter  to  Kronecker,  1885. 

203  Monatsber.  Akad.  Wiss.  Berlin,***  1875,  229-230. 
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The  result  in  this  case  is 
(5) 


Seven  class-number  relations  are  obtained  similarly  to  the  following.    We  multiply 
(2)  by  02(iq*).    The  relation 

now  gives 

4e 

and  the  equating  of  coefficients  here  gives 

V  (—  1  ")  < 


in  which  h  is  uneven  and  positive,  O2(ra)  =S(  —  2/v)v,  where  »>  ranges  over  all 
positive  uneven  numbers  satisfying  m  =  vz  +  2nz. 

C.  Hennite204  represented  the  totality  of  reduced  unambiguous  quadratic  forms 
of  negative  determinant  and  positive  middle  coefficient  by  (2s  +r,  s,  2s+r+t), 
r,  s,t  =  1,  2,3,  ....  Hence  in 

S  =  220(2**r)  (2s+r+n  -«* 

the  coefficient  of  g^  is  the  number  of  unambiguous  classes  of  determinant  —  N.    And 
if  we  put  n  =  2s  +  r,  we  get 


-i  2  3 

0,8,9,.,., 


The  number  of  ambiguous  forms  (A,  0,  (7),  A^Cf  of  determinant  —A"  is  the 
number  of  factorizations  N=n(n-\-i),  where  n  is  a  positive  integer  and  i  ^  0.  This 
implies  that  the  number  of  ambiguous  forms  of  this  type  is  the  coefficient  of  qN  in 
the  doubly  infinite  sum 


Similarly  the  number  of  ambiguous  reduced  forms  of  the  type  (2B,  B,  C)  and 
(A,  B,  A)  of  determinant  —  N  is  the  coefficient  of  qN  in  the  expansion  of 


This  gives205 


Hence,  HH(n)  denotes  the  number  of  classes  of  determinant  —  n, 


204  Bull,  des  sc.  math.,  10,  I,  1886,  23-30;  Oeuvres,  IV,  1917,  215-222. 

205  Cf.    C.  G.  J.  Jacobi,  Pundamenta  Nova,  1829,  Art.  65,  p.  187;  Werke,  I,  1881,  239  (trans- 

formation of  C.  Clausen). 


146  HlSTOEY   OF   THE   THEORY   OF   NUMBERS.  [CHAP.  VI 

We  divide  each  member  by  1  —  q  and  expand  according  to  increasing  powers  of  q. 
Then  the  coefficient  of  q*  in  the  left  member  is  U=H(1)  +H(2)  +  ...  +H(N). 
By  the  use  of  the  identity206 

to   ' 


the  coefficient  of  qN  in  the  second  member  becomes 


Neglecting  quantities  of  the  order  of  E("VN)  =v,  we  get 


where  C  is  the  Euler  constant.330    In  short, 

U=  %N  log  N+21 


n 
Geometric207  considerations  give  the  approximate  value  of  the  last  term  as 


where  the  limits  of  integration  are  given  by  the  relations  y>2x,  N+x2—y2>Q. 
Hence  for  N  very  great,  U=%irNt.    Of.  Pfeiffer,195  Landau.330 

L.  Gegenbauer,208  employing  the  same  notation  as  had  G-.  L.  Dirichlet209  and  the 
same  restrictions,  obtained  by  new  methods  the  results  of  Dirichlet,  that  the  mean 
number  of  representations  of  a  single  positive  integer  by  a  system  of  representative 
forms  of  fundamental  discriminant  A  is 


ir  '  if  A<°;         2^(A)/V-A,  if  A<0, 

where  -K"(A)  is  the  number  of  classes  of  negative  discriminant  A.    For  example,  in 
the  first  case,  the  identity 


n 

2 
x=~ 


in  which,  presumably,  e(x)  =Q  or  1  according  as  #<1  or  >1;  and  the  last  summation 
extends  over  divisors  of  r,  implies  that 


x=l 


206  c.  Hermite,  Acta  Math.,  5,  1884-5,  311;  Oeuvres,  IV,  1917,  152. 

207  Cf .  R.  Lipschitz,102  Sitzungsber.  Akad.  Wiss.  Berlin,  1865,  174-175. 
2°*  Sitzungsber.  Akad.  Wiss.  Wien,  96,  II,  1887,  476-488.  ^ 
209  Zahlentheorie,  Braunchweig,  1894,  229;  Dirichlet.19 
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where  d  ranges  over  the  divisors  of  x  and  r2(A/d)  is  Dirichlet's93  expression  (2)  for 
the  number  of  representations  of  #  by  a  system  of  representative  forms  of  determi- 
nant A.  Hence 


where  0^  ea?<l,  and  each  of  the  last  three  terms  remains  finite  when  n  becomes 
infinite. 

Gegenbauer210  defined  a  certain  function  by 


in  which  (A/d)  is  the  Jacobi-Legendre  symbol,  d  ranges  over  the  divisors  of  nf  and 
p(x)  is  the  Moebius  function  (this  History,  Vol.  I,  Ch.  XIX).    Then 


if  A  is  prime  to  1,  2,  3,  . . . ,  ^.    This  relation  combined  with  KroneckerV71  formulas 
(2)  and  (5)  gives  the  number  of  classes  of  a  prime  discriminant  A.    That  is. 


A<0 


9/9 

6  I  &  — 


For  example,  if  A=-7,  Xo(l)=l,  Xo(2)=0,  Xo(3)=2,  Xl(l)=l,  Xl(2)=l, 
Xl(3)=4,  Xl(4)=2,  Xl(5)=6,  Xl(6)=4.    Therefore  K(-7)=l. 
C.  Hermite211  employed  an  earlier  result69 


E01<a2+ 


for  a=2c'+l,  divided  by  q$,  then  applied  his204  identity  (1),  and  equated  coefficients 
of    ™-1  and  obtained 


where  J,  d'  are  of  the  same  parity;  *d'^d;m^.  (^+1)(^/+1);  and  the  coefficient 
2  is  to  be  replaced  by  1  if  d=d'.  But  when  in  mathematical  induction  m  —  1  is 
replaced  by  m,  the  right  member  of  the  last  equation  is  increased  by  double  the 
number  of  solutions  of 


in  which  c=l,  2,  .  .  .,  m;  d  =  d'  (mod  2),  d'>d;  while,  if  d'—d,  each  solution  is 
counted  -J.    This  gives  the  value  of  F(^m  —  1)  . 


210  Sitzungsber.  Akad.*Wiss.  Wien  (Math.),  96,  II,  1887,  607-613. 
2"  Jour,  fur  Math.,  100,  1887,  51-65;  Oeuvres,  IV,  1917,  223-239. 
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Hermite  equated  the  coefficients  of  certain  powers  of  q  in  two  expansions  of  HI  (  0  ) 
and  found  that,  for  m  =  3  (mod  8),  the  number  of  odd  classes  of  the  negative  deter- 
minant —  m  is  2$(w  —  &2),  in  which  &  =  0,  ±2,  ±4,  ...;  62<m;  and  $(w)  = 
2(  —  l)*(d'+1),  d'  ranging  over  the  divisors  of  m  which  are  >Vm  and  =3  (mod  4). 

P.  Nazimow212  gave  an  account  of  the  use54'  145  of  modular  equations,  and  of 
Hermite's69  method  of  equating  coefficients  in  the  theta-function  expansions,  to  obtain 
class-number  relations. 

X.  Stouff128  of  Ch.  I  extended  DirichletV9  determination  of  the  class-number 
when  the  quadratic  forms  and  the  definition  of  equivalence  both  relate  to  a  fixed  set 
of  integers  called  modules. 

L.  Kronecker213  let  ax2  -f  bxy  +  cy2  be  a  representative  form  of  negative  discrimi- 
nant D  —  —  &  =  b2  —  4:(tc;  put  a=ao  VA  and  (Cf.  Kronecker175) 


He  obtained  the  fundamental  formula 

limf-—  +  i   2  - 
P=O  L      p       27rm,n  (am2 


2)14 

where  C  is  a  constant  independent  of  Df  a,  b,  c.  When  each  member  of  this  identity 
is  summed  for  the  K(D0)  representative  forms  of  fundamental  discriminant  D0, 
the  result  enables  Kronecker171  to  evaluate  the  ratio  H'(  —  A0)/fl"(  —  A0)  in  terms 
of  K(D0),  where 


This  is  called  Kronecker's  limit  ratio. 

H.  Weber214  denoted  by  w  the  principal  root  of  a  reduced  quadratic  form  of 
determinant  —  m,  and  denoted  by  ;(w)  the  product  of  F.  Klein's134  class-invariant  J 
by  1728.  The  class  equation 

(i)  n[u-/(.)]=o, 

in  which  w  ranges  over  the  principal  roots  of  a  representative  system  of  primitive 
quadratic  forms  of  determinant  —  m,  he  expressed  by 

(2)     Hm(u)=Q,     or     (3)     H'm(u)=Q, 

according  as  the  forms  are  of  proper  or  improper  order.  By  applying  transformations 
of  the  second  order  to  o>,  he  set  up  a  correspondence  between  the  roots  of  (2)  and  (3)  . 
This  correspondence  is  1  to  1,  if  m=  —  1  (mod  8)  ;  3  to  1,  if  m  =  3  (mod  8),  except 
when  m  =  3.  Whence  he  obtained  Dirichlet's20  ratio  between  h  (D)  and  h'  (D)  ,  D<  0. 

212  On  the  applications  of  the  theory  of  elliptic  functions  to  the  theory  of  numbers,  1885, 

(Russian).    Summary  in  Annales  Sc.  de  1'Ecole  Norm.  Sup.,  (3),  5,  1888,  23-48,  147- 
176  (French). 

213  Sitzungsber.  Akad.  Berlin,  1889,  I,  199-220. 

21*  Elliptische  Functionen  und  Algebraische  Zahlen,  1891,  338-344. 
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Weber215  gave  the  name  (cf.  DedekindV28  valence  equation  (1))  invariant  equa- 
tion to 


of  order  ad  —  l)c  =  n,  in  which  the  g.c.d.  of  a,  ~b,  c,  d  is  1,  and 


is  a  complete  set  of  non-equivalent  representatives.    He  observed  that,  if  <•>  furnishes 
a  root  /(w)  of  (4),  then  w  must  be  the  principal  root  of  a  quadratic  form 


(5)  A< 

where,  for  a  positive  integer  x, 

~b  —  Ax,        c=—Cx,        a—d=Bx; 
and  if  we  set  a  +  d  =  y,  we  must  have 

Conversely,  for  each  of  the  Tc  representations  of  —  D  in  the  form 

n_  4n  —  yz 
~tf~> 

there  are  Cl(D)=h'(D)  forms  (5)  each  of  whose  principal  roots  furnishes  one  root 
of  (4).    Hence  (4)  can  be  written  (cf.  Weber's  Algebra,  III,  1908,  421) 

(?)  CH%(u)H%(u)...=0,        *=/(„). 

If  /(CD)  is  a  root  of  (4),  expansion  of  the  left  member  in  powers  of  q  =  evita  shows 
that  the  degree  of  (4)  in  /(o>)  is 

22-|  +(e)  +</>(  Vn)  or  22  -|  4>(e), 

according  as  n  is  or  is  not  a  square  (cf.  Dedekind,128  (2))  where  3>Vn  is  a 
.divisor  of  n.  The  degree  of  (7)  in  /(w)  is  2h'(Di)ki,  summed  for  t=l,  2,  3,  . . . . 
For  brevity,  (4)  is  written  Fn(u,  u)  =0.  The  simplest  case  of  deducing  a  class- 
number  relation  of  L.  Kronecker's  type48  is  presented  by  equating  two  valuations  of 
the  highest  degree  of  u  =  j(a>)  in  the  reducible  invariant  equation 

FH>9(U,  U)  -Fn'^U,  U)  'Fn>2(u,  u)  .  .  .  =  0, 

where  wi,  n(,  n't,    .  . .  are  derived  from  n  in  every  possible  way  by  removing  square 
divisors  including  1,  but  excluding  n  when  n  is  square.    The  relation  is 

K(n)  +2K(n-l)  +2K(n-4)  +  ...  +2E'(4n-l)  +2J5Tr(4n-9)  +  .. . 

=  223  or 


according  as  n  is  not  or  is  a  square.    Here  K(m)  denotes  the  number  of  classes  of 
215  Elliptische  Fimctionen  und  Algebraische  Zahlen,  1891,  393-401. 
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determinant  —  w,  and  K'(m)  denotes  the  number  of  classes  of  determinant  —m 
derived  from  improperly  primitive  classes.  Finally,  29  is  the  sum  of  the  divisors 
of  n  which  are  >  V^. 

J.  Hacks216  considered  the  negative  prime  determinant   —  q,  where  g= 
he  put 


and  found  that  the  number  of  properly  primitive  classes  of  determinant  —  q  is 
h=%(q—  1)  —  2$' +  4$.    This  is  given  the  two  following  modified  forms 

a— I          4(9-3)  -I  507-3)   [2*V0] 

fcs=X__2   2    (-l)*[Vig-«],      fc=JL_+2^      2     (-1)'; 

and  finally  is  reduced  to  Diri  chiefs23  formula  (6). 

F.  Klein  and  R.  Fricke217  reproduced  the  theory  of  modular  functions  of  Dede- 
kind128  and  Klein,134- 138  also  (Vol.  II,  pp.  160-235,  519-666)  the  application  by 
Gierster,135'  189»  145«  147  Hurwitz,167'  184«  194  and  Weber214  of  that  theory  to  the  deduc- 
tion of  class-number  relations  of  negative  determinants.  They  gave  (Vol.  II,  p.  234) 
the  relations  of  grade  3  which  come  from  the  tetrahedron  equation  and  (Vol.  II,  pp. 
231-233)  the  relations  of  grade  5  that  come  from  the  icosahedron  equation.  Their 
formulas  (1±)  p.  231,  and  (7),  p.  233,  should  all  have  their  right  members  divided 
by  2.  They  reproduced  (Vol.  II,  pp.  165-73,  204-7)  the  theory  of  the  relation  between 
modular  equations  and  Smith's132  reduced  forms  of  positive  determinant. 

In  connection  with  Hurwitz's194  general  class-number  relation  of  prime  grade 
<?>5  and  relatively  prime  to  n,  Klein  and  Fricke  constructed  a  table  of  values  of  \j/i 
and  xi  for  n  ^  43.    A  sample  of  the  table  follows  (p.  616)  : 
n  \     \f/i     if/.y     if/s       I   7i   I     Xi 


1 

-1 

1 

0 

2 

0 

-1 

3 

1 

1 

-1 

6 

1 

0 

4 

2 

0 

1 

7   |    -1 

0 

For  2=11  and  (n/q)  =  —  1,  Hurwitz's  first  general  formula  becomes 
6 


3V—  n 


where  K  is  positive  or  negative  and  K2=  (3V^n)2  (mod  q).    Hence,  by  the  table 
for  n=2,  n  =  6, 


But  it  is  known  that  £T(4)  =J;  #(23)  =3.    Therefore  ^  =  12;  *2  =  0. 

G.  B.  Mathews218  reproduced  in  outline  the  researches  of  G.  L.  Dirichlet93  on  the 
number  of  properly  primitive  classes  of  a  given  determinant;  and  those  of  Lip- 
schitz219  on  the  ratio  of  the  numbers  of  classes  of  different  orders  of  the  same 
determinant. 

216Acta  Math..  14,  1890-1,  321-328. 

217  Elliptische  Modulfunctionen,  I,  1890,  163-416  ;  II,  1892,  37-159. 

218  Theory  of  Numbers,  Cambridge,  1892,  230-256. 

219  Ibid.,  159-170. 
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H.  Weber,220  by  arithmetical  processes,  obtained  L.  KroneckerV21  expression  for 
the  number  h  of  primitive  classes  of  forms  ax2  +  Ixy  +  cy2  of  discriminant  D.  For 
D=Q2-&,  A  a  fundamental  discriminant,  he  obtained  by  DirichletV0  methods, 
KroneckerV71  ratio  (4)  of  the  class-number  of  D  and  of  A.  By  the  use  of  Gauss 
sums,  he  transformed  the  former  result  for  Q  =  l  into 


(2)  h  log  $(T  +  J7VA)  =  -2  (A,  s)log  sin  STT/A,      A>0, 

s 

in  which222  (A,  5)  is  the  generalized  symbol  (A/s)  of  Kronecker171  ;  and  0<s<  ±A. 
By  Dirichlet's  methods,  he  obtained  the  analogue  of  DirichletV3  formulas  (5). 
See  Lerch,240  (4).    By  use  of  the  Gauss  function 


(u)  =  lim  ( 
m=oo\ 


losm  --  — 


—  --  —  _ 
m=oo  u  +  l       u  +  2  '  u+m 

the  formulas  written  abovft  become 

(3)  ^W^A^cot^,   A<0; 

(4)          hlog$(T+U^)  =  (*,v)t~+t-l+^    A>0, 


OO<±A/2  (cf.  Lebesgue,36  (1)). 

For  A  =  -m<0  and  uneven,  (3)  is  equivalent  (cf.  M.  Lerch,238  (1))  to 

(5)  ft  =  _L_5cot^. 

2vm  v         m 

Weber  transformed  (p.  264)  his  formula  (2)  above  by  cyclotomic  considerations223 
and  observed  that  7t(A)  is  odd  if  A  is  an  odd  prime  or  8,  and  even  in  all  other  cases. 
(Cf.  Dirichlet,  Zahlentheorie,  1894,  §§  107-109.) 

P.  Bachmann224  reproduced  (pp.  89-145,  188-227)  a  great  part  of  the  class- 
number  theory  of  Gauss4-9  Dirichlet,93  and  (pp.  228-231)  Schemmel95;  and  also 
(pp.  437-65)  the  researches  of  Lipschitz102  and  Mertens117  on  the  asymptotic  value 
ofh(D). 

J.  de  Seguier225  showed  that  KroneckerV71  formula  (52)  is  valid  for  -Z>0<0>  if  in 
the  right  member,  D0  be  replaced  by  |Z>0|  .  This  proof  is  reproduced  in  his226  treatise. 

J.  de  Seguier226  wrote  a  treatise  on  binary  quadratic  forms  from  KroneckerV71 
later  point  of  view  making  special  reference227  to  two  fundamental  formulas  of 

220  Gottingen  Nachr.,  1893,  138-147,  263-4. 

221  Sitzungsber.^i  Akad.  Wiss.  Berlin,  1885,  II,  771. 

222  Cf.  H.  Weber,  Algebra,  III,  1908,  §  85,  pp.  322-328. 

223  Cf.  Dirichlet,^  (1);  Arndt." 

224  Zahlentheorie,  II,  Die  Analytische  Zahlentheorie,  Leipzig,  1894. 

225  Comptes  Rendus,  Paris,  118,  1894,  1407-9. 

226  Formes  quadratiques  et  multiplication  complexe;  deux  formules  fondamentales  d'apres 

Kronecker,  Berlin,  1894. 

227  Ibid.,  133,  formula  (6)  ;  p.  218,  formula  (3). 
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Kronecker.228     He  extended   (p.  32)   KroneckerV71  identity  (4a)  in  Gauss  sums 
(cf.  H.  Weber,  Gott.  Nachr.,  1893,  51)  to  the  form 


0  (  -  1  )  i(8gn  ^  (sgn  D*~l\ 

where  sgnz=:  +1  or  —  1,  according  as  x  is  >  or  o?<0,  while  DQ  is  a  fundamental 
discriminant. 

Then,  whether  D  is  positive  or  negative,  it  follows  at  once  in  KroneckerV71  nota- 
tion that  the  number  of  primitive  classes  is  given  by 

(1)     K(Dt)  logE(D0)  = 

l^ol-l/D  \    oo    e2nkiri/\D0\  \D0\-l  /  n 

=    2    (is)*'  2    (S 

k=l     \  K  I  n=l          n  k  =  l    \  K 

in  which  E(D0)    is  a  fundamental  unit;   and,   if  z  =  reie,  then 
-7r<0<7r  (pp.  118-126).    For  D0>0,  this  formula  is  KroneckerV71  (52).    Else- 
where de  Seguier225  repeated  briefly  his  own  deduction  of  (1). 
By  noting  that 


log  (1-e2^/^!)  -log  2  sin 

he  obtained  from   (1)   two  distinct  formulas;  one  being  KroneckerV71   (5J   and 
the  other  (p.  127)  being  WeberV20  (2), 


By  a  study  of  groups  of  classes  in  respect  to  composition  of  classes,  de  Seguier 
(pp.  77-96)  obtained  the  ratio  of  Cl(D-S2)  to  Cl(D).  Cf.  Gauss,4  Arts.  254-256. 

Denoting  the  Moebius  function  (see  this  History,  Vol  I,  Ch.  XIX)  by  e», 
de  S6guier  found  (p.  116)  that  for  any  function  F  which  insures  convergence  in 
each  member  of  the  following  formula,  we  have 

(m)=   S  cd  2  F(nd). 

If  a,  ID,  c  are  arbitrary  constants  (eventually  integers)   and  F  is  taken  such  that 
F(xy)  =F(x)  -F(y),  we  have 

=  2  ed  2  F(d)F(adm2  +  bmn+  -4-n2), 

d\Q      m,n  d 

m,  n  =  0,  ±1,  ±2,  ...,  ±00,  except  m=n=Q.    Let  F(u)  be  p/u1*?.     Since,  for 
such  a  function, 

p->-0    m,  n 

228  L.  Kronecker,1".  213  Sitzungsber.  Akad.  Wiss.  Berlin,  1885,  II,  779 ;  1889,  I,  205. 
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depends  only  on  Zr  —  ±ac,  we  have 
lim  P 

p=0        m 

But171 

rH(D)  =K(D)\im  PS 

p=0    m,  n 

Hence  we  have,  for 


T  0  €d          0 

D«v  ~~  =  **  »    D«d'"-  =  Q)' 


To  this  formula  is  applied  the  following  lemma  due  to  Kronecker229  :  Let  f(n), 
g(n)  be  two  arbitrary  functions  of  n  and  let  h(n)  =  2f(d)g(d')  (dd'  =  n),  and  let  g 
have  the  property  g(mn)  =g(in)g(n),  g(l)=l;  then 


')      (dd'  =  n). 
Hence  we  deduce  from  (4)  the  new  relation  (p.  128) 


D     Q 
)> 

For  discriminants  I>i<0,  D2>0,  de  Seguier  gave  the  following  approximation 
formula  (p.  314)  : 


the  summation  extending  over  a  system  of  primitive  forms  (a,  &,  c)  of  discriminant 
D=D1-D2;  while  A  is  an  arbitrary  number  representable  by  (a,  "b,  c)  and  relatively 
prime  to  2D. 

M.  Lerch,230  in  the  case  of  Kronecker^s  forms  of  negative  fundamental  discrimi- 
nant —  A  =  5  (mod  8),  gave  to  DirichletV0  equation  (2)  the  form 


a,  b,  c   m,  n  h,  k 

m,  7i=0,  ±1,  ±2,  .  .  .,  except  m  =  n=Q;  h,  h  =  l,  2,  3,  ....    He  took 

F(x)  =  (-l)*e-™"* 
and  obtained 

(1)  ^        ^/  /  _^\)?iHfJH+ne-7r(am2+6»fn+cn2)/\/4r_   ^    |  JH^  J  /  _  \\  Afc 

a,  6,  c  m,  n  h,  k  \    h    / 

But  by  taking  (r=r=Q  in  KroneckerV31  fundamental  formula,  it  is  seen  that  the 
left  member  of  (1)  would  vanish  if  it  contained  the  terms  with  m  =  n  =  Q.  Hence 
the  left  member  of  (1)  is  —  Cl(  —  A),  and  (1)  can  be  written 


229  De  Seguier's  Formes  quadratiques,  114;  L.  Kronecker,  Sitzungsber.  Akad.  Wiss.  Berlin, 

1886,  II,  708. 

230  Comptes  Rendus,  Paris,  121,  1895,  879. 

231  Sitzungsber.  Akad.  Wiss.  Berlin,  1883,  I,  505.1" 
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By  expressing  the  right  member  in  terms  of  a  0-function,175  we  obtain 


p=. 


-A). 


y=|  if  A  =  3;        y  =  l  if  A>3. 

G.  Osborn,282  from  DirichletV3  formulas  (6)  and  his  own  elementary  theorems233 
on  the  distribution  of  quadratic  residues,  drew  the  immediate  conclusion  that  the 
number  of  properly  primitive  classes  of  determinant  —2V,  2V  a  prime,  is 

2V=8n»— 1>0, 


but  is  3  times  that  number  if  2V=8ra  +  3>0,  where  ^(R)  is  the  sum  of  the  quadratic 
residues  of  N  between  0  and  2V. 

*R.  Getting234  found  transformations  of  the  more  complicated  of  DirichletV3 
closed  expressions  for  class-numbers  of  negative  determinants. 

A.  Hurwitz235  denoted  by  h(D)  the  number  of  classes  of  properly  primitive  posi- 
tive forms  of  negative  determinant  —D.  Let  p  be  a  prime  =3  (mod  4)  and  write 
p'=^(p  —  i).  Since  (s/p)  =sp'  (mod  p),  Dirichlet's26  result  (5J  implies 

;z(p)=lp'  +  2P'+...+//p'  (modp). 
The  right  member  is  the  coefficient  of 
(1)  ( 

in  the  expansion  of 


. 
2  sm  \x 

This  numerator  is  congruent  to  cos  J#—  1  modulo  p,  and  by  applying  a  theorem  on 
the  congruence  of  infinite  series,  we  get 


(x}  m  =     =      -  s  _4  tan  lx  (mod     } 

2  sm  \x        4  sm  \x  cos  \x 

But  when  x  is  replaced  by  4#,  (1)  is  multiplied  by  4?'  or  2^  =  1  (mod  p).  Hence 
h(p)  is  congruent  modulo  p  to  the  coefficient  of  (1)  in  the  expansion  of  —  -Jtanz. 
When  £?  =  !  (mod  4),  we  employ  the  expansion  of  -Jsecz.  Other  such  theorems 
give  h(2p). 

The  same  result  of  Dirichlet  is  used  to  prove  that  if  q=  1  (mod  4)  and  q  has  no 
square  factor  >  1,  and  if 


sin  *-  sin  3*+sin  5*-  .  .  .  - 


232  Messenger  Math.,  25,  1895,  157. 

233  Ibid.,  45. 

234  Program  No.  257  of  the  Gymnasium  of  Turgau,  1895. 

235  Acta  Math.,  19,  1895,  351-384. 
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and  if  p  =  3  (mod  4)  is  a  prime  not  dividing  q,  then 

MP?)  =  (-l)i(p+1)q<P+1>   (modp). 

There  are  analogous  theorems  for  h(pq)  and  h(2pq)  for  all  combinations  of  residues 
1  and  3  (mod  4)  of  p  and  q. 

To  obtain  a  lower  bound  for  the  number  of  times  that  2  may  occur  as  a  divisor  of 
h,  the  number  of  genera  of  the  properly  primitive  order  is  calculated.236  If  hg(D) 
denote  the  number  of  classes  in  a  properly  primitive  genus  of  determinant  —D,  the 
parities  of  lig(pq)  and  hg(2pq)  depend  only  on  the  values  of  (p/q)  and  p  (mod  8) 
and  q  (mod  8),  and  are  shown  in  tables. 

By  combining  the  two  theories  of  this  memoir  one  obtains,  for  special  q,  results 
such  as  the  following  : 

If  p  =  3  (mod  4),  7i(5p)  is  the  least  positive  residue  modulo  2p  of  (  —  l)i(p+1)cj(p+1), 
where  c1}  Co,  ...  are  the  coefficients  in  the  expansion 

rin  s  +  sin  SX  I*  +  .  .  .  +ft.  ./-'  „  +  .  . 

cos  5x  3!  (2n  —  1)  ! 

F.  Mertens237  completed  the  solution  of  Gauss'  problem  (Disq.  Arith.4,  Art.  256)  to 
find  by  the  composition  of  forms  the  ratio  of  the  number  of  the  properly  primitive 
classes  of  the  determinant  S2-D  to  that  of  D.  He  modified  Gauss'  procedure  by 
taking  schUcht  forms  (Mertens37  of  Ch.  Ill)  as  the  representatives  of  classes  and 
by  means  of  them  found  for  any  determinant  the  number  of  primitive  classes  which 
when  compounded  with  an  arbitrary  class  of  order  8  would  produce  an  arbitrary 
class  of  order  8  (Mertens37  of  Ch.  III). 

M.  Lerch238  rediscovered  Lebesgue's36  class-number  formula  (1)  above,  and  wrote 
it  for  the  case  A  =  p  =  4m  +  3,  a  prime  : 


i(-p))      fc=l,  2,  ...,p-l,     —         . 

P  T  \P  / 

By  replacing  k  by  az  —  p[a2/p'],  he  obtained  Weber's  formula220  (5)  : 


(1)  .Cl(-p)-  i  cot--. 

T  0  =  1  P 

He  found  for  A  =  4p,  p  =  4m  +  1,  a  prime  >  1, 
(2) 


For  A  =  8p,  Lerch  derived  more  complicated  formulas  which  are  analogous  to 
(1)  and  (2). 

L.  Gegenbauer239  in  a  paper  on  determinants  of  m  dimensions  and  order  n,  stated 
the  following  theorem.  If  for  k  =  1,  .  .  .,  n  in  turn  in  a  non-vanishing  determinant  of 
even  order  m,  we  replace,  in  the  sequence  of  elements  which  belong  to  any  particular 

236  C.  F.  Gauss,  Disq.  Arith.,  Art.  252;  G.  L.  Dirichlet,  Zahlentheorie,  Supplement  IV,  ed. 

4,  1894,  3ia-330. 

237  Sitzungsber.  Akad.  Wiss.  Wien,  104,  Ha,  1895,  103-137. 

238  Sitzungsber.  Bohm.  Gesells.  Wiss.,  Prague,  1897,  No.  43,  16  pp. 

239  Denkschrift  Akad.  Wiss.  Wien,  Math.-Natur.,  57,  1890,  735-52. 
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rth  index,  the  elements  which  belong  to  the  o-th  index  lct  by  the  corresponding  elements 
respectively  which  have  the  ath  index  k2  +  Ic  +  A,  where  —  A  is  a  negative  fundamental 
discriminant  and  where  all  the  indices  are  taken  modulo  n  ;  and  if  we  divide  each  of 
the  resulting  determinants  by  the  original,  the  product  of  VA  by  the  sum  of  the 
quotients  has  mean  value,  G(  —  A),  when  n  becomes  infinite  (p.  749)  .  Three  similar 
theorems  include  a  case  of  n  finite. 
M.  Lerch240  employed 

*    sin  2vxir 


Then  E*(x)  =  \x]  if  #>0  is  fractional,  but  =[»]—  -J  if  x  is  an  integer.  In  the 
initial  equation,  x  is  replaced  by  x  +  am/A,  where  —A  is  a  negative  fundamental 
discriminant;  each  member  is  then  multiplied  by  (—A/a)  and  summed  for  a=l,  2, 
3,  .  .  .,  A  —  1.  Since  [a  misprint  is  corrected  here], 


it  follows  from  the  theory  of  Gauss'  sums  (cf .  G.  L.  Dirichlet,  Zahlentheorie,  Art.  116, 
ed.  4,  1894,  p.  303)  that 

A— 1  , 


a=       a  a=1      a  m         TT    r»1\   v 

Then  by  KroneckerV71  formula  (5J  we  have 


By  comparing  this  result  with  the  case  m  =  l,  we  have  for  x=Q, 


For  m  not  divisible  by  A,  ^*(am/A)  is  equal  to  [am/A].     Taking  m  =  2  and 
applying  (1),  we  get241 


Hereafter  we  take  A>4,  i.  e.,  r  =  2.    Then,  for  m  =  4,  we  have 


When  we  put  S(a,.  .  .,  &)  for  2«  (  —  A/a),  formula  (5)  is  reduced  by  means  of  (1)  to 

K0'-" 

But  (4)  is  equivalent  to 


240  Bull,  des  sc.  math.  (2),  21,  I,  1897,  290-304. 
2«  Cf.  H.  Weber,22o  Gottingen  Nachr.,  1893,  145. 
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By  combining  the  last  two  formulas  we  obtain  the  two  serviceable  ones 


A  still  more  expeditious  formula  is  obtained  by  taking  m  =  3  in  (3),  whence 


and  this  relation  combined  with  (6)  yields 


Formal,  (2)  becomes 


This  is  a  generalization  of  DirichletV9  formula  (1)  and  it  holds  for  —A  not  a 
fundamental  discriminant.  Lerch  showed  that  (8)  is  valid  for  any  negative  dis- 
criminant when  05^oj<l/A  by  reducing  it  from  DirichletV9  formula  (1).  By 
simply  integrating  (8),  he  deduced 


M.  Lerch242  applied  to  Kronecker  forms  ax2  +  bxy  +  cy2  the  unit  substitution  and 
for  a  given  value  of  b2  —  4ac  =  D<Q  studied  the  number  of  principal  roots  <o  of 
reduced  forms  which  would  lie  in  the  fundamental  region.128  By  arithmetical 
methods^he  obtained  cumbersome  formulas,  involving  the  Legendre  symbol  E(x), 
for  2F(4fc)  and  XF(4fc-l),  summed  for  Jc=l,  2,  .  .  .,  n,  where  F(A)  denotes  the 
number  of  classes  of  discriminant  —A.  He  identified  these  results  with  the  concise 
ones  of  Hermite211  which  had  been  obtained  from  elliptic  functions  for  forms 
ax2-}-2bxy-\-cy2. 

Lerch243  in  an  expository  article,  deduced  for  negative  and  positive  discriminants 
DirichletV9  class-number  formulas  (1)  in  which  enters  P(D)=$?(D/h)/h.  For 
an  arbitrary  discriminant  D,  where  \D\  =A,  he  found  by  logarithmic  differentiation 
of  the  ordinary  T-function  that 


242  Rozpravy  ceske  Akad.,  Prague,  7,  1898,  No.  4,  16  pp.  (Bohemian). 

243  Rozpravy  ceske  Akad.,  Prague,  7,  1898,  No.  5,  51  pp.  (Bohemian) ;  resume  in  French, 

Bull,  de  1'Acad.  des  Sc.  Boheme,  5,  1898,  33-36. 
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To  this  he  applied  the  identity  : 

7T  .JCTT  *~l  2aJC7T    ,  O.TT 

r  '(l)  =  -l°g^-Cot-     +         cos—  -  logsm  -     . 


For  the  fundamental  discriminant  D0,  this  furnishes  familiar  formulas  including, 
e.  g.,  for  Z>0>0,  WeberV20  formula  (1). 

Lerch244  repeated  the  deduction  of  his240  formula  (8)  and  established  the  validity 
of  the  formula  for  a  non-fundamental  discriminant  D  for  the  interval  0  ^  #< 
'),  where  D=&Q-Q  and  Q'  is  the  product  of  the  distinct  factors  of  Q. 

Lerch245  transformed  the  Gauss  sum 


n—  1 

^ 

o=0 


as  it  occurs  in  class-number  formulas  (cf.  G.  L.  Dirichlet,  Zahlentheorie,  Arts.  103, 
115)  and  so  obtained  finally 


a==i 


where  m,  n  are  relatively  prime  positive  integers,  n  is  uneven  and  q2  its  greatest 
square  divisor,  while  d  ranges  over  the  divisors  of  n  which  are  =3  (mod  4).  Lerch 
has  since27*  repeated  the  deduction  in  detail.  From  (1)  follows  74 


in  which  dt  and  d3  range  over  the  divisors  of  n  such  that  d:  =  1,  ^3  =  3  (mod  4)  . 

J.  de  Seguier246  in  a  paper  primarily  on  certain  infinite  series  and  on  genera 
simplified  his  results  by  substituting  the  class-number  for  its  known  value.  He 
found,  for  example  (p.  114),  if  F(x)  is  an  arbitrary  function  which  insures  con- 
vergence, then 


, 

where  K(m)  is  the  number  of  properly  primitive  classes  of  discriminant  ra;  A  is 
representable  by  aw2  +  &m?i  +  cn2;  D=D^D2  =  D0Q2,  D0  being  fundamental;  and 
0(Z>1?  ^)  is  the  number  of  classes  of  discriminant  A  and  of  order  d,  where  dd'  =  Q. 
*J.  S.  Aladow247  evaluated  in  four  separate  cases  the  number  G  of  classes  of  odd 
binary  quadratic  forms  of  prime  negative  determinant  —  p: 

24*Rozpravy  ceske  Akad.,  Prague,  7,  1898,  No.  6;  French  resume  in  Bull,  de  1'Acad.  des 

Sc.  Boheme,  5  1898,  36-37. 
245Rozpravy  ceske  Akad.,  Prague,  7,  1898  No.  7  (Bohemian).    French  resume  in  Bull  de 

1'Acad.  des  Sc.  Boheme,  Prague,  5,  1898,  37-38. 

246  Jour,  de  Math.  (5),  5,  1899,  55-115. 

247  St.  Petersburg  Math.  Gesells.,  1899,  103-5  (Russian). 


CHAP.  VI]  BINARY  QUADRATIC  FORM  CLASS  NUMBER.  159 

(i)  If  /?  =  7  (mod  8),  G  equals  the  difference  between  the  number  of  quadratic 
residues  and  non-residues  ^  ^^—3  —  2(3/p)  J-. 

(ii)  If  p  =  3  (mod  8),  G  equals  the  difference  between  the  number  of  quadratic 
residues  in  the  sequence 


and  the  number  in  the  sequence 


(iii)   If  p  =  5   (mod  8),   G  equals  twice  the  difference  between  the  number  of 
quadratic  residues  and  non-residues  in  the  sequence 


(iv)   If  p  =  1  (mod  8)  ,  G  equals  twice  the  sum  of  the  difference  between  the  number 
of  quadratic  residues  and  non-residues  in  the  sequence 


and  the  corresponding  difference  in  the  sequence 

to  +  3  +  S(3//»)S      Hp  +  9  +  8(3/j»H,...,      i(p-l). 

R.  Dedekind,248  in  a  long  investigation  of  ideals  in  a  real  cubic  field,  proved  the 
following  result.  If  at  least  one  of  the  integers  a,  b,  ab  is  divisible  by  no  square,  and 
if  we  write  Jc  =  3ab  or  k=ab,  according  as  a2  —  b2  is  not  or  is  divisible  by  9,  then  the 
number  of  all  non-equivalent,  positive,  primitive  forms  Ax2  +  Bxy  +  Cy2  of  discrimi- 
nant D^B2-4:AC=  -3k2  is  a  multiple  3K  of  3.  For  primes  p  =  l  (mod  B),  p  not 
dividing  D,  K  of  the  forms  represent  all  and  only  such  primes  p  of  which  ab2  is  a 
cubic  residue,  while  the  remaining  2K  forms  represent  all  and  only  such  primes  p 
of  which  ab2  is  a  cubic  non-residue. 

D.  N.  Lehmer249  calls  any  point  in  the  cartesian  plane  a  totient  point  if  its  two 
co-ordinates  are  integers  and  relatively  prime.  He  wrote 


The  number  of  totient  points250  in  the  ellipse  ax2  +  2bxy  +  cy2  =  N,  b2-4ac  = 
Z>=-A,  is 

m  12N  A/  ATP 

(  1  )  -  V  ATd,  2A)  , 


and  in  the  hyperbolic  sector,  always  taken251  in  this  connection,  the  number  is 


N  being  very  great  in  both  cases.     Noting  now  Dirichlet's93  formula  (2)  for  the 

248  Jour,  fur  Math.,  121,  1900,  95. 

2«  Amer.  Jour.  Math.,  22,  1900,  293-335.    Cf.  Lehmer,218  Ch.  V,  Vol.  I.  of  this  History. 

250  Cf.  G.  L.  Dirichlet,20  Zahlentheorie,  Art.  95. 

251  Cf.  ibid.,19  Art.  98,  ed.  4,  1894,  246 
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number  of  representations  of  a  given  number  by  a  system  of  quadratic  forms  of 
determinant  D,  he  finds  the  class-number,  for  example,  for  D=  —  A<0, 


in  which  e  is  the  number  of  solutions  of  t2  —  Du2  =  l',  x  is  any  positive  number 
relatively  prime  to  2D,  v(x)  is  the  number  of  distinct  prime  factors  of  x;  ®x(x)  =1 
or  0,  according  as  each  prime  divisor  does  or  does  not  have  D  as  a  quadratic  residue. 

K.  Petr,252  by  the  use  of  five  functions  A  (  =  Hermite's69  j&),  B,  C,  D,  E,  all 
analogous  to  Hermite's69  «j#f  deduced  all  of  Kronecker's54  eight  classic  relations. 

For  example,  from  expansions  by  C.  Jordan  (Cours  d'analyse,  II,  1894,  409-411), 
he  obtained 


(1) 

Also  C  is  the  coefficient253  of  2q*  cos  irv  in  the  product  of  the  right  member  of 
(2)  ^SfelftM  =22  sin  2mrvqn2.\  2q-*  +  2q-*+  .  .  .  +2q~W\- 

by  the  right  member  of254 

/qv  „  „     ®(v)       4g*  sin  irv       403/2  sin  3-rrv      4q5/2  sin  5irv 

®10»0^)-       l-q  1-g3  1-q*— 

But  in  that  product,  the  coefficient  of  cos  irv  is  a  power  series  in  q  in  which  the 
coefficient  of  qN+*  is  8  times  the  combined  number  of  solutions  of 


n- 
n2- 


where  n  and  fare  positive  integers,  I  taking  also  the  value  zero;  fc  =  0,  1,  2,  .  .  .,  n  —  1. 
But  these  equations  can  be  written255  in  the  forms 


-&)   2) 


and  the  left  members  may  be  regarded  as  the  discriminants  N  =  ab  +  'bc  +  ca  of 
reduced  Selling255*  quadratic  forms  a(y  —  t)2  +  b(t  —  x)2  +  c(x  —  yY,  in  which  a,  I, 
c  do  not  agree  in  parity.  Since  there  is  a  correspondence  between  such  Selling  forms 
of  discriminant  N  and  odd  classes  of  Gauss  forms  of  determinant  —N,  we  have 

(5)  C  =  S2F(n)q». 

The  identity  (Fundamenta  Nova,  §  41) 

»          ^  nqn  c 
~ 


252  Rozpravy  ceske  Akad.,  Prague,  9,  1900,  No.  38  (Bohemian)  ;  Abstract,261  Bull.  Internat. 

de  1'Acad.  des  Sc.  de  Boheme,  Prague,  7,  1903,  180-187  (German). 

253  Cf.  P.  Appell,  Annales  de  1'Ecole  Norm.  Sup.  (3),  1,  1884,  135;  2,  1885,  9. 
25*Cf.  C.  G.  J.  Jacobi,  Fundamenta  Nova  1829,  p.  101,  (19);  Werke  I,  1881,  157. 
255  Cf.  J.  Liouville,88  Jour,  de  Math.  (2),  7,  1862,  44;  Bell,870  and  Mordell.372 

2550  E.  Selling,  Jour,  fur  Math.,  77,  1874,  143. 
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is  multiplied  member  by  member  with  Jacobi's  expansion  formula  for  ©^  (v)  .  In  the 
resulting  left  member,  the  coefficient  of  COSTTV  is  C-2ql®3.  When  this  coefficient  is 
equated  to  the  coefficient  of  cos  TTV  in  the  resulting  right  member,  a  comparison  with 
(5)  yields  the  relation: 


(I)  F(n)  +2F(n-l2)  +  2F(n-22) 

where  d\  denotes  a  divisor  of  n  which  has  an  odd  conjugate  and  d±  denotes  a  divisor 
of  n  which  is  ^  V/Tand  which  agrees  with  its  conjugate  in  parity. 

He  also  found  the  classic  formula54  for  the  number  of  solutions  of  x2  +  y2+z2  =  n. 

To  obtain  a  class-number  relation  of  Liouville's256  second  type,  Petr  expands  in 
powers  of  v  each  member  of  an  identity  of  the  same  general  type  as  (1)  above. 
Coefficients  of  v2  are  equated,  with  the  result  that 

!2F(Sn-l2) 


where,  the  d's  are  the  divisors  of  2n;  d:<  V2n;  di  is  odd;  d\  has  an  odd  conjugate; 
and  the  subscripts  of  d  retain  their  significance  when  they  are  compounded. 

To  obtain  a  class-number  relation  of  Liouville's257  first  type,  each  member  of  an 
identity  of  the  same  general  type  as  (1)  above  is  expanded  in  the  neighborhood  of 
v  =  |.  Equating  coefficients  of  v,  Petr  then  obtains 


H(Sn-l2)  - 
where  d(  is  a  divisor  of  2n  such  that  its  conjugate  d'2  is  of  different  parity,  and 


K.  Petr,258  employing  the  same  notation  as252  in  1900,  multiplied  member  by 
member  the  identity 


71=0,  1,  2,  3,  ...;   k=l,  2,  3,  .... 
by  the  formula  for  transformation  of  order  2 

0,  2r)  =®(2v,  2r). 


In  the  resulting  left  member,  the  coefficient  of  $  cos  irv  is  162F(n)qn®2(0,  2r)  ;  in 
the  right  member  it  is  8  times  the  sum  of 


for  n  =  0,  1,  2,  3,  .  .  .  ;  fc  =  l,  2,  3,  ----    Hence 

(1)  S(-l)'F(n-2-v2)=S(-l) 

where  x  and  y  are  the  integer  solution  of  x2  —  2y2  =  n)x^.2yfy^G:>  while,  as  also  in 

256  J.  Liouville,1^  Jour,  de  Math.,    (2)  12,  1867,  99.    Cf.  G.  Humbert,293  Jour,  de  Math.,  (6), 

3,  1907,  369-373,  formulas  (40)  —  (44),  as  numbered  in  the  original  memoir. 

257  Cf.  J.  Liouville,107  Jour,  de  Math.  (2),  14,  1866,  1;  also  G.  Humbert,293  ibid.  (6),  3, 

1907,  366-369,  formulas  (35),  (36). 

258Rozpravy  cske  Akad.,  Prague,  10,  1901,  No.  40  (Bohemian).    Abstract,  Bull.  Internat.  de 
1'  Acad.  des  Sc.  de  Boheme  Prague,  7,  1903  180-187,  (German). 
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(2),  v  ranges  over  all  integers,  positive,  negative,  or  zero.  In  the  summation  x  receives 
an  extra  coefficient  -J  if  one  of  the  inequalities  becomes  an  equality.    Similarly, 

(2)   2(-l)*F(Sn-l-Sv2)=2(-l)*(x+v)y,    x2-2y2  =  8n-l,     x>2y,     y>0. 

These  are  the  first  published  class-number  relations  which  are  obtained  from  elliptic 
function  theory  and  which  involve  an  indefinite  quadratic  form,  e.  g.,  x2  —  2y2. 
By  means  of  the  elementary  relation 


(n^\      n  =  0,  1,  2,  3,  ... 
and  the  relation 


the  identity  ®l®3-®2  =  ®1®2®3.  ®l  yields 

F(4n  +  2)  -2^(4/i  +  2-4.12)  +2^(4tt+2-4-22)  +  .  .  .  =3(-  !)*<-»  x, 


x>  2/>0,  x2  +  y2  =  4:ii  +  2;  which  is  of  the  type  of  Hurwitz.202 

A  transformation  formula  of  order  3  in  a  treatment  similar  to  the  above  yields 
five  such  relations  as 


-3.  12)] 
+  ...=S(- 

;  and 

(3) 


From  transformations  of  order  5,  Petr  obtained  three  relations  including, 
(4)  F(Sn)  -2F(8n-5-l2)+2F(Sn-5-22)  -...=  - 

x2-5y2  =  2n,  y^0,5y^x. 
M.  Lerch259  wrote 


where  w  is  an  arbitrary  constant;  m,  n=Q,  ±1,  ±2,  .  .  .,  except  m  —  n  —  ^\  (a,  6,  c), 
a  positive  form  of  negative  discriminant  —  A  ;  af  b,  c  real.  From  Dirichlet's20  funda- 
mental equation  (2),  it  follows  that  the  relation 


(1)  2     K(a»  I,  c;  *)=T 

o,  &,  c  r=l 

is  valid  over  the  complex  s-plane,  if  .(a,  ~b,  c]  ranges  over  a  system  of  representative 
primitive  positive  forms  of  discriminant  —A,  which  is  now  supposed  to  be  funda- 
mental. 

259  Comptes  Rendus,  Paris,  135,  1902,  1314-1315. 
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• 

Employ  the  Maclaurin  developments  in  powers  of  s, 
(2)  *(«,»)  =  <i 


(3) 

where 


When  substitution  is  made  of  (2)  and  (3)  in  (I),  Lerch  compares  the  terms  which 
are  independent  of  s  and  obtains  KroneckerV71  class-number  formula  (5). 

E.  Laudau260  showed  that  every  negative  determinant  <  —  7  has  more  than  one 
properly  primitive  reduced  form  (cf.  the  conjecture  of  Gauss,4  Disq.  Arith.,  Art. 
303)  by  proving  that  if  —  A  =  &2  —  ac  is  <  —  7,  there  is  always  another  such  form  in 
addition  to  (1,  0,  A).  If  there  is  no  properly  primitive  reduced  form  (a,  0,  c)  other 
than  (1,  0,  A),  then  A  has  no  distinct  factors,  but  must  be  of  the  form  px,  p  a 
prime. 

(I)  If  p  =  2,  and  A  ^  4,  there  is  the  additional  properly  primitive  reduced  form 


(II)  If  p  is  an  odd  prime  and  if  there  is  no  reduced  properly  primitive  form  with 
&  =  1,  then  A-f-1  cannot  be  expressed  as  a-c,  where  one  of  the  factors  is  uneven  and 
>2.  Hence  A  +  1^2".  When  v  B>  6,  there  is  an  additional  properly  primitive 
reduced  form  (8,  3,  2"-3  +  l). 

Landau  now  tested  the  few  remaining  admissible  A's  and  found  none  which  are 
>  7  and  have  a  single  class. 

K.  Petr261  gave  in  German  an  abstract  of  his  two  long  Bohemian  papers,252'  258 
including  eleven  class-number  relations  of  the  second  paper.  He  indicated  com- 
pletely a  method  of  expanding  ®?®1(0,  5r),  which  leads  to  new  expressions340  for 
the  number  of  solutions  of  x2  +  y*  +  z2  +  5a)2  =  n  and  hence  to  generalizations  of 
PetrV58  relation  (4). 

M.  Lerch,262  in  order  to  find  the  negative  discriminants  —A  for  which  Gl(  —  A)  =1, 
wrote  —  A=  —  A0Q2»  where  A0  is  fundamental  and  q  ranges  over  the  distinct  factors 
of  Q  =  Q'ttq.  Then  the  equation  to  be  satisfied  is  (Kronecker,171  (4)  ) 


If  A0  =  4,  then  T0  =  4,  Q  =  l  or  2. 

If  A0  =  3,  then  TO  =  6,  <?=1,2  or  3. 

If  A0>4,  then  r0  =  2.  Here  Cl(  —  A)  can  be  uneven  only  for  Q'  =  l  and  A0  prime, 
orforA0  =  8.  The  case  A0rr  8  is  excluded  if  Q=^  1.  If  A0  is  a  prime,  Cl(—  A)  >1 
unless  Q  =  q  =  2,  (2/A0)=l,  i.  e.,  A0  =  8fc-l.  But  if  Jc  g  2,  (1,  1,  2k)  and  (2,  1,  k) 
are  non-equivalent  reduced  forms  of  discriminant  —  A0. 

260  Math.  Annalen,  56,  1902,  671-676. 

261  Bull.  Internat.  de  1'Acad.  des  Sc.  de  Boheme,  Prague,  7,  1903,  180-187. 

262  Math.  Annalen,  57,  1903,  569-570. 
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Hence  C7(-  A)  =1  for  A  =  4,  8;  3,  12,  2?  ;  8,  7,  28.  Any  further  solution  A  must 
be  a  prime  =  3  (mod  8).  But  it  is  undecided  whether  there  are  such  solutions  other 
than  11,  19,  43,  67,  163. 

Lerch263  wrote  $(x)  for  T'(x)/T(x)  and  observed  that  Dirichlet's23  formula  (7) 
for  the  number  of  positive  classes  of  a  positive  fundamental  discriminant  D  gives  the 
relation 


From  this  ^  is  eliminated  by  means  of 


00     f°°  flz  ™  f°°  <i2 

_     2          a-<«4«)»«r  "     +  2  2  cos  SttZTr      <rn2^  -  -  , 

m=_oJl/a  V2  „=!  Ja 


where  C  is  the  Euler  constant330  and  a  an  arbitrary  positive  constant.  The  final  result 
is  that  Cl(D)  is  determined  uniquely  by 


in  which,  to  a  close  approximation, 

S  =  4VlT(log  #  +  .046181)  -i  log  £  +  .023090, 

r"  6  2 


while  r  is  chosen  sufficiently  large  to  insure  a  unique  determination  of  Cl(D).  For 
example,  if  Z>=9817,  logE(D)  =222,  ^  =  450.5,  whence  (7Z(#)<450/222.  We 
need  not  compute  Pr  and  §r  since  Cl(D)  is  uneven  (Dirichlet93)  and  hence  is  1. 

J.  W.  L.  Glaisher264  called  a  number  s  a  positive,  a  negative  or  a  non-prime  with 
respect  to  a  given  number  P,  according  as  the  Jacobi-Legendre  symbol  (s/P)  =  +  1, 
—  1,  or  0.  He  denoted  by  Or,  br,  Ar,  respectively,  the  number  of  positives,  negatives 
and  non-primes  in  the  r-th  octant  of  P.  For  example,  if  P—  8k  +  1  is  without  a  square 
factor,  Birichlet's23  formulas  (5)  for  the  number  of  properly  primitive  classes  of 
determinant  —  P  and  —  2P,  respectively, 


become265 


where  or  =  ar+iAr.    Similarly  for  other  types  of  P.    Obvious  congruencial  properties 
(mod  8)  of  h'  and  ~k"  are  deduced  from  all  of  these  formulas. 

Again  In?  and  h"  are  expressed  in  terms  of  fir  =  'br  +  ±\r  (r=l,  2,  3,  4).    Next, 
lr  and  fjir  are  used  to  denote  respectively  the  number  of  positives  and  non-primes  <P 

263  Jour,  de  Math.  (5),  9,  1903,  377-401;  Prace  mat.  fiz.  Warsaw,  15,  1904,  91-113  (Polish). 

264Quar.  Jour.  Math.,  34,  1903,  1-27. 

265  Glaisher,  Quar.  Jour.  Math.,  34,  1903,  178-204. 
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which  are  of  the  form  8A;4-r,  while  Lr  —  lr-\-^r-     A  table  (p.  13)  transforms  the 
preceding  formulas  into  results  such  as 


If  Qr  denotes  the  number  of  uneven  positives  in  the  rth  quadrant  plus  jAr,  we  have, 
for  example, 

P=8*  +  l,        h' 


L.  C.  Karpinski266  gave  details  of  B.  Dedekind's267  brief  proofs  of  his  theorems 
which  state  the  distribution  of  quadratic  residues  of  a  positive  uneven  number  P  in 
octants  and  12th  intervals  of  P  in  terms  of  the  class-number  of  —  P,  —  2P  and  —  3P. 
He  added  to  Dedekind's  notation  the  symbols  C5  and  (?6,  which  denote  the  number 
of  properly  primitive  classes  of  determinant  —  5P  and  —  6P,  respectively,  and,  by 
an  argument  precisely  parallel  to  that  of  Dedekind,  obtained  for  all  positive  uneven 
numbers  P  which  have  no  square  divisor,  the  distribution  of  quadratic  residues  in  the 
24th  intervals  of  P  as  linear  functions  of  C1?  C2,  Cs,  C6.  He  put  8tr=lSl(sr/P), 
where  t  is  a  positive  integer,  and  sr  ranges  over  the  integers  x  for  which 

(r-l)P/t<x<rP/t. 

He  deduced  such  relations  as  the  following:  If  P  =  23  (mod  24), 
(1)  Sl=-Sl=Cl9       Sl  =  Sl  =  Si  =  Sl=0. 

If  P=  1,5  or  17  (mod  24),  C3  is  a  multiple  of  6.    ForP  =  3  (mod  4), 

c,  =  s\°  +  sy  +  8i°  +  si°  +  si;    c6  =2S?+  is?  +  zsr. 

Cf.  Dirichlet,23   (5).     Three  other  relations  among  8]°  which  arise  from  familiar 
properties  of  quadratic  residues  lead  to  a  complete  determination  of  SI9  as  linear 
functions  of  Cx  and  C5  for  r=l,  2,  3,  .  .  .,  10. 
E.  Landau268  studied  the  identity 


which  is  valid  for  a  real  s,  0  <«§<!.    The  limit  of  the  right  member  for  s  =  0  is 


TT   n=l\n/  n 

The  customary  evaluation  of  the  divergent  left  member  for  5  =  0  would  give 
(Dirichlet,20  (1)  above)  the  erroneous  result  Ji—  ^i(D/n).  A  similar  study  is 
made  of  the  limit  for  3  =  0  of  the  ratio 

D_\  logn  ^  : 

which  for  s  =  l  is  Kronecker's213  limit  ratio. 

268  Thesis,  Strassburg,  1903,  21  pp.;  reprinted,  Jour,  fur  Math.,  127,  1904,  1-19. 
267Werke  of  Gauss,  II,   1863,  301-3;   Maser's  German  translation  of  Disq.  Arith.,   1889, 

Remarks  by  Dedekind,  693-695. 
2«*  Jour,  fur  Math.,  125,  1903,  130-132,  161-182. 
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*M.  Lerch269  denoted  by  g  an  arbitrary  primitive  root  of  a  prime  p=2m  +  l,  and  put 

Fu(x)  ='****'#, 

v=l 

where  a  is  an  integer  of  index  m  =  p  —  l  —  n  referred  to  the  primitive  root  g  as  base. 
C.  G.  J.  Jacobi270  had  found  the  relation 


-Ym/ml  (mod  p), 

where  Ym  is  the  sum  of  the  terms  in  ym,  .ym~*,  .  .  .  ,  y^  in  the  Maclaurin's  expansion 
of  [log(l  +  y)]».    Thus 


-1)  <mod*>- 

Hence  if  a  is  the  coefficient  of  y*  in  Ym(y)  ,  and  if  we  set 


then  A=B  =  H  (mod  /?),  in  which  H  is  the  number  of  positive  quadratic  forms  of 
discriminant  —  4jp. 
H.  Poincare"271  wrote 

m,  n 

where  (a,  ~b,  c)  is  a  fixed  representative  properly  primitive  form  of  negative  determi- 
nant —  p  and  the  summation  is  taken  over  every  pair  of  integers  m,  n,  for  which  the 
value  of  (a,  l>,  c)  is  prime  to  2p  except  m=n  =  Q.  F(q)  is  regarded  as  a  special 
case  of  the  Abelian  function 

The  theory  of  the  flow  of  heat  is  used  to  show  that  if  Ic,  V  each  range  over  all  integral 
values,  ®(x,  y)  may  be  written 

(B)  ®(xfy)=  2    —  e-1 

P=    1     [a(u 


Now  for  x=y  =  Q  and  <  small,  ©(a;,  i/)  is  asymptotically  F(l).    Hence,  in  the 
neighborhood  of  q  =  1, 

(1)  • 


and  is  therefore  independent  of  the  choice  of  (a,  &,  c)  of  determinant  —p. 
But,  for  £>  a  prime  =3  (mod  4),  we  have  (cf.  DirichletV0  formula  (2)) 

(2) 

269  Bull.  Int.  de  1'Acad.  des  Sc.  de  Cracovie,  1904,  57-70  (French). 

270  Monatsber.  Akad.  Wiss.  Berlin,  1837,  127;  Jour,  fur  Math.,  30,  1846,  166;  Werke,  Berlin, 

VI,  1891,  254-258. 

271  Jour,  fur  Math.,  129,  1905,  120-129. 
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where  now  P=am2  +  2bmn+cn2  ranges  over  a  system  of  properly  primitive  forms 
of  determinant  —p,  and  m,  n  take  all  pairs  of  integral  and  zero  values  for  which  P 
is  prime  to  2p;  in  the  second  member,  n,  n'  range  over  every  pair  of  odd  positive 
integers  each  prime  to  P.  By  a  simple  transformation  of  each  member,  (2)  can  be 
written 


(3)  2     F(q)-     S     F(-q)=^. 

(a,  6,c>  (a,  6,c)  V  2  /  1  ~  f 

But  from  (A),  it  follows  that  l?(g)  =©(0,  0),  F(-q)  =®(ir,  TT)  ;  and  hence  from 
(B),  it  follows  that 

'*  Jfo*      '  \         (?/  ~^   CU  6       ' 

z>  t  xv  r 

where  /A,  v  are  even  integers  in  the  case  of  F(q),  and  odd  integers  in  the  case  of 
F(  —  q).  Since  for  t  small,  all  terms  of  the  left  member  of  (3)  except  those  having 
fi  =  v=Q  are  to  be  neglected,  the  left  member  becomes 


Moreover 


Hence272  (3)  becomes  DirichletV4  formula  (2).    Equation  (3)  is  also  transformed 
to  give  Dirichlet's23  closed  form  (5)  for  &(  —  p)  . 
A.  Hurwitz273  by  the  substitution 


_ 

' 


transformed  the  Cartesian  area  j  j  du  dv  of  a  plane  region  (T  into  what  he  called  the 
generalized  area  of  G  with  respect  to  the  form  ax  +  /3y  +  yz.  Such  a  generalized  area 
of  the  conic  xy  —  z2  =  0  is 

(1)  27r/(Vloy^82)3. 

For  points  on  the  conic,  we  put  x  =  r2,  y  =  rs,  z  =  s2,  and  consider  points  (x}  y,  z)  = 
(r,  s)  =  (  —  r,  —5),  r  and  s  being  relatively  prime  integers.  An  elementary  triangle 
is  one  having  as  its  three  vertices  the  points 

(2)  (r,  s),     (n,  Si),     (r+rlf  s  +  sj,     rsi-ris=±l. 

All  such  possible  triangles  in  the  aggregate  cover  the  conic  simply  six  times  and  their 
total  area  is 


(3)       i 

summed  for  the  solutions  r,  s,  rl}  s±  of  rs1  —  r1s=  ±  1. 


272  Cf.  G.  L.  Dirichlet,  Zahlentheorie,  Art.  97. 

273  Jour,  fur  Math.,  129,  1905,  187-213. 


168  HISTORY  or  THE  THEORY  OF  NUMBERS.  [CHAP.  VI 


But  if  the  Gauss  form  au2  +  fiuv  +  yv2  be  subjected  to  all  the  unitary  substitutions, 
it  goes  over  into  a'u'2  +  ($'u'v'  +  y'vfZ,  where  a',  ($',  y'  have  values  such  that  (3)  can 
be  written  as  28/<ja'y'  (<*'  +  £'+/)  K  where  (a/>  £'A  /)  ranges  over  all  forms 
equivalent  to  (a,  fi/2,  y).  Hence  by  comparison  of  (1)  and  (3)  we  have 


where  (a,b,c)  ranges  over  all  positive  forms  of  determinant  D. 

By  modifying  his  definition  of  generalized  area  Hurwitz  obtained  for  the  right 
member  a  more  rapidly  convergent  series. 

M.  Lerch,274  by  use  of  his240  trigonometric  formula  for  E*,  showed  by  means  of 
Gauss  sums  that 


in  which  Si  is  the  imaginary  part  of 


2  — 

/  =     VTT 


where  dv  is  the  g.c.d.  of  n  and  v,  and  d'v—n/dv,  vf  —  v/dv.    Then,  if  we  put  d'v 
dv  =  d',  and  also 

/-T  *     /   V   \COS  2vZ7T         .„ 

3>(z,d)  =  yd  S  (-r  )—         -,  if  d=-l  (mod  4); 

y=l  \  "  /  V7T 


we  find 


Hence  we  get  the  chief  formula  of  this  memoir  : 


But  by  Kronecker/71  (2),  $(0,  A)  =2r-1C'/(-A)3  where  C7(-A)  denotes  the 
number  of  primitive  positive  classes  of  discriminant  —A.  And  for  z  =  0,  m  positive 
and  relatively  prime  to  nt  (1)  becomes275  Lerch's  formula245  (1). 

For  £=•£,  (1)  becomes276 


d  ranging  over  the  divisors  4A;  +  3  of  n.     Similar  results  are  obtained  by  taking 
s  =  J  (cf.  Lerch245  (2))  anda;  =  l. 

"*  Annali  di  Mat.  (3),  11,  1905,  79-91. 

275  Cf.  Lerch,  Rozpravy  ceske  Akad.,  Prague,  7,  1898,  No.  7;  also  Bull,  de  1'Acad.  des  Sc. 

Boheme,  Prague,  1898,  6  pp. 

276  Reproduced  by  Lerch  in  his  Prize  Essay,278  Acta  Math.,  30,  1906,  242,  formula  (40). 
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Lerch  observed  that  the  sum  A  of  the  quadratic  residues  of  an  odd  number  n, 
which  are  prime  to  n,  >0  and  <n,  is  given  by 


v=i  \pi 

where  p±,  p2,  .  .  .,  pw  are  the  distinct  prime  divisors  of  n.    Hence 


where  t£  ranges  over  those  divisors  of  n  which  have  no  square  factor.    By  means  of 
the  Moebius  function  (this  History,  Vol.  I,  Ch.  XIX),  he  transformed  this  into 

2"A  =  %n<j>(n)-n2  —Cl(-d)Md(n), 

d      Td 

where  d  ranges  over  those  divisors  =  —  1  (mod  4)  of  n  which  have  no  square  factor 
and 


where  p  ranges  over  the  distinct  prime  factors  of  d'=n/d. 

M.  Lerch277  in  a  prize  essay  wrote  an  expository  introduction  on  class-number 
from  the  later  view-point  of  L.  Kronecker171  ;  and  stated  without  proof  that  if 
&.  (x)—x—\x\  and 

».'•>  * 


and  if  —  A±  and  —  A2  are  two  negative  fundamental  discriminants,  and  D  — 
moreover,  if  for  an  arbitrary  positive  integer  r,  t  and  u  be  defined  by 

T+UVD\T= 

2         I  2 

then 


where  (a,  'b,  c)  ranges  over  a  complete  system  of  representative  forms  of  discriminant 
P,a>0. 

In  Ch.  I,  use  is  made  of  DirichletV0  fundamental  formula  (2)  to  make  rigorous 
Hermite's83  deduction  of  Dirichlet's23  classic  class-number  formula  (5).  By  new 
methods  he  obtained  the  familiar  evaluations  of  the  class-number  that  are  due  to 
Dirichlet,23  Kronecker,171  Lebesgue,36  and  Cauchy,29  and  established  anew  Kro- 
neckerV71  ratio  (4)  of  Cl(D0-Q2)  to  Cl(DQ). 

He  found  that  if  Di  are  fundamental  discriminants  (t=l,  2,  3,  .  .  .,  r),  and 
|  Di\  =A<,  and  if  2v  of  the  determinants  are  negative,  then 

(1)   Cl(DlD2...Dr)logE(D1D2...Dr) 


277  Full  notes  of  the  Essay  were  published  in  Acta  Math.,  29,  1905,  334-424;  30,  1906,  203-293  ; 
Mem.  sav.  etr.,  Paris,  1906,  244  pp. 
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where  0</N<A*,  the  term   containing  logO   is  to  be  suppressed,   and  E(D)  = 
.    By  taking  r  =  2,  Z>i  =  —  A,  D2  =  —  4,  we  obtain  one  of  the  corollaries  : 


In  Ch.  II,  Lerch  extended  his240  methods  of  1897  and  obtained  new  formulas 
including  the  following  comprehensive  formula,  suitable  for  computation  : 


[0/a]  /  D  \  [aA/ 

5  (T)  2 

0=i  \a  I   v=i 


—  A 

5 


where  —  A,  D  are  fundamental  discriminants,  and  A,  Z>>0.    Also, 


In  Ch.278  Ill,  the  identity  in  cyclotomic  theory2 


where  Z>>0  is  a  fundamental  discriminant,  for  the  limiting  value  $=!,  gives,  by 
Kronecker,171  (2)  above,  the  formula, 


Suppose  D  is  prime  and  >3  ;  if  in  the  known  identity  F2(l)  —  DZ2(l)  =F(1)  =  4D, 
we  put  F(l)  =  Zte,  ^(1)  =y,  we  get  y2  —  Dz2=  —4;  and  hence  «/  and  2?  do  not  satisfy 
the  equation  t2  —  Du2  —  4.  Hence 

log  M± 


is  not  an  integer.  Therefore  Cl(D)  is  odd.  Similarly,  it  is  proved  that  if  D  is 
>8  and  composite,  Cl(D)  is  even  (cf.  G.  L.  Dirichlet,93  ZaMentheorie,  near  the  end 
of  each  of  the  articles  108,  109,  110)  .  Congruences  (mod  2)  are  given  for  Cl(  —  8m), 
m  a  prime. 

Lerch  showed  (Acta  Math.,  pp.  231-233)  how  to  obtain  Y(x,  DJ)Z)  and 
Z(x,  D^Dz)  from  the  cyclotomic  polynomials  for  Dl  and  D2,  and  thence  found  for 
PI,  D2  fundamental  and  >  0, 


Lerch  obtains  the  following  as  a  new  type  of  formula  analogous  to  Gauss  sums  : 
(D 


where   —  m  is  a  negative,  fundamental,  odd  discriminant,  and  8  ranges  over  the 
divisors  of  m  which  have  the  form  4fc  +  3  (Acta  Math.,  1906,  248). 


278  Chapters  III,  IV  appear  in  Acta  Math.,  30,  1906,  203-293. 

279  Cf  .  G.  L.  Dirichlet,  Zahlentheorie,  Art.  105,  for  notation. 
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To-express  Cl(D),  where  D  is  fundamental,  negative,  and  uneven  (Acta  Math.,  1906, 
pp.  260-279),  as  the  root  of  congruences  (mod  4,  8,  16,  ...  ),  Lerch  put  D=D1D2D3 
.  .  .Dm,  where  the  Di  are  relatively  prime  discriminants,  and  put  A  =  \D\,  A»=  \Di\. 
All  possible  products  I)'  —  DTJ)Tn  .  .  .  Dr  and  their  complementary  products 
Q'  =  Dra+J)ra+f).  .  -Drm  are  formed  and  A'  is  written  for  \D'\  ;  also,  we  let 


'),  if  £'<0;  =0  if 

',  Q')  =n[l-  (ZX/g)],  q  ranging  over  the  distinct  divisors  of  Q'  ';  and  (Df,  1)  =1. 
Then 

(2)  J*(A)-^S*a  =  3(lX,  g')f(lX), 

where  2*5  denotes  the  number  of  those  of  the  integers  s=l,  2,  .  .  .,  A  which  satisfy 
(Di/s)  —  1  for  all  Di  simultaneously. 

For  example,  when  m  =  2,  D^=—p}  D2=+q,  p  and  g  being  primes,  p  =  3,  5  =  1 
(mod  4),  then  the  last  formula  becomes 


Since  £(p  —  1)  (g—  1)  is  =0  (mod  4)  and  Cl(—p)  =1  (mod  2),  we  have 

Cl(-pq)=l-(q/p)  (mod  4). 

Lerch  also  obtained  congruences  for  Cl(  —pqr)  modulis  8  and  16. 

In    Ch.    IV,    a    complicated    Kronecker    relation    in    exponentials    applied    to 
Lebesgue's36  class-number  formula  (1)  gives  finally  the  following  result: 


- 


m—l  n=l       N     ""      '     x      '"      ' 


in  which  5=  —  2mrt7rt/(A2w),  t  =  nuTri/(&2<i)),  while  u,  w  are  complex  variables, 
the  imaginary  part  of  o>  is  real  and,  in  the  complex  plane,  u  is  in  the  interior  of  the 
parallelogram  with  vertices  at  0,  1,  l  +  o>,  w.  Lerch  specializes  the  formula  in  several 
ways.  For  example,  f  or  Aa  =  A2,  u  =  0,  w  =  i,  it  becomes 


where  ®l  (k)  is  the  sum  of  the  divisors  of  Tc. 

H.  Holden,280  in  the  usual  notations281  for  the  cyclotomic  polynomial,  wrote 

4Xp  =  4X1Z2  =  r2  +  pZ2        H=h(-p)/[2-(2/p)-]. 

280  Messenger  Math.,  35  1906,  73-80  (first  paper). 

281  Gauss,  Disq.  Arith.,  Art.  357. 

12 
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For  p  a  prime  of  the  form  4^  +  3>0,  he  found,  putting  h  =  h(—p), 


(5),  (6)     2  ^  -J  ^  =iV,IT,  S  -L_  -1  jJj,  =  (})  iV  A 

a,  /?>0,  <p,  (a/p)  =1,  (/8/p)  =  -1,  r=e2"/". 

The  fifth  formula  had  been  obtained  in  a  different  way  by  V.  Schemmel.282     The 
fifth  and  sixth  are  true  also  when  p  =  4n  +  3  is  a  product  of  distinct  primes. 

Holden,283  by  a  study  of  the  quadratic  residues  and  non-residues,  transformed  the 
Schemmel-Holden  formula  (5)  above  into 

(7) 

(8) 


a=0 


where  q  is  any  positive  integer  relatively  prime  to  p;  and  the  last  series  terminates 
with  the  last  possible  positive  coefficient.    If  q  =  3  and  q  =  4,  (8)  becomes 


=  3? 

0 


the  latter284  being  Dirichlet's23  formula  (50  ;  for,  the  first  or  second  term  of  the 
second  member  vanishes  according  as  p  =  8n  +  3  or  8n+7. 

When  q  =  2,  3,  6  successively,  (8)  becomes  three  equations  which  yield 


and  which  also  lead  simply  to  expressions285  for 


fl(6)= 

( 

in  terms  of  IT.  When  q  =  %,  4,  8  successively,  (8)  leads  to  linear  expressions  for  H 
in  terms  of  the  distribution  of  quadratic  residues  and  non-residues  in  the  first  four 
of  the  octants  of  p. 

When  q  =  p—l,  (7)  yields  Dirichlet's23  formula  (G^. 

By  taking  q  =  2,  3,  4,  6,  12  in  (8),  a  table  is  constructed  which  shows  an  upper 
bound  f  or  h  when  p  =  7,  11,  19  or  23  (mod  24),  as  fcg  (p  +  5)/12  if  p  =  7. 

282  Dissertation,  Breslau,  1863,  15:    Schemmel,95  (6). 

283  Messenger  Math.,  35,  1906,  102-110   (second  paper). 
2*4  Cf  .  Zahlentheorie,  Art.  106,  ed.  4,  1894,  276. 

285  Cf.  Remarks  by  R.  Dedekind  127  in  Maser's  German  translation  of  Disq.  Arith.,  693-695. 
Cf.  L.  C.  Karpinski,26^  Jour,  fur  Math.,  127,  1904,  1-19. 
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DirichletV3  formula  (6i)  is  transformed  into 

JGF-8) 

JET=i(p-l)(p-2)-3     2    [Vfcp],      PEES  (mod  4). 

1=1 

Holden286  multiplied  each  member  of  (7)  by  (p/q)>    The  result  for  <?  =  4  or  q  =  2, 
PEE  3  (mod  4),  is  reduced  to 


'•^1     l\H-l(^}-l(^±} 
\p/  '    A     P      I*       L   v 

Hence 

/  n  \ 

=  3  (mod  4), 


n  odd,  n<.p.  He  found  eight  similar  expressions  for  h  including  the  cases  of 
determinants  —D,  where  Z>=4m  +  3,  2(4m  +  l),  2 (4m +  3)  is  a  product  of  distinct 
primes. 

Holden287  for  the  case  p=4n  +  3,  a  prime,  put 

\  l  (1Jm  W2m  OJ(p-2)m 

1  -      ^        I          p     _| I  I 

/    *^~      "1     J  .  -*•  ^        '       "rt  1        '       -"^^         '          •      •      •          I 


where  w  is  a  primitive  root  of  x^'^  —  \^  g  is  a  primitive  root  of  a^~1  =  l  (mod  ^),  and 
r  is  a  root  of  a:p  =  1.    Then  (6)  becomes  : 


A  study  of  the  new  symbol  gives 


where  X/i  is  the  number  of  positive  integral  solutions  Jc,l^%  (p  —  1)  for  a  given  /A  of 
the  congruence  &#  +Z  =  0  (mod  p),  and  &  is  the  number  of  quadratic  non-residues 
p.  Similarly, 


Holden288  in  a  treatment  similar  to  his  first  paper280  obtained  from  his  own 
transformation289 


X—L 

of  the  cyclotomic  polynomial,  six  expressions  for  h.    For  example,  if  p  is  prime, 


according  as  p  =  3  or  p  =  1  (mod  4)  . 


286  Messenger  Math.,  35,  1906,  110-117   (third  paper). 
237  Messenger  Math.,  (2),  36,  1907,  37-45. 
288  Ibid.,  36,  1907,  69-75  (fourth  paper). 
*89  Quar.  Jour.  Math.,  34,  1903,  235. 
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Holden290  removed  the  restriction  of  his  second  paper283  that  q  be  relatively  prime 
to  p.  He  put  p=nP,  q  =  nQ,  where  P  and  Q  are  relatively  prime,  and  found  that, 
if  p= 4m  +  3  is  free  from  square  factors,  then  for  any  positive  integer  n, 


where  ar  (0<r  ^  n)  is  the  sum  of  the  quadratic  characters  of  the  integers  between 
(r—l)p/(2n)  +1  and  rp/(2n).  As  above,283  he  found  that  %(p  —  3)  is  an  upper 
bound  of  h  for  p  =  3  or  15  (mod  24) . 

Holden,291  by  a  modification  of  his  second  paper,283  obtained,  when  ^  =  4n-fl  is 
a  product  of  distinct  primes,  Dirichlet's23  formula  (5)  ;  also  writing 


with  q  prime  to  p,  he  found  in  the  respective  cases  q=8,  £=12, 


In  particular, 

<?  =  8,     p—   8n+   1,     h  =  afl  —  a3; 


5,     /t  =  2a3=- 

^  =  ^  =  ^3=  —  a2—  —  ^eJ 


E.  Meissner292  supplied  the  details  of  the  arithmetical  proof  by  Liouville90  of  a 
class-number  relation  of  the  Kronecker  type. 
G.  Humbert,293  following  Hermite,69  wrote 


4/x2, 
o 

/*  =  0,  ±1,   ±2,  ...;     mfp  =  0,  1,  2,  ..., 

and  recalled  that  the  exponent  of  q  has  a  chosen  value  as  often  as  there  are  quadratic 
forms 


satisfying  the  conditions  c>&,  |6|<a,  a  and  c  uneven,  6  even.  By  means  of  the 
modular  division  of  the  complex  plane,  he  set  up  a  (1,  1)  correspondence  between  the 
principal  roots  of  these  forms  and  those  of  the  reduced  uneven  forms  of  determinant 
-(4tf  +  3).  Hence  /(4#+3)  =^(4^  +  3). 

Similarly  Humbert  employed    ^  and  C  to  mean  the  same  as  J<7  and  \  +  \D  in 
the  notations  of  Petr.252 

290  Messenger  Math.,  36,  1907,  75-77  (Addition  to  second  paper283). 

291  Messenger  Math.,  36,  1907,  126-134  (fifth  paper). 
292Vierteljahrs.  Naturfors.  Gesells.  Zurich,  52,  1907,  208-216. 
293  Jour,  de  Math.,  (6),  3,  1907,  337-449. 
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A  new  class-number  relation  analogous  to  Kronecker's54  (VIII)   is  deduced  by 
equating  coefficients  of  qN+*  in  the  identity 


The  result  is 


where  2^V  =  8817  8<81,  8  and  8j  positive  and  of  different  parity. 

Similar  treatment  leads  to  relations  of  the  Kronecker-Hurwitz  type294  such  as 


m>0 


a  ranging  over  the  solutions  of  2N+l  =  a2  +  2'b2,  &>0. 

Four  class-number  relations  of  LiouvilleV07  first  type  are  obtained,,  including  two 
of  Petr,295  and  also 


m>0 


in  which  4N+I  =  a2  +  4'b2;  a>0;  4JV+I  =  dd',  d^d';  the  term  in  which  d  =  d' 
is  divided  by  2. 

New  deductions  of  five  of  Petr's296  class-number  relations  of  Liouville's297  second 
type  are  given  (pp.  369-371). 

Like  Petr,258  by  recourse  to  transformations  of  order  2  of  theta  functions,  but 
independently,  Humbert  obtained  class-number  relations  involving  the  forms  x2  —  2y2, 
including  Humbert's  (57),  which  is  a  slight  modification  of  Petr's258  (1)  above,  and 
including  Humbert's  (52),  which  is  Petr's258  (2)  above. 

A  geometric  discussion,  analogous  to  the  one  above  in  which  Humbert  evaluated 
,j^  now  shows  (pp.  385-8)  that  for  a  negative  determinant  —  M,  M  =  3  (mod  8), 
there  is  a  (3,  1)  correspondence  between  the  proper  and  improper  reduced  forms. 
The  corresponding  well-known  relation  (Dirichlet20)  is  similarly  established  for 
M=7  (mod8). 

To  prove  a  theorem  of  Liouville,105  Humbert  finds  (pp.  391-2)  in  Liouville's 
notation  that,  for  a  determinant—  (SM  +  3), 


where  a  and  a'  ^  a  are  the  two  odd  minima  of  any  odd  class,  while  mlf  m'  ',  m[f 
denote  the  first  uneven  minima  of  the  three  odd  classes  corresponding  to  a  single 
even  class,  and  where  summation  on  the  right  is  taken  over  the  even  classes.  But 
the  right  summand  equals  8M  +  3,  whence 


294  L.  Kronecker,124  Monatsber.  Akad.  Wiss.  Berlin,  1875,  230;   A.  Hurwitz,2°2   Jour,  fur 

Math.,  99,  1886,  167-168. 

295  cf.252  Rozpravy  ceske  Akad.,  Prague,  9,  1900,  Mem.  38.    In  Humbert's  memoir  the  two 

are  (35),  (36). 

296  Rozpravy  ceske  Akad.,256  Prague,  9,  1900,  Mem.  38. 

297  Jour,  de  Math.,™*  (2),  12,  1867,  99.    The  five  are  numbered  (40)-(44)  by  Humbert. 
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To  obtain  class-number  relations  in  terms  of  minima  of  classes,  Humbert  equated 
the  coefficients  of  qN+*  in  the  identity 


where 

am  =  q-l^-3q-9/4+...  +  (-l)m-l(2m-l)q-{2m-l>2/*,       6=   S°  (-l)mqm\ 

—  oo 

The  coefficient  in  the  first  member  is 


*,  v 

In  the  second  member,  4N  +  3  =  4m2—  (2/A  —  l)2  +  8m-p,  (m  ^  1,  p>0,  1  ^  p  5^  m)  ; 
and  the  coefficient  is  2  (  -  1  )  ^'-^  (  2/x  -  1  )  .    When 

4:N  +  3=(2m  +  2P-2p,  +  1)  (2ra  +  2p  +  2/A-l)  -4p2 

is  identified  with  ac—  62  the  negative  of  the  discriminant  of  form  (a,  ~b,  c)  ;  a  and  c 
uneven;  c>a;  a>&;  &^0;  the  latter  coefficient  is 


where  the  summation  on  the  right  is  over  the  proper  classes  of  determinant— 
3),  and  /^/^(/AI  ^  /^2)  are  the  two  uneven  minima  of  a  class. 
Similarly,  from  <jtfi)$  Humbert  obtained 


summed  over  all  pairs  of  integers  x,  y,  where  p  is  the  even  minimum,  filt  fi2  the  odd 
minima  of  an  odd  class  of  determinant  —4N. 
By  equating  the  coefficients  of  qN  in  the  identity 


5)^/^  =  82-  +8S»" 

we  obtain  the  class-number  relation 


where  ®(n)  is  the  sum  of  the  divisors  of  n,  and  //,  is  the  even  minimum  of  an  odd 
class  of  determinant  —  4jV. 

Similarly,  from  the  expansion  of  <3/!#,  it  is  stated  that 


where  I(D)=F(D) —^^(D),  and  Fi(D)  denotes  the  number  of  even  classes  of 
determinant  —P. 

Five  more  new  class-number  relations  involving  minima  include 

8    2    JP[82l/  +  3-(4/i  +  3)]^(4^  +  3)=2v2(i/3-v1), 

h>0 

in  which  ^(n)  denotes  the  sum  of  the  divisors  <Vw  of  n;  the  summation  on  the 
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right  extends  over  the  even  classes  of   —  (&¥  +  3)  ;  and  vx,  v2,  v3  are  the  three 
minima  of  a  class,  v±  ^  v2  5s  vs. 

To  obtain  class-number  relations  of  grade  3  of  the   Gierster145-Hurwitz167'  184 
type,298  Humbert  employed  the  fundamental  formula  of  Petr299  and  Humbert,300 

(1)  i)i6iHl®i 

i 
By  setting  x  =  Q,  and  equating  coefficients  of  qN,  we  obtain 

(2)  0  =  2F[8N-  (2m  +  l)2]  -2S(8i-8), 

TO 

2N=88i,  8X  even,  8  odd,  8<81?  m  arbitrary. 

In  (1),  we  put  x=7r/3  and  use  the  formula  for  ®(3x,q3).     In  the  resulting 
identity  we  equate  the  coefficients  of  qN  and  use  the  fact  that  the  number  of  solutions  of 


is  162^',  where  d'  ranges  over  the  divisors  of  N  which  have  uneven  conjugates  and 
which  are  not  multiples  of  3.    Whence,  for  N  =  —  1  (mod  3)  ,  the  final  result  is 


in  which  2^=88^  so  that  cos(81  +  8)7r/3=-J.    This  result  combined  with  (2)  gives, 
toTNs-1  (mod  3),  the  relations301  (p.  418)  : 


summed  over  all  integers  /x,  p,  where  &'  is  a  divisor  of  N  which  has  an  odd  conjugate 
and  8r8  =  2-ZV,  8i>8,  8X  is  even  and  8  uneven.  Corresponding  results301  are  obtained  for 
#  =  0,  1  (mod  3). 

Transformations  of  the  third  order  yield  also,  for  N  =  6Z  +  1  (p.  431), 


summed  over  all  integers  v,  and  all  divisors  d  of  Nf  where  G(m)  is  the  number  of 
classes  of  determinant  —  m,  and  ^  3  is  the  number  of  decompositions  of  N  into  the 
sum  of  4  squares  in  which  3  of  the  squares  are  multiples  of  3. 

Humbert  evaluated  such  sums301  as  2F(N—  9v2),  with  N  arbitrary;  but  it  is  done 
with  less  directness  than  by  Petr.845    New  expansions  lead  to  such  relations301  as 


=  a;2  —  6y2,  2/^0,  a;>3y,  each  summed  over  all  integers  m.    Terms  in  which 
y=Q  are  divided  by  2. 

™*  Cf.  Klein-Fricke,2i7  Elliptische  Modulfunctionen,  II,  1892,  231-234. 

299  Cf.  Petr,252  formula   (1). 

300  Numbered   (10)  in  Humbert's  memoir. 

301  Humbert  gave  the  results  also  in  Comptes  Rendus,  Paris,  145,  1907,  5-10. 
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Humbert302  gave  five  new  class-number  relations  involving  minima303  of  the  classes. 
H.  Teege304  partly  by  induction  concluded  that,  when  P  =  8n  +  3  is  a  product  of 
distinct  primes, 

(P-D/2  \  (P-D/2  \  (P-3)/4 


These  combined  confirm,  in  view  of  Dirichlet's23  formula  (6),  Gauss'  conjecture 
(Disq.  Arith.,4  Art.  303)  that  the  number  of  negative  determinants  which  have  a 
class  number  h  is  finite  for  every  h. 

K.  Petr305  recalled  that  the  number  of  representations  of  any  number  N  by  the 
representatives  (Dirichlet,93  (2))  of  all  the  classes  of  positive  forms  ax2  +  bxy  +  cy2 
of  negative  fundamental  discriminant  D  is  T%(D,  d),  summed  for  the  divisors  d  of 
N,  where  the  symbol  (D,  d)  is  that  of  Weber306  for  the  generalized  quadratic  char- 
acter of  D.  Hence,307  if  D<  -  4, 
(1)  2  2  q™*+»*y+cy2=21qN(l(DJd))+h,  |g|<l, 

class  £,  y  N          d 

x,y  =  Q,  ±1,  ±2,  ...;#=!,  2,  3, 

where  h  is  the  number  of  positive  classes  of  D. 
By  methods  of  L.  Kronecker308  he  obtained 


m=  —  oo    n=  —  oo  V 

where  TX  =  —  I/T.    Next,  by  the  use  of  theta  functions,  he  found 

—D—l  Gl'fl-'r/n     >r\  °° 


d  is  any  divisor  of  N.    Now  (1),  (2),  (3)  imply 
(4)  / 


®(KT/I},T) 


x,  y 


where  T^  —  I/T  and  ^1  =  e7riTl.    For  the  same  transformation  T^=  —  I/T, 
^DH^     .  .    ©^fer/Ar)-]         1   -,/n  H  ®f(lc/D,r^) 

j(A  fc)  L»T«*+  -®(JS7^)  J  =  T  rAfc)  ©(fc/Ar,)' 

fc  =  l,2,  ...,  -J9-1.    By  use  of  (5),  we  get 


(6)     27ri    -h  +  l        (A  fc)    -27r 


fc      /  T 


302  Comptes  Rendus,  Paris,  145,  1907,  654-658. 

303  Jour,  de  Math.,  (6),  3,  1907,  393-410. 

so*  Mitt.  Math.  Gesell.  Hamburg,  4,  1907,  304-314. 

305  Sitzungsber.  Bohmische  Gesells.  Wiss.  (Math.-Natur.),  Prague,  1907,  No.  18,  8  pp. 

306  Algebra,  III,  1908,  §  85. 

3°7  Of.  H.  Poincare,  Jour,  fur  Math.,  129,  1905,  126. 
308  Sitzungsber.  Akad.  W^ss.  Berlin,  1885,  II,  761. 
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Now  the  right  member  of  (6)  is  the  product  of  1/r  by  a  power  series  in  q±.  Hence 
the  quantity  in  brackets  in  (6)  is  zero  (Dirichlet,19  (1)).  For,  otherwise  (6)  would 
imply  that  r—  —  iri/log  q^  could  be  expressed  as  a  power  series  in  q^  which  converges 
for  all  <7X  such  that  |#i|<l.  Moreover,  the  comparison  now  of  the  two  members  of 
(6)  in  the  light  of  (1)  gives  Lebesgue's36  formula  (1)  : 

K  =  W=J>*(D'»"*TS- 

An  alternative  form  of  (  6  )  is  the  following  : 


The  last  two  class-number  formulas  above  follow  now  elegantly  when  r  is  regarded 
as  a  variable  occurring  in  an  identity. 

H.  Holden309  applied  the  method  of  his  first  paper280  to  a  product  p  =  4n+3  of 
distinct  primes,  and  stated  the  four  possible  results  including 


He  generalized  the  method  of  his  fourth  paper288  from  primes  /?  =  4n  +  3  and 
to  products  of  primes,  and  gave  the  four  possible  formulas  including 


where  ra  is  the  number  of  integers  between  \p  and  %p,  and  prime  to  p. 

H.  Weber310  in  a  revised  edition  of  his  book  on  Elliptic  Functions  modified  his 
earlier  discussion214  of  class-number  to  apply  to  Kronecker  forms,171  in  which  the 
middle  coefficient  is  indifferently  even  or  uneven.  He  also  (§85)  replaced  the 
Legendre-Jacobi-Kronecker  symbol220  (D/n)  by  ( D,  n)  which  he  redefined  and  gave 
details  (§§96-100)  of  DedekindV27*  solution  of  the  Gauss4  Problem. 

M.  Plancherel311  extended  certain  researches  of  A.  Hurwitz312  and  M.  Lerch313  by 
finding  the  residue  of  Cl(D)  modulo  2m,  where  D=DlD2...Dm  and  D,  Diy  D2, 
.  . . ,  Dm  are  fundamental  discriminants.  He  deduced  Lerch's  formula314 

(i )    4*( A)  -  £  !*.= o|  ^  a  _  ^  (Drpfi . . .  A,,  *,„ •  •  •  *r.)P(Drp,t . . . z>r.)> 

where  A=  \D\,  A*  =  \Di\ ;  (D,  Q)=IL(1—  (D/q),  q  ranging  over  the  different  prime 
factors  of  Q,  and  (D,  1)  =1;  P(D)  =—  Cl(D)  if  D  is  <0,  P(D)=Q  if  D  is  >0; 
and  2*  denotes  that  those  values  s  only  are  taken  which  satisfy 
(DJs)  =  (D2/s)  =  ...  =  (Dm/s)  =  1. 

308  Messenger  Math.,  37,  1908,  13-16. 

310  Lehrbuch  der  Algebra,  Braunschweig,  III,  1908,  413-427. 

311  Thesis,  Pavia,  1908,  94  pp.  Revista  di  fisica,  matematica,  Pavia,  17,  1908,  265-280,  505-515, 

585-596 ;  18,  1908,  77-93,  179-196,  243-257. 

312  Acta  Math.,235  19,  1895,  378-379. 

818Acta  Math.,  30,  1906,  260-279;  Mem.  presentes  par  divers  savants  a  1'Academie  des  sc., 

33,  1906,  Chapter  III  of  the  Prize  Essay.278 
314  Acta  Math.,278  30,  1906,  261.    Lerch,-78  (2). 
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Hereafter  A*  are  assumed  to  be  primes.    Then  1<£(A)  =0  (mod  2m~a).    But 

(DrDrs.  .  .Dv     Ara+i.  .  .ArJSQ  (mod  2—). 
It  follows  that 

P(DrDra..  .  Dra)  ^0  (mod  2"-1),      P(D1D2.  .  .Dm)  ^0  (mod  2™-1). 

The  latter  for  D<0  is  the  rule  derived  from  genera  (cf.  C.  F.  Gauss,  Disq.  Arith., 
Arts.  252,  231;  L.  Kronecker,  Monatsber.  Akad.  Wiss.  Berlin,  1864,  297;  reports 
of  both  in  Ch.  IV)  .  Thus  (1)  implies 


r        r  rj  .  .  .  J9r-)    (mod  2-). 

For  a  negative  determinant  i)=  —  piP2-  -  -P^m^q^-  •  •<?»>  where  p,  q  are  primes  >0 
and  —  p  =  q=l  (mod  4),  this  leads  to 

(2)     Cl(-pipt.  .  .p2m+-Lqiq2.  .  .qn) 

2m+l 

=  i  ^  M(-l)^rfprg.  .  .Prfl 
where  the  symbol  (  |  )  is  defined  by  the  recurrence  relation 


TO—  a-1 

=     2     ^(Z),...^!)^...^^  A^^,..^,.).^.../).!^,  ..  .  DfmHl), 

fi=0     p 

and  by  the  formula 

(Da\Df3Dy)  =  (DaDft,  A7)  (Da,  A^)  +  (DaDy,  A^)  (Z)a,  D7)  +  (Da,  A0A7). 

He  disposed  completely  of  the  new  special  case  m  =  5by   (2)   as  in  the  following 
particular  example  : 

m  =  5,  !>!=-?!,  D2=-p2,  D3=-ps,  D4  =  gr1?   Z)5  =  ^2, 

©=©=-(;;)=-.  (S)- 

The  result  in  this  case  is 


(-4/a))]    (mod  32), 
where 

«h=(A/Pt)>     ^—(Ps/Pi))     «?s=(Pi/Fa)>     I1*  =  (?i/?a)  J     <r  =  '7i  +  '72  +  '73' 

For  D=D0DiD2.  .  .Dm,  \D0\  =8  or  4,  he  obtained  analogues  of  (1)  and  finally 
congruences  (mod  2W+1)  for  C7(Z>).  He  noted  that  Cl(-^q2.  .  ,qm)  =0  (mod 
2m+1)  if  each  gi  =  1  (mod  8)  . 

G.  Humbert315  obtained  formulas  which  express  new  relations  between  the  minima 
of  odd  classes  of  a  negative  determinant  —  n  and  those  functions  of  the  type  ^(n), 

315  Jour,  de  Math.,  (6),  4,  1908,  379-393.    Abstract,  Comptes  Rendus,  Paris,  146,  1908,  905-908. 
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x(n)  of  the  divisors  of  n  which  occur  in  the  right  member  of  Kronecker's54  class- 
number  relations.  Thus  were  obtained  alternate  forms  for  the  right  members  of 
old  class-number  relations. 

E.  Chatelain316  obtained  the  ratio  (see  the  Gauss4  Problem)  between  the  num- 
ber of  properly  primitive  classes  of  forms  of  determinant  p2D,  p  a  prime,  and  the 
number  of  determinant  D.  As  the  representatives  of  the  first,  he  chose  the  type 
(ap2,  ~bpf  c)  with  c  prime  to  p',  as  representatives  of  the  second,  he  chose  the  type 
(a',  V,  c'}  with  c'  prime  to  p.  Then  between  the  h(p2-D)  forms  (a,  I,  c)  and  the 
h(D)  forms  (a',  ~bf  c'}  he  set  up  a  (k,  1)  correspondence  by  means  of  a  relative 
equivalence  given  by  the  unit  substitution  ( £  | ) ,  (3  =  0  (mod  p) .  Similarly  he  found 
the  ratio  of  the  number  of  classes  of  the  two  primitive  orders  of  a  given  determinant. 
His  proofs  are  similar  to  those  of  Lipschitz.41 

M.  Lerch317  gave  two  deductions  of 


0=1 

where  —A  is  a  negative  uneven  fundamental  discriminant,  K=2r~'LCl(—  A),  e  = 
(2/A).  Here,  if  A  =  3,  -BT=J.  The  second  and  more  elementary  deduction  rests  on 
Lerch's240  formula  (3). 

He  deduced  several  formulas  which  he  had  published  earlier,318  including 


sQ 

l\       fl  II 

K.  Petr319  reproduced  his305  discussion  of  1907;  and,  by  equating  coefficients  of 
qn  in  the  expansion  of  doubly  periodic  functions  of  the  third  kind,  obtained 
SchemmelV5  formula  (4)  ;  also  the  number  h  of  primitive  classes  of  the  negative 
fundamental  discriminant  —D  =  D1D2  for  -Z>2>0  and  = 


where  kt  =  0,  1,  2,  .  .  .  ,  \Dt  \  —  1  ;  i=  1,  2,  and  where  ckjcie  =  1  or  0  according  as 
fc2/Z>2>0  or  <0,  and  (D,  k)  is  the  Weber  symbol.220" 

Similarly,  for  —D—  —D^DZDZ,  a  negative  fundamental  discriminant, 

h=  -*(DV  k,)  (Z>2,  k2)  (D.,  k,)  - 

where  fc4  =  l,  2,  .  ..,  |Z>i|-l;  t=l,  2,  3;  and  E(-a)  =  -E(a)-I  if  a>0.  These 
two  formulas  are  special  cases  of  a  formula  of  M.  Lerch  on  p.  41  of  his  prize  essay.277 
See  Acta  Math.,  29,  1905,  p.  372,  formula  (16).  Cf.  Lerch,277  (1). 

J.  V.  Pexider320  for  the  case  of  a  prime  p  =  8/*  +  3,  wrote  r  and  p  respectively  for 
a  quadratic  residue  and  non-residue  of  p,  and  combined  the  obvious  identity 

(1)  Sr+2p=ip(p-l) 
with  DirichletV4  formula  (3),  viz., 

(2)  SP-Sr=X^ 

818  Thesis,  University  of  Zurich,  1908.    Published  at  Paris,  1908,  79  pp. 

r'17Rozpravy  ceske  Akad.,  Prague,  17,  1908,  No.  6,  20  pp.  (Bohemian). 

318  Lerch,  Acta  Math.,  30,  1906,  237,  formulas  (36)-(39).    Chapter  III  of  Prize  Essay.278 

319Casopis,  Prague,  37,   1908,  24-41   (Bohemian). 

320  Archiv  Math.  Phys.  (3),  14,  1908-9,  84-S8. 
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where  3A  is  the  number  of  properly  primitive  classes  of  determinant  —p.  The 
result  is 

p-l        2  2  p-l 

A=V  -j*r=j*p-  V  • 

According  to  M.  A.  Stern,  if  p  is  a  prime  4/^  +  3,  there  exists  an  integer  or  such  that 
(3)  22r-2P  =  (rp. 

From  (1),  (2),  (3),  we  get  3\  =  %(p—  1)  —  2o-.  This  result  compared  with  Dirich- 
let's14  class-number  formula  (3)  shows  that  o-  is  the  number  of  quadratic  non-residues 
of  p  which  are  <%p. 

For  a  prime  p  =  8/*+7,  (2)  holds  provided  now  \  =  h(—p).  Hence  by  (3), 
h(—  p)  =%(p  —  3)  —  2/c,  where  K  denotes  the  number  of  the  quadratic  non-residues 
of  p  between  0  and  %p.  DirichletV4  formula  (3)  combined  with  the  last  result 
shows  that 


where  A  and  R  are  respectively  the  number  of  positive  quadratic  residues  of  p  less 
than  §p  and  $pt  and  B  is  the  number  of  quadratic  non-residues  <$p. 

A.  Friedmann  and  J.  Tamarkine,321  in  a  study  of  quadratic  residues  and  Ber- 
moullian  numbers,  replaced  2&  —  2a  in  Dirichlet's14  formula  (3)  so  that  for  p  a 
prime  =3  (mod  4),  the  latter  becomes  Cauchy's28  class-number  congruence  (1)  in 
the  form322 


M.  Lerch323  found  that,  for  P  a  prime, 


where  a  ranges  over  all  positive  integers  <P  prime  to  P  such  that  (a/P)  =1.  Cf. 
Stern.31) 

G.   Humbert324  introduced   a   parameter   a  in   the   ^-function,   and   considered 
H(x  +  a)  and  ®(a).    Then,  by  Hermite's69  method,  he  found  that 

+  00 

2    (-I)fccos2ki 

k=—  QO 

where  mx  and  ra2  are  odd  minima  (ni^  ^  m2)  of  a  reduced  form  of  negative  determi- 
nant —  (4^V  +  3  —  4P),  and  d  is  a  divisor  of  4JV+3  not  exceeding  its  square  root. 
For  a=0,  this  becomes  Hermite's69  relation  (5)  .  For  a=\tr,  it  becomes 

+£    (-1)*'          2          (T 


where  (2/6?)  is  the  Jacobi-Legendre  symbol.    If  A7  is  uneven,  this  is  KroneckerV 
relation  (VII). 

321  Jour,  fur  Math.,  135,  1908-9,  146-156. 

322  Mem.  Institut  de  France,  17,  1840,  445;  Oeuvres  (1),  III,  172. 

323  Encyclopedie  des  sc.  math.,  1910,  tome  1,  vol.  3,  p.  300. 

324  Comptes  Rendus,  Paris,  150,  1910,  431-433. 
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P.  Bachmann325  supplied  the  details  of  Liouville's90  arithmetical  deduction  of  a 
class-number  relation  of  the  Kronecker  type  (cf.  Meissner292) . 

M.  Lerch,326  by  a  study  of  Kronecker's171  generalized  symbol  (D/n},  transformed 
the  left  member  of  Lerch  V40  formula  (3),  for  a  negative  fundamental  discriminant 
—  A.  and  m  not  divisible  by  A,  and  found  that 


Put 


Then  by  formula240  (4),  we  have 

r.  .=(i),  •= 


Since  h(—  A)  —  (2  —  e)K,  we  have,  for  A  = 
Similarly  for  A  =  4P, 


For  a  negative  prime  discriminant  —  A,  A  =  4fc  +  3,  (1)  implies: 

i(A-i)  . 

fc(-A)  =     2     (-!)'.. 
i 

L.  E.  Dickson,327  by  a  method  similar  to  the  -method  of  Landau260  in  the  case  of 
Gauss  forms,  showed  that  for  P>28  no  negative  discriminant  —  P  =  0  (mod  4) 
could  have  a  single  primitive  class. 

For  P  =  3  (mod  4),  P  with  distinct  factors,  there  are  obviously  two  or  more 
reduced  forms.  Hence,  if  there  is  only  the  one  reduced  form  [1,  1,  J(1  +  P)],  then 
P  —  p^,  where  p  is  a  prime  =3  (mod  4)  and  e  is  odd.  But  for  p>3  and  e  ^  3,  a 
second  primitive  reduced  form  is  [J(p  +  l),  1,  (Pe+1)/(P+l)]«  For  P=3e,  e  ^  5, 
a  second  primitive  reduced  form  is  (7,  3,  9)  or  [9,  3,  J(3e"2  +  l)].  Hence  beyond  27 
we  need  consider  only  primes  P.  We  set 


For  any  integer  m  and  any  Tj,  there  is  some  Tr,  0^=r5=-J(m  —  1),  such  that  jTy  =  Tr 
(mod  w)  .  From  this  lemma  and  by  indirect  proof  it  is  found328  that  there  is  a  single 
reduced  form  of  discriminant  —  P  if  and  only  if  T0,  Tly  Tz,  -  .  .,  Tg  are  all  prime 
numbers,  where  2^  +  1  denotes  the  greatest  odd  integers  ^  VP/3. 


325  Niedere  Zahlentheorie.  Leipzig,  II,  1910,  423-433. 

326  Annaes  scient.  da  Acad.  Polyt.,  Porto,  6,  1911,  72-76. 

327  Bull.  Amer.  Math.  Soc.,  (2),  17,  1911,  534-537. 

328  Cf.  M.  Lerch,262  Math.  Annalen,  57,  1903,  570. 
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When  P=7  (mod  8)  and  >7,  TQ  is  even  and  >2,  and  hence  composite.  A 
detailed  study  of  P  =  3  (mod  8)  —  8k  —  5  shows  that  for  all  P>163  some  Ti  is  com- 
posite except  perhaps  for  k  =  3t  and  t  =  5l  +  12  or  5Z+13.  With  this  result  and  by  a 
stencil  device  Dickson  showed  that  no  P  under  1,500,000  except  P  =  3,  4,  7,  8,  11,  12, 
16,  19,  27,  28,  43,  67,  163  could  have  a  single  primitive  class. 

M.  Lerch329  obtained  the  chief  results  of  Dirichlet  by  simple  arithmetical  methods 
and  reproduced  the  deduction  of  several  of  his240' 277  own  labor-saving  formulas. 

E.  Landau330  established  PfeifferV95  asymptotic  expression  for  K(x)=^=xlHn 
where  Hn  denotes  the  number  of  classes  of  forms  ax2  +  2(3xy  +  yy2  of  negative  deter- 
minant —  n.  Let  Hnv  be  the  number  of  non-equivalent  reduced  forms  of  determinant 
—  n  and  with  |/?|  =v.  Then  for  a  given  n,  in  each  reduced  form  y  ^  a  ^  2v,  and 
v^  VrcA  Thus 

x     Vn/3  * 

K(x)  =  2    2  Hnv=  2  (HnQ+  S  Hnv) 

n=l  v=Q  n=l  v=l 

x  V*?3      x  x  VX/3 

=  2  #„„  +  a      2    #„„=  a  Fno+  2  jB(a?,  r). 

n=l  y=l  n—3v2  n=l  y=l 

But  jEf«0  is  the  number  of  solutions  of  ay  =  n,  y  ^  a.  That  is,  if  T(n)  is  the  number 
of  divisors  of  n,  H,,0=:^T(n),  if  n  is  not  a  square;  but  Hno  =  ^T(n)  +1}-,  if  n  is  a 
square.  Hence 

(1)  25  ITBO  =  i  25  T(7i)+i[Vx]=Ja;log2:+(C'-4)^+0(V^), 

n=l  n=l 

where  C  is  Euler^s  constant  ( =  0.57721  .  . . )  and  0(fc)  is  of  the  order117  of  fc. 
For  a  given  v>0,  Landau  evaluated 

R(x,v)=    2    I/,,,, 

n-3i'2 

by  noting  that  /?(»,  v)  is  the  number  of  solutions  of 

ay  ^  v2  +  £,          7  ^  a  g  2v, 

each  solution  being  counted  twice  when  y>a>2v.  Hence  R(x,  v)  is  the  number  of 
lattice  points  in  the  finite  area  defined  by  these  inequalities  in  the  ay-plane,  lattice 
points  in  the  interior  and  on  the  hyperbolic  arc  exclusive  of  its  extremities  being 
counted  twice.  The  resulting  value  of 


combined  with  ( 1 )  now  gives 


If  &f  corresponds  to  K,  but  refers  to  classes  having  a  and  y  both  even,  the  result 
obtained  is 


329Casopis,  Prague,  40,  1911,  425-446  (Bohemian). 

330  Sitzimgsber.  Akad.  Wiss.  Wien  (Math.-Phys.),  121,  II,  a,  1912,  2246-2283. 
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Landau,331  by  a  study  of  the  number  of  lattice  points  in  a  sphere,  found  that  if  Cn 
is  the  number  of  solutions  of  uz  + 

S  Cn  = 

n=I 

where117  only  the  order  of  the  last  term  is  indicated  and  e  is  a  small  arbitrary  positive 
quantity.    But  by  Kronecker54  (XI)  above,  if  F(n)  denotes  the  number  of  uneven 
classes  of  forms  ax2  +  2bxy  +  cy2  of  determinant   —  n,  then  Cn  =  8F(n),  if  n  =  3 
(mod  8)  ;  Cn  =  l%F(n),  in  all  other  cases  except  n  =  7  (mod  8). 
In  u2  +  v2  +  w2  =  l  (mod  4)  evidently 


u:v:w  =  l:  1:0,  1:0:1,  0:1:1  (mod  2). 
Hence  x 

,     n  =  l  (mod  4). 


n=l 

This  holds  also  for  n  =  2  (mod  4)  ;  but 

S  F(n)  =  ~x*  +  0(x%+e),     n  =  3  (mod  8). 

72=1  48 

J.  V.  Uspensky,332  by  means  of  lemmas  of  the  types  of  Liouville's,90  gave  a  com- 
plete arithmetical  demonstration  of  each  of  KroneckerV4  classic  eight  class-number 
relations.  See  Cresse.374. 

J.  Chapelon333  obtained  a  new  identity  derived  from  transformation  of  the  5th 
order  of  elliptic  functions  and  with  it  followed  the  procedure  of  Humbert.334  He 
added  to  GiersterV35  list  of  class-number  relations  of  the  5th  grade  two  new  ones  and 
gave  relations  also  for 

2F(4N-x2),  x  =  5  (mod  10)  ;        2F(4N-x2),  x=  ±1  (mod  10)  ; 

and  for  ^F(N  —  25x2)  summed  over  all  integers  x,  where  N  =  5fLN'  =  o  (mod  10),  and 
N'  is  not  divisible  by  5.  He  gave335  24  class-number  relations  for  ^F(N  —  x2)  and 
H(N  —  x2)  which  are  characterized  by  various  combinations  of  the  congruences 
N  =  ±2,  ±4  (mod  10)  with  x  =  0,  ±1,  ±2  (mod  5).  These  24  relations  include 
Gierster's  relations  of  the  5th  grade.134  The  right  hand  members  of  Chapelon's  class- 
number  relations  in  these  two  memoirs  are  all  illustrated  by  the  following  example 
for^  =  2  (mod  10)  : 


x=±l    (mod  5),  where  df  is  any  divisor  of  ^V  and  N=d^d  with   dj_^.  d   (see 
Chapelon's  thesis340). 

G.  Humbert,336  after  giving  an  account  (Humbert185  of  Ch.  I)  of  his  principal 
reduced  forms  of  positive  determinant  D,  proved  that  for  D  =  SM  +3 


331  Gottingen  Nachr.,  1912,  764-769. 

332Math.  Sbornik,  Moscow,  29,  1913,  26-52  (Russian). 

333  Comptes  Rendus,  Paris,  156,  1913,  675-677. 

Jour,  de  Math,  (6),  8,  1907,  431. 
1661-1663. 

Comptes  Rendus,  Paris,  157,  1913,  1361-1362. 
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where  f(x)  is  an  arbitrary  even  function;  the  summation  on  the  left  extends  over  all 
principal  reduced  forms  (af  I,  c)  of  determinant  D;  and  the  summation  on  the 
right  extends  over  all  decompositions, 

SM+3=  2k  +  l)2  +  (2fc'  +  l)2  +  (2fc"  +  l)2,      fc,  V,  k"  each  ^  0, 


of  SM  +  3  into  the  sum  of  three  squares.    When  f(x)—\  and  we  employ  the  known 
value  (cf.  Kronecker's54  formula  (XI))  for  the  number  of  decompositions,  we  have 

If  f(x)  =  x2,  we  have 


G.  Eabinovitch336a  proved  that  the  class-number  of  the  field  defined  by  V  —  d, 
where  d=4m  —  1,  is  unity  if  and  only  if  x2  —  x  +  m(x=l,  .  .  .,  ra  —  1)  are  all  primes. 
Fewer  conditions  are  given  by  T.  Nagel.336b 

G.  Humbert,337  by  Hermite's  method  of  equating  coefficients  in  theta-function 
expansions,  found  that,  for  all  the  negative  determinants  —  (SM  +  4  —  4&2),  in  which 
M  is  fixed,  the  number  of  odd  classes  for  which  the  even  minimum  is  not  a  multiple 
of  8  is  the  sum  of  the  divisors  of  2M  +  I.  Similarly  for  determinants  —(SM  —  4k*), 
the  number  of  these  classes  is  2(8  +  8!)  the  summation  being  extended  over  all  the 
decompositions  2M=S8l,  8  odd,  ^  even,  8<81.  Also,  by  Hermite's  method  com- 
bined with  the  use  of  an  even  function  (cf.  Humbert336),  he338  obtained  the  following 
formula  for  the  number  F  of  odd  classes  having  the  minimum  and  the  sum  of  the 
two  odd  minima  =  0  (mod  p),  p  arbitrary  : 


r<?  —  ,  >0,  and  for  h  arbitrary,  r  is  =h  (mod  p),  ^N  +  3  =  pddly  with  pd<d^  and 
dv=  ±47t  (mod;;). 

*F.  Levy339  discussed  the  determination  of  the  number  of  classes  of  a  negative 
determinant  by  means  of  elliptic  functions. 

J.  Chapelon340  gave  an  outline  of  the  history  of  class-number  relations  of  the 
general  Kronecker54  type  and  listed  Gierster's135  relations  of  the  5th  grade.  Ex- 
amples will  be  given  here  merely  to  characterize  each  of  the  six  exhaustive  chapters 
of  the  thesis. 

Chapter  I  contains  theorems  on  the  divisors  of  a  number.  Let  N=2flN'  =  5vN"  = 
%tl5vN'",  N'  and  A7"  prime  to  2  and  5  respectively;  N=d^d,  dl^  d;  d'  any  divisor 
of  N;  and,  let  &  =  2#(d'/5),  ^>1=S( 
Also  let  N=daf  d>  V~N,  a<  VN.  Then 


a  i-T-i+c-^1  o= 


3360  Jour,  fur  Math.,  142,  1913,  153-164;  abstr.  in  Proc.  Fifth  Internat.  Congress  Math., 

Cambridge,  I,  1913,  418-421. 
336b  Abh.  Math.  Seminar  Hamburgischen  Universitat,  1,  1922,  140-150. 

337  Comptes  Rendus,  Paris,  158,  1914,  297. 

338  Ibid.,  1841-1845. 

Thesis,  Zurich,  published  A.  Kiindig,  Geneva,  1914,  48  pp. 

340  These,  Sur  les  relations  entre  les  nombres  des  classes  de  formes  quadratiques  binaires, 
Paris,  1914,  197  pp. ;  Jour,  de  1'Ecole  Poly  technique,  Paris,  19,  1915. 
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Chapter  II  gives,  in  Hermite80-Humbert293  notation,  lists  of  standard  transforma- 
tion formulas  for  the  ©-function  and  expansions  of  ©-functions  and  ^-functions. 

Chapter  III  presents  fundamental  formulas  for  the  transformation  of  the  fifth 
order  of  ©-functions.    In 

),     t  =  0,  1,2, 


d  is  found  to  be  if  ft  where  y=rj(q*)  and  y=ii(q)  =2l*(- 

Chapter  IV  deals  with  the  representation  of  a  number  by  certain  quaternary 
quadratic  forms.     In  (p.  90) 

2  H-  mqm          ^    mqm 

•lift  -^  =  82  7—  trr  -  82  -  —  *r--  cos  2mx, 
©-        i  1  —  q2m  l  —  q2m 

put  x  =  7r/5  and  X  —  ^TT/^  and  subtract.    Equating  coefficients  of  qM,  we  get 
(1) 


where  ^^.(N)  and  ^?3  (N)   are  respectively  the  number  of  decompositions   (in 
which  the  order  is  regarded) 


From  another  expansion  it  is  similarly  found  that 

(2)  -4  ^  +  l^  =  $v(N 

summed  over  all  divisors  0'  of  N'".    Then  by  (1)  and  (2), 


Suppose  that  N  is  even.     Since  for  a  fixed  value  of  x,  F[4=N—  5(2z  +  l)2]  is  the 
number  of  positive  solutions  t,  u,  v  of  t2+u2  +  v2  =  4:N-5(2x+l)2  (p.  118), 

(3)       i  F(4N-5(2x+l)2)=^^(N)=^[l  +  5v+i(N''/5)](5<%t+3@i). 

X  =  Q 

This  is  a  special  case  of  Liouville's107  (4). 

In  terms  of  functions  like  ^^  and  ^^  above,  Chapelon  found  in  Ch.  V  expres- 
sions for 


where  x=5v±lc  or  10<r±fc,  fc  constant;  E(N)  =F(N)  -H(N),  J(N)=F(N) 


In  Ch.  VI,  Chapelon  found  sets  of  relations  equivalent  to  each  one  of  GiersterV35 
relations  of  grade  5;  and  added  large  sets  of  new  relations,  the  sets  being  dis- 
tinguished by  the  residue  of  N  modulo  10.  He  (p.  171)  proved  Liouville114  (1)  . 

H.  1ST.  Wright341  tabulated  the  reduced  forms  ax2  +  2bxy  +  cy2  of  negative  determi- 
nant —  A=Z>  for  A  =  l  to  150  and  800  to  848.  The  values  of  ~b,  c  occur  at  the  inter- 

84i  University  of  California  Publications,  Berkeley,  1,  1914,  No.  5,  97-114. 
13 
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section  of  the  columns  giving  a  and  the  row  giving  A.  For  a  given  a,  the  reduced 
form  occurs  in  periods,  each  period  covering  a  values  of  A  ;  and  each  period  having  the 
same  sequence  of  Vs.  For  a  given  D,  the  a's  are  found  among  those  for  which  there 
is  a  solution  of  x2  =  D  (mod  a)  .  For  the  case  of  A  without  square  divisors,  he  wrote 


where  h  and  Tc  are  primes  ;  h0  —  2,  8t-  >  1  and  the  Ws  are  those  odd  ki's  which  in  a  have 
exponents  >1.  Let  v  be  the  number  of  distinct  factors  &'a  of  a;  let  A  be  the  greatest 
value  of  v  for  any  a.  Then  for  the  given  D,  the  number  of  reduced  forms  with 
a  ^  VA  is  found  to  be 

a  ( 
" 


where  Z(i")  is  the  ith  product  formed  by  taking  v  factors  F2;  P0  is  a  positive  odd 
integer,  Pe  a  positive  even  integer,  both  f==  VA;  (D/P0)  is  a  modified  Jacobi  symbol 
and  if  Pe  =  P$r,  P'Q  odd,  then  (D/Pe)  =  (Z>/P'0)  (D/2'),  where  (D/2')  is  defined 
so  that  1  +  (D/2r)  is  the  number  of  solutions  of  x2  =  D  (mod  2r)  . 

The  few  remaining  possible  values  of  a  which  are  >VA  and  ^  V4A/3  or 
^  j[  —  1  +  2V  1  +  3  A],  according  as  a  is  even  or  odd,  are  to  be  tested  by  the  most 
elementary  methods.  Examples  show  the  advantage  of  this  whole  process  over  the 
classic  one  of  Dirichlet,23  (5). 

E.  Landau342  investigated  the  asymptotic  sum  of  Dirichlet's  series19 


in  the  neighborhood  of  s=l  for  a  form  of  positive  determinant  D.  (For  I?<0,  see 
Ch.  de  la  Vallee  Poussin,  Annales  Soc.  Sc.  Brussells,  20,  1895-6,  372-4). 

L.  J.  Mordell343  announced  the  equivalent  of  two  serviceable  identities  of  Petr344 
in  theta-f  unctions.  For,  MordelFs  Q  and  R  are  respectively  Petr's  (7  and  4-D.  By 
specializing  the  arguments  in  the  identities  and  equating  coefficients  of  like  powers 
of  q,  Mordell  found  new  representatives  of  five  types  of  class-number  relations  such 
as  Petr252-  258  and  Humbert293  had  deduced. 

K.  Petr345  combined  C.  Biehler's346  generalized  Hermetian  theta-f  unction  expan- 
sions, which  Petr  had  used  twice252'  258  before,  now  with  W.  Goring's347  formulas 
given  by  the  transformation  of  the  third  order  of  the  theta-functions.  He  obtained 
six  expansions  similar  to  the  following348  : 


2  cos 

in  which  q  =  eiriT,  and  B  is  found69  to  be  82]°  qNF(N),  where  as  usual  F(n)  is  the 

342  Jahresbericht  d.  Deutschen  Math.-Vereinigung,  24,  1915,  250-278. 

343  Messenger  Math.,  45,  1915,  76-80. 

4Rozprayy  ceske  Akad.,  Prague,  9,  1900,  No.  38  (Petr252). 

345  Memorial  Volume  for  the  70th  birthday  of  Court  Councilor  Dr.  K.  Vrby,  1915;  Rozpravy 

ceske  Acad.,  Prague,  24,  1915,  No.  22,  10  pp. 

346  Thesis,  Paris,  1879. 

847  Math.  Annalen,  7,  1874,  311-386. 

348  Cf.  G.  Humbert,2^  Jour,  de  Math.,  (6),  3,  1907,  348. 
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number  of  odd  Gauss  forms  of  determinant  —  n.     On  expanding  ®3(^),  it  is  found 
that  the  coefficient  of  qN  in  Bz  is 


+  12[F(N)  +  2F(N-9-l2)  +  2F(N-9-22)  +  ...], 

summed  for  the  divisors  d  of  TV;  the  subscript  X  on  d  denotes  that  the  conjugate 
divisor  is  odd;  the  subscript  1  denotes  that  the  divisor  agrees  in  parity  with  the 
conjugate  and  is  ^=  V-/V;  but,  if  it  =  VNf  it  is  replaced  in  the  sum  by  %}fN.  Also, 
N=dld2-y  N=d%  d°2,  d^  +  d^^Q  (mod  3).  This  includes  the  case  N  odd  and  =1 
(mod  3)  which  G.  Humbert349  had  failed  to  provide  for  in  a  direct  way. 
Similarly  in 


the  coefficient  of  qN/9  is 


where  the  subscript  1  has  the  same  meaning  as  before,  d^  —  d<&  =  0  (mod  3)  and 
where  t=l,  2,  4,  according  as  N=19  4,  7  (mod  9).  Alternative  expansions  of  B3 
and  B'3  were  obtained  by  Petr  with  indication  of  a  method  of  determining  in  them 
the  coefficients  of  qN  and  qN/g  respectively  in  terms  of  divisors  of  N  and  the  number 
of  integer  solutions  of  xz  +  y2  +  z2  +  9u2=N  and  x2  +  9y2  +  9z2  +  9u2=N,  respectively. 
The  class-number  relations  thus  resulting  were  given  by  Petr  in  the'  next  paper. 

K.  Petr350  completed345  the  deduction  of  the  following  class-number  relations. 
For  N  arbitrary, 

F(N)  +  2F(N-9-l2)  +2F(N-9-22)  +  .  .  . 


summed  over  the  positive  odd  numbers  x,  y  satisfying  3x2  +  y2  =  4:Nf  such  that  y  is 
not  divisible  by  3.     [Petr  in  this  and  all  the  following  formulas  of  the  paper 
erroneously  imposed  the  latter  condition  also  on  x.~\     The  upper  index  (0)  indicates 
that  the  sum  of  the  corresponding  divisor  and  its  conjugate  ib  =  0  (mod  3)  . 
Again  for  ^V  arbitrary, 

F(N)  -3H(N)  +2[F(N-9-l2)  - 


where  d  agrees  in  parity  with  its  conjugate  divisor  of  N,  and  de  is  odd. 
For  N  =  1,  4  or  7  (mod  9),  the  two  following  relations  are  given  : 


in  which  o=  1,  2  or  4  according  as  N=  1,  4  or  7  (mod  9)  . 

««  Jour,  de  Math.,  (6),  3,  1907,  431. 

35°  Rozpravy  ceske  Acad.,  Prague,  25;  1916,  No.  23,  7  pp. 
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In  equating  coefficients  of  qN  in  the  identity345  j£?3,  Petr  on  his  page  2  of  the  present 
paper  employed  the  identity 


and  failed  to  observe  that  x  may  be  =0  (mod  3).  So  he  introduced  an  error  in  the 
denotation  of  all  the  resulting  class-number  relations  of  the  paper. 

L.  J.  Mordell351  deduced  arithmetically  the  first  class-number  relation  of  his 
preceding  paper343  in  the  form 

(1)  F(m)  -2F(m-l2)  +  2F(m-22)  -  .  .  -.  =  2(  -l)*(0+d)+1d, 

where  d  is  a  divisor  ^Vm  of  m  and  of  the  same  parity  as  its  conjugate  divisor  a; 
but  when  d=  Vln,  the  coefficient  d  is  replaced  by  %d.  Mordell  considered  the  number 
of  representations  of  an  arbitrary  positive  integer  m  by  the  two  forms 


(2) 

(3)  d(d  +  2S)=m, 
n>0,     -(n-l)gr^n,    t^  0, 

Then,  if  f(x)  is  an  arbitrary  even  function  of  x, 

(4)  2( 


where  the  summation  on  the  left  extends  over  all  solutions  of  (2),  and  the  summation 
on  the  right  extends  over  all  solutions  of  (3)  ;  but,  when  8  =  0,  the  coefficient  2  is 
replaced  by  unity.  Now  take  f(x)  =  (  —  1)*.  Then  (4)  becomes  2(  —  1)*=—  22 
(  —  l)6+dd.  But  for  a  given  s,  Mordell352  found  that  the  number  of  solutions  of  (2) 
is  2F(m  —  s2)  .  Hence  we  get  at  once  the  above  class-number  relation  (1)  . 
Mordell352  illustrated  his343  method  by  writing 


and  proving  that 


where  r—  0,  ±1,  ±2,  .  .  .,  ±  (n—  1),  n;  ^  =  0,  1,  2,  ----    But  corresponding  to  each 
set  of  values  n,  r,  t,  there  is  a  reduced  quadratic  form353  : 


of  determinant,  say,  —M.  Conversely  to  each  reduced  form  (a,  0,  a)  of  determi- 
nant —  M,  there  corresponds  one  solution,  and  to  every  other  reduced  form  of 
determinant  —M,  there  correspond  two  solutions,  of  the  equation  M  —  n2  —  r2  + 
n(2t  +  l).  Hence  the  right  member  of  (1)  is  22?  (-1)^(10^.  When  f  (0)  is 
given  its  true  value,  and  q  is  replaced  by  —q,  and  00i  by  1  —  2q  +  2q4  —  2qg+  .  .  .,  the 

351  Messenger  Math.,  45,  1916,  177-180.    See  a  similar  arithmetical  deduction  by  Liouville.90 

a"  Messenger  Math.,  46,  1916,  113-128. 

353  And  so  this  expansion  (1)  suggested  to  Mordell  hia351  arithmetical  deduction. 
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equating  of  coefficients  of  qn  yields  his351  relation  (1)  ;  which  is  equivalent  to  Kro- 
neckerV4  (III),  (VI),  and  is  identically  PetrV52  relation  (II). 

Replacing  f(x)  by  <j>(x)  =f(x)Ogh(x  +  £)/000(x),  where  f  is  an  arbitrary  constant, 
Mordell  obtained  the  equivalent  of  Kronecker's  (I),  (II),  (V).  By  the  use  of 
x(z)  =/(z)001(2^2to)/000(z),  he  obtained  a  class-number  relation  involving  an 
indefinite  form354  in  the  equation  x2-2y2  =  m.  By  the  use  off(x)000(3x9  3o>)/000(z), 
he  found  (cf.  PetrV58  formula  (3)  above)  that 

F(2m)  -2F(2m--3-l2)  +2F(2m-3-22)  -  ...  =  (-1)»*2X, 
Eeplacing  f(x) ,  as  initially  used,  by 

00 

F(x)—     2     gf*"Vir**/(l  — g"),   n  odd, 

n  = — oo 

he  obtained 


where  a  denotes  a  divisor  of  m  which  is  ^  Vm  and  agrees  with  its  conjugate  in  parity, 
but  if  a=  Vm  it  is  replaced  by  a/2;  &  denotes  a  divisor  of  m  whose  conjugate  is  odd, 
and  c  a  divisor  of  m  whose  conjugate  is  even.  KroneckerV54  (IV)  is  the  special  case 
of  this  formula  for  m  odd. 

G.  Humbert,355  in  a  principal  reduced  form  (Humbert185- 186  of  Ch.  I),  (a,  &,  c)  of 
positive  determinant  with  &>0,  put  /?=&—J|a+c|,  and,  by  Hermite's  method  of 
equating  coefficients  in  ^-function  expansions,69  found  that 


where  21  extends  over  all  the  principal  reduced  forms  of  determinant  4n  +  2  with  a 

n 

and  c  odd;  22  extends  over  all  the  principal  reduced  forms  of  determinant  8n  +  5  with 

n 

a  and  c  even;  S  extends  over  all  the  principal  reduced  forms  of  determinant  Sn+l 

n 

with  -J(a+c)  even. 

From  the  first  of  the  three  formulas  is  deduced  the  following  :  Among  the  principal 
reduced  forms  (a,  &,  c)  of  positive  determinant  4^+2,  the  number  of  those  in  which 
&  —  i|&+c|  is  of  the  form  4&  +  1.  diminished  by  the  number  of  those  in  which  it  is  of 
the  form  4k  —  1  is  double  the  number  of  positive  classes  of  determinant  —  (4n  +  2). 

By  denoting  by  ifi(n)  the  left  member  of  the  first  of  these  three  formulas,  for 
example,  and  summing  as  to  the  argument  4lf-f  2—  (2s)2,  Kronecker's  classic 
formulas54  give 


-22)  +2#1(4,¥  +  2-42)  +  .  .  .  =2< 
where  <f>i(n)  is  the  sum  of  the  odd  divisors  of  n. 

354  Cf.  K.  Petr,  Rozpravy  ceske  Akad.,  Prag,  10,  1901,  No.  40,  formula  (1)  of  the  report258; 

also  G.  Humbert,293  Jour,  de  Math.,  (6),  3,  1907,  381,  formula  (57). 

355  Comptes  Rendus,  Paris,  165,  1917,  321-327. 
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L.  J.  Mordell356  recalled  DirichletV0  formula  (2).    Whence357  if  |r|  <1, 
(1)  2     2   f*****=A+T  S 

a,  b,c  x,y  k=l 

summed  for  all  pairs  of  integers  x,  y>Q,  =0  or  <0,  and  for  representative  forms 
of  negative  discriminant  D;  while  (D/Tc)  is  the  generalized  symbol  of  Kronecker171 
and  A  is  the  number  of  classes  of  discriminant  D.  We  set  r=e2viw  and  write  (1)  as 


(2) 

When  x(<*>)  is  evaluated  in  terms  of  ^-functions,  (2)  becomes  : 

,3,  «-> 


where  0(v)=6^(v).     Now 


Hence  when  w  is  replaced  by  —  l/o>,  (2)  gives  KroneckerV71  formula  (5i)  for  the 
class-number. 

E.  Landau3588  wrote  c  for  the  fundamental  unit  J(T+  VJW)  and  by  means  of 
Kronecker's171  class-number  formula  (3),  obtained  an  upper  bound  of  log  e/V^D  log  D 
for  very  great  D  by  noting  that  K(D)  ^  1  and  finding  an  upper  bound  of  the  sum  of 
the  Dirichlet  series  in  that  formula. 

E.  Landau359  wrote  li(k)  for  the  number  of  classes  of  ideals  of  the  imaginary  field 
defined  by  V  —  k.  Let  8  be  any  positive  number.  If  there  are  infinitely  many  nega- 
tive values  -lc(v)  of  -fc(fc(1)<fc(2)<  .  .  .)  such  that 

&(*)<*** 

then,  for  every  real  «>1,  fc("+1)>&(")W  for  every  v  exceeding  a  value  depending  on 
8  and  w.  Given  any  <o>l,  if  we  can  assign  c,  depending  on  w,  such  that, 


holds  for  an  infinitude  of  negative  values  —  lc(v}  of  —Jc,  then  £("+1)>&(v)  for  every 
v  ^  1.  Known  facts  are  proved  about  limits  to  h(k).  He360  derived  inequalities 
relating  to  h(Jc). 

G.  Humbert361  let  mi  and  ra2  be  the  odd  minima  of  an  odd  Gaussian  form  (atl)tc)t 
and  H(M)  be  the  number  of  odd  reduced  forms  of  determinant  —M  for  which  m± 

356  Messenger  Math.,  47,  1918,  138-142. 

357  Obtained  independently  by  Petr,305  (1). 

358  Cf  .  Mordell,  Quar.  Jour.  Math.,  46,  1915,  105. 
3^a  Gottingen  Nachr.,  1918,  86-7. 

35&G6ttingen  Nachr.,  1918,  277-284.  285-295  (95-97). 

360  Math.  Annalen,  79,  1919,  388-401. 

sei  Unpublished  letter  to  E.  T.  Bell,  October  15,  1919. 
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or  m2  is  =0  (mod  p),  p  being  a  given  odd  prime  ;  and  if  simultaneously  m±  =  mz  =  0 
(mod  p),  he  let  the  class  count  2  units  in  E(M  )  ;  then,  when  N  =  0  (mod  p), 


where  the  first  summation  extends  over  all  integers  n  =  Q  (mod  p),  the  second  over 
the  positive  integers  n  not  =0  (mod  p),  and  the  third  over  all  decompositions 
N  =  dd',  withd  =  0  (mod  p),  d<d'  and  d,  d'  of  the  same  parity.  The  class  a(x2  +  y2), 
when  a  =  0  (mod  p),  counts  here  as  one  unit  in  H(a2)  . 

Let  ff>h(N)  be  the  number  of  classes  of  positive  odd  Gaussian  forms  of  determinant 
—N,  for  which  the  minimum  ju,  is  ^  2h;  if  p=2h,  the  class  counts  for  -J  in 
Then  for  N  odd,  positive,  and  prime  to  3, 

I2)  +  .  .  .  +< 


where  in  the  second  member,  the  summations  extend  over  all  divisors  d  of  N.    In  the 
first  member,  fa  certainly  equals  zero  when  h'is  >J(jV+l). 

Similarly,  N  being  odd,  let  <}>fh(N)  be  the  number  of  classes  of  positive  even  forms 
for  which  the  minimum  /*,  is  ^  2/i;  if  fj,=  21i,  the  class  counts  -J  in  cf>'h(N).  Then 
we  have 


where,  in  the  second  member,  the  summations  extend  over  all  divisors  d  of  Nm, 
(6/d)  =Q  if  d  =  0  (mod  3),  and  N'  is  the  quotient  of  N  by  the  highest  power  of  3 
that  divides  N. 

And  similarly,362  let  fa(M)  be  -the  number  of  reduced  odd  Gaussian  forms  (a,  5,  c) 
of  determinant  —M  for  which  simultaneously  a^>  2hf  a+c—  \l\  =>  5/i;  if  in  these 
relations,  there  is  a  single  equality  sign,  the  form  counts  -|  in  fa;  if  there  are  two 
equality  signs,  the  form  counts  J.  Then,  if  N=  7,  17,  23,  or  33  (mod  40), 


the  summation  extending  over  all  divisors  d  of  N. 

Class-number  relations  occur  incidentally  in  Humbert's  papers  18,  23,  24  of 
Ch.  XV. 

L.  L.  Mordell363  deduced  his364  formula  (1)  from  the  identity 

•4ufo'< 

where  the  path  of  integration  may  be  a  straight  Jme  parallel  to  the  real  axis  and 
below  it  a  distance  less  than  unity,  and  where 

±»    ( _ 
</(*)  =    2    — 

n  odd 

302  Deduced  by  Humbert  from  his  own  formula  (7),  Comptes  Rendus,  Paris,  169,  1919,  410. 
863  Messenger  Math.,  49,  1919,  65-72. 
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By  applying  KroneckerV4  formula  (XI)  to  the  right  member  of  formula364  (1)  and 
integrating  the  left  member,  Mordell  obtained  the  relation36*  (3).  But  by  applying 
the  identity 

000  (0,  -l/<o)=V-to>0oo(0,<o) 

to  the  right  member,  he  found 


~2'    ~ 


L.  J.  Mordell364  announced  without  proof  the  formulas  : 

(i) 

C 
. 


where  R  (ia>)<  0,  <?  =-eTiw,  q^  —  e-vi/u.    Proofs  were  given  elsewhere.363  By  integrating. 
he  deduced  from  (1)  the  relation, 


where  R  (a]  >0,  a  arbitrary. 
E.  T.  Bell365  proved  that 


(1)  m  ,  ,, 

(2)  m  * ( 


where  Nz(m)  is  the  number  of  representations  of  n  as  the  sum  of  3  squares;  e(n)  =1 
or  0,  according  as  «  is  or  not  a  square;  and  g(n)  is  the  excess  of  the  number  of 
divisors  4&  +  1  of  n  over  the  number  of  divisors  4fc  +  3.  He366  then  stated  that 
elementary  considerations  yield 


(3)  m 

(4)  m  odd, 

(5)  modd,  N3(2m)=122£(2m-p.2), 

(6)  n  arbitrary,     ^V3W  =2[e(w) 


where  m,  rc,  a  are  positive  integers,  /x  is  any  positive  odd  integer,  and  where  x  is 
as  always  >0  in  2£(z).  A  comparison  of  (1),  (2),  (3),  (4),  (5),  (6),  with  the 
well-known  relations  (Kronecker,54  (XI);  Hermite,69  (7)) 


=   SF(m)  ;  N3(2m)=12F(2m), 


364  Quar.  Jour.  Math.,  48,  1920,  329-334. 

365  Quar.  Jour.  Math.,  49,  1920,  45-51. 

366  Quar.  Jour.  Math.,  49,  1920,  46-49. 
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where  G(n)  denotes  the  total  number  of  classes  and  F(n)  the  number  of  uneven 
classes  of  determinant  —  n,  gives  immediately 


2Q(m)  =  e(ro 

m  odd,  G(2m)  =  £(ro 

m  odd,  G(2m)  = 


»)  -60(n)  =e(» 

Similarly  by  comparing  (7)  with  seven  recursion  formulas367  such  as 


in  which  £i(n)  denotes  the  sum  of  all  the  divisors  of  n,  and  tf>0  an  arbitrary  tri- 
angular number,  he  obtained  the  seven  following  recursion  formulas  for  class- 
number  : 


raodd, 

raodd,  G(2m 


4F(m)  +  82F  (m  - 


in  which  A1(n)  =  [2(  —  l)n  +  l]^(n),  where  ^J(w)  is  the  sum  of  the  odd  divisors  of 
n;  and  in  which  E(n)=2F(n)  —  G(n).  The  last  of  these  relations  is  equivalent  to 
KroneckerV4  formula  (X). 

L.  J.  Mordell,868  starting  from  Dirichlet's20  formula  (1) 


*  rodd   r  \  r 

and  allowing  for  the  improper  classes,  proved  that 


where  the  real  part  of  iw  is  <0;  the  radical  is  taken  with  positive  real  part;  the 
summation  is  carried  out  first  for  a=0,  ±2,  ±4,  . . .,  and  then  for  &  =  1,  3,  5,  . . ., 
in  this  order;  (a/b)  is  the  Legendre  symbol;  but  if  a=Q,  6  =  1,  we  replace  (a/6) 
by  1.  Also  d  is  any  even  integer,  c  any  odd  integer,  satisfying  ad  —  lc=l.  He  also 
proved  that  F(M)/VS=f(\.)  -  J/(3)  +i/(5)  -  .  . .,  where  f(n)  denotes  the  num- 
ber of  solutions  of  ^2  =  M  (mod  n).  Formulas  of  the  same  type  are  also  given  in 
which  F(n)  is  replaced  by  G(n). 

E.  T.  Bell,369  by  equating  like  powers  q  in  the  expansions  of  functions  of  elliptic 
theta  constants,  showed  that  the  class-number  relations  of  Kronecker,  Hermite  and 

367  Bell,  Amer.  Jour.  Math.,  42,  1820,  185-187. 

368  Messenger  Math.,  50,  1920,  113-128. 

309  Annals  of  Math.,  23,   1921,  56-67;   abstract  in  Bull.  Amer.  Math.  Soc.,  27,  1921,   151. 
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others  may  be  reversed  so  as  to  give  the  class-number  of  a  negative  determinant 
explicitly  in  terms  of  the  total  number  of  representations  of  certain  integers  each  as 
a  sum  of  squares  or  triangular  numbers. 

Bell,370  by  paraphrasing  identities  between  doubly  periodic  functions  of  the  first 
and  third  kinds,  obtained  three  class-number  relations  involving  a  wholly  arbitrary 
even  function  f(u)=f(—u).  Let  e(n)=l  or  0  according  as  n  is  or  is  not  the 
square  of  an  integer;  let  F(n)  and  Fi(n)  denote  the  number  of  odd  and  even  classes 
respectively  for  the  determinant  —n,  n^.Q.  The  first  and  simplest  of  the  three 
similar  relations  is 


+25' 


the  2,  2'  extending  over  all  indicated  positive  integers  a',  .  .  .,  A,  B  such  that,  for  fi 
fixed, 

£  =  3  (mod  4),  p=a'+2m"  =  d' 


o'ssl  (mod  4),   d'<vV;   /?-4r2>0. 

Interpreting  results  obtained  by  putting  f(x)=Q,  |a|>0,  /(0)=1  in  the  three 
relations,  it  follows  that  the  total  number  of  representations  of  any  prime  p  by 
xy  +  yz  +  zx,  with  xt  y,  z  all  >0,  is  3[G(p)  -1]  where  0(n)  =  F(n)  +  F1(n)  ;  that 
the  like  is  true  only  when  p  is  prime  ;  that  there  are  more  quadratic  residues  than  non- 
residues  of  the  prime  p  =  3  (mod  4)  in  the  series  1,  2,  .  .  .,  $(p—  1)  ;  and  so  for 
p  =  l  (mod  4)  in  the  series  1,  2,  .  .  .,  \(p—  1). 

If  f(x)  =  1  for  all  values  of  x,  the  first  relation  gives  Hermite's69  (3)  :  2^(/?-4r2) 
=  %ty1(p),  where  ^8(n)  is  the  sum  of  the  sth  powers  of  all  the  divisors  >  Vn  of  n 
diminished  by  the  sum  of  the  5th  powers  of  all  the  divisors  <  V^  of  n.  For  f(x)  =xz, 
the  first  relation  gives  : 


the  2  extending  over  all  integers  r  such  that  p  —  4r2>0,  and  N(4fi)  is  the  number 
of  representations  of  4/?  in  the  form 


for  which  the  mt(i=l,  2,  .  .  .,  8)  are  odd  and  ^0,  and  precisely  0,  2  or  4  of  mt, 
w2,  m3,  m4  in  each  representation  are  included  among  the  forms  8fc±l.  The  paper 
contains  a  table  of  the  value  ofF(n),n  =  l,  .  .  .,  100. 

E.  T.  Bell371  obtained  18  class-number  relations  which  are  similar  to  his370  three 
above  and  which  form  a  complete  set  in  the  sense  that  no  more  results  of  the  same 
general  sort  are  explicit  in  the  analysis.  By  specializing  the  arbitrary  even  functions 
which  occur  in  these  formulas,  he  stated  that  all  the  class-number  relations  of 

870  Tohoku  Math.  Jour.,  19,  1921,  105-116 

371  Quar.  Jour.  Math.,  1923(?)  ;  abstract  in  Bull.  Amer.  Math.  Soc.,  27,  1921,  152. 


CHAP.  VI]  BINARY  QUADRATIC  FORM  CLASS  NUMBER.  197 

Kronecker  and  Hermite  and  certain  of  those  of  Liouville  and  Humbert  are  obtained 
as  special  cases. 

L.  J.  Mordell372  showed  that  the  number  of  solutions  in  positive  integers  of 
uis  3G(n) .  It  is  shown  essentially  by  Hermite's69  classical  method  that 
=  I  (mod  2)  for  2F(n)  of  the  solutions;  x  +  y  =  2  (mod  4)  for  F(n)  of  the 
solutions;  and  x  +  y  =  Q  (mod  4)  for  3G(n)  —  3F(n)  of  the  solutions,  where  always 
a  solution  is  counted  -J  if  one  of  the  unknowns  is  0.  In  particular,  if  n  is  not  a  per- 
fect square,  x  +  y  =  l  (mod  4)  for  F(n)  of  the  solutions,  x  +  y  =  3  (mod  4)  for  F(n) 
of  the  solutions.  Particular  cases  had  been  given  by  Liouville88  and  Bell.370 

G.  H.  Cresse374  reproduced  J.  V.  Uspensky's332  arithmetical  deduction  of 
Kronecker's54  class-number  relations  I,  II,  V  and  supplied  some  details  of  the  proof. 

R.  Fricke375  (p.  134)  obtained  and  (p.  148)  translated373  a  result  of  Dedekind127* 
in  ideals  into  a  solution  of  the  Gauss  Problem4  (Cf.  Weber310).  He  reproduced  and 
amplified  (pp.  269-541)  Klein's  theory  of  the  modular  function.134  He  denoted 
(p.  360)  by  W  the  substitution  u'=—u/n  and  by  T^(TI)  that  sub-group  of  the 
modular  group  o/ =' (aw  + /?)/(•/<«>  +  8)  for  which  y  =  0  (mod  n}.  The  fundamental 
polygon134  for  the  group  T\j/(n)  is  called  the  transformation  polygon  Tn.  Fricke 
found  (p.  363)  that  in  Tn,  the  number  of  fixed  points  for  elliptic  substitutions  of 
period  2  among  the  substitutions  of  T\f/(n)-W  is  Cl(  —  4r&)  if  n  =  Q,  1,  2  (mod  4) 
and  is  Cl(  -4n)  +Cl(—n)  if  n  =  3  (mod  4). 

Finally  it  should  be  noted  that  the  class-number  may  be  deduced373  from  the  num- 
ber of  classes  of  ideals  in  an  algebraic  field  since  there  is  a  (1,  1)  correspondence 
between  the  classes  of  binary  quadratic  forms  of  discriminant  D  and  the  narrow 
classes  of  ideals  in  a  quadratic  field  of  discriminant  D  (Dedekind29  of  Ch.  III).  For 
the  class-number  of  forms  with  complex  integral  coefficients,  see  Ch.  VIII. 

372  Amer.  Jour.  Math.,  Jan.,  1923.    Abstract  in  Records  of  Proceedings  of  London  Math.  Soc., 

Nov.  17,  1921. 

373  Dedekind  in  Dirichlet's  Zahlentheorie,  ed.  4,  1894,  639. 
«• 4  Annals  of  Math.,  23,  March,  1922. 

375  Die  Elliptischen  Functionen  und  ihre  Anwendungen,  II,  1922. 


CHAPTER  VII. 

BINARY  QUADRATIC  FORMS  WHOSE  COEFFICIENTS  ARE  COMPLEX 
INTEGERS  OR  INTEGERS  OF  A  FIELD. 

G.  L.  Dirichlet1  considered  a  form  (a,  ~b,  c)  =  ax2  +  2l)xy  +  cy2  in  which  a,  b,  c  are 
given  complex  integers  d  +  ei,  where  d,  e  are  ordinary  integers,  and  x,  y  are  inde- 
terminate complex  integers.  The  determinant  D=b2  —  ac  is  assumed  to  be  not  the 
square  of  a  complex  integer.  If  to  (a,  &,  c)  we  apply  a  linear  substitution  with  com- 
plex integral  coefficients  of  determinant  c,  we  obtain  a  form  (a',  &',  c'),  of  determi- 
nant D'=De2,  said  to  be  contained  in  (a,  b,  c).  If  also  the  latter  is  contained  in 
(a',  b',  c'),  then  D'=  ±D  and  e  is  one  of  the  four  units  ±1,  ±i.  If  furthermore 
Z)'  =  +  D,  so  that  e=  ±1,  we  call  the  two  forms  equivalent  (properly  or  improperly, 
according  as  e=*M  or  e=  —  1).  Henceforth  equivalence  shall  mean  proper  equiva- 
lence. It  is  assumed  that  a,  ~b,  c  have  no  common  divisor  other  than  a  unit.  The 
g.c.d.  of  a,  2bf  c  is  designated  by  eo,  which  has  one  of  the  values  1,  1  +  t,  2,  the  form 
(a,  l}  c)  being  of  the  first,  second,  or  third  species  in  the  respective  cases.  Any  form 
equivalent  to  it  is  of  the  same  species. 

Given  (§11)  two  equivalent  forms  /,  /'  and  one  substitution  8  which  replaces 
/  by  /',  we  can  find  all  such  substitutions.  For,  if  A  ranges  over  the  transformations 
of  /  into  itself,  the  products  A8,  and  no  other  substitutions,  transform  /  into  /'. 
The  A's  are 


the  fractions  being  in  fact  equal  to  complex  integers  for  every  set  of  complex  integral 
solutions  t,  u  of  the  equation  written. 

The  theory  (§  12)  of  the  proper  representation  of  a  complex  integer  M  by  (a,  ~b}  c) 
proceeds  as  by  Gauss  (Arts.  154-6,  168-9). 

For  the  solution  (§§  13-14)  of  t2  —  Du2  =  l  in  complex  integers,  see  the  report  iii 
this  History,  Vol.  II,  pp.  373-4. 

Every  form  (§  16)  is  equivalent  to  a  reduced  form  (a,  I,  c)  for  which 


where  N(g  +  hi)  denotes  the  norm  g2  +  h2  of  g  +  hi.    The  number  of  reduced  forms 
of  a  given  determinant  is  finite. 

H.  E.  Heine2  treated  binary  quadratic  forms  whose  coefficients  are  polynomials  in 
a  variable.    Cf  .  Konig.15 

1  Jour,  fur  Math.,  24,  1842,  320-350;  Werke,  I,  565-596. 

2  Jour,  fur  Math.,  48,  1854,  254-266. 
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H.  J.  S.  Smith3  defined  characters  and  genera  of  forms  (a,  6,  c)  with  complex 
integral  coefficients.  The  theory  of  composition  (Ch.  Ill)  as  given  by  Gauss  is 
immediately  applicable  with  minor  alterations  to  complex  forms;  also,  the  congru- 
ences of  Arndt16  of  Ch.  Ill  hold  unchanged. 

A  primitive  form  (a,  ~b,  c)  is  called  uneven,  semi-even,  or  even,  according  as  the 
g.c.d.  of  af  2b,  c  is  1,  1  +  t,  or  2i  (i.  e.,  is  of  the  first,  second,  or  third  species  of 
Dirichlet).  An  ambiguous  form  is  an  uneven  form  for  which  either  b  =  Q  or  a=kb, 
k  =  1  +  it  2,  or  2i.  It  is  proved  that  the  number  of  uneven  ambiguous  classes  is  half 
of  the  total  number  of  assignable  generic  characters.  When  D^  ±1  (mod  4),  there 
are  as  many  even  as  semi-even  ambiguous  classes  of  determinant  D.  When  D=l 
(mod  2),  there  are  as  many  semi-even  as  uneven  ambiguous  classes,  or  only  half  as 
many,  according  as  there  are  altogether  as  many  semi-even  as  uneven  classes,  or  only 
half  as  many.  Gauss'  proof  (Ch.  IV)  that  the  number  of  genera  of  uneven  forms  of 
any  determinant  cannot  exceed  the  number  of  uneven  ambiguous  classes  of  the  same 
determinant  applies  unchanged  for  complex  coefficients.  Hence  half  of  the  assign- 
able generic  characters  are  impossible.  This  leads  to  a  proof  of  the  law  of  quadratic 
reciprocity  for  complex  primes  and  the  supplementary  laws. 

There  is  extended  to  the  complex  case  Gauss'  theory  of  the  representation  of  a 
binary  by  a  ternary  quadratic  form,  while  his  reduction  is  applicable  to  complex 
ternary  forms  (Ch.  IX).  Any  binary  form  /  of  the  principal  genus  arises  from  the 
duplication  of  a  determinable  form.  Hence  half  of  the  assignable  generic  characters 
correspond  to  existing  genera. 

B.  Minnigerode4  extended  to  forms  /=  (a,  &,  c)  with  complex  coefficients  the 
definition  and  properties  of  characters  and  the  distribution  of  classes  into  genera, 
as  given  by  Dirichlet3  of  Ch.  IV.  Let  the  f  orm  /  be  primitive  and  of  the  first  species 
(g.c.d.  of  a,  2b,  c  unity),  and  have  a  determinant  D  not  a  square.  If  n  and  n'  are 
prime  to  D  and  representable  by  /,  nn'  is  represen  table  by  x2  —  Dy2  (Gauss,  Art.  229  ; 
see  Ch.  IV)  .  Thus  nnf  is  a  quadratic  residue  of  any  complex  prime  factor  I  of  D. 
With  Dirichlet,1  write  \n/l]  =  ±l  =  ni(p"1)  (mod  I),  where  p  is  the  norm  of  I,  I  being 
odd  (i.  e.,  not  divisible  by  1+i).  Thus  [n/T\  has  the  same  value  for  all  numbers 
representable  by  /  and  not  divisible  by  1.  Next,  if  D  is  divisible  by  4  or  4(1  +t), 

2-D   or      _ 


has  the  same  value  for  all  odd  numbers  A  +  n  representable  by  /.  We  now  have  the 
characters  of  /.  Exactly  half  of  the  possible  combinations  of  the  characters  corre- 
spond to  existing  genera.  There  are  equally  many  classes  in  the  various  genera. 

L.  Bianchi5  noted  that  the  geometrical  method  of  Klein132  of  Ch.  I  for  ordinary 
forms  can  be  applied  to  Dirichlet  forms  with  coefficients  a  +.6^  where  a,  I  are 
ordinary  integers  and  Hs  i  or  an  imaginary  cube  root  e  of  unity.  Consider  the  group 
G  or  G'  of  all  linear  fractional  substitutions  on  z  with  coefficients  a+lt  of  determi- 
nant unity,  where  t  =  i  or  e.  Apply  Poincare's  geometrical  interpretation  *  (Acta 
Mathematica,  3,  1883,  49)  of  such  a  substitution  on  z  =  £  +  ir)  as  a  transformation  on 


*  Exposition  by  A.  R.  Forsyth,  Theory  of  Functions  of  a  Complex  Variable,  ed.  3,  1918,  749. 
3Proc.  Roy.  Soc.  London,  13,  1864,  278-298;  Coll.  Math.  Papers,  I,  41&-442. 


4  Gottinger  Nachrichten,  1873,  160-180. 

5  Math.  Annalen,  38,  1891,  313-333. 
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the  points  in  space  with  the  coordinates  |,  77,  £  to  obtain  a  fundamental  polyhedron  P 
for  G  or  P'  for  G'.  For  example,  P  is  that  part  of  space  above  the  ^-plane  which  is 
outside  the  sphere  £2  +  7)2  +  £2  =  l  and  between  the  four  planes  £  =  0,  £  =  £,  1=-$, 
,=*. 

A  Dirichlet  form  ax2  +  2'bxy  +  cy2  is  called  reduced  if  P  is  cut  by  the  half  -circle 
representing  it  (which  lies  above  the  ^-plane,  cuts  it  orthogonally  and  passes  through 
the  points  of  that  plane  which  represent  the  roots  of  az2  +  2bz+c=0).  Every 
Dirichlet  form  is  equivalent  to  a  reduced  form.  The  number  of  reduced  forms  is 
finite.  Two  equivalent  reduced  forms  belong  to  the  same  period. 

Bianchi6  extended  this  theory  to  various  imaginary  quadratic  fields. 

R.  Fricke7  discussed  the  reduction  and  equivalence  of  forms 


where  /c,  A,  //,  are  ordinary  integers,  while  q  =  4:p—l  and  r=4Z+l  are  primes. 

G.  B.  Mathews8  proceeded  as  had  Bianchi.5  The  novelty  lies  in  the  criterion  (§13) 
for  a  principal  reduced  form. 

A.  E.  Western9  employed  the  representatives  x2  +  5y2  and  2x2  +  2xy  +  3y2  of  the  two 
classes  of  forms  of  discriminant  —20.  The  factors  x^yV  —  5  of  the  first  are  called 
principal  numbers.  The  factors  x^2  +  y(l±  V  —  5)/V2  of  the  second  are  called 
secondary  numbers.  There  are  18  discriminants  —15,  —20,  —24,  ...  for  which  the 
primary  and  secondary  numbers  together  obey  the  ordinary  laws  of  arithmetic  as 
regards  primality  and  divisibility.  There  are  investigated  quadratic  forms  whose 
coefficients  are  such  primary  or  secondary  numbers,  including  their  separation  into 
classes  and  their  generic  characters  both  as  regards  narrow  and  wide  classes. 

R.  Fricke  and  F.  Klein10  gave  an  exposition  largely  following  Bianchi.5  Also 
they  represented  (p.  498)  a  Dirichlet  form  by  the  straight  line  secant  of  the  Neu- 
mann sphere  which  joins  the  points  on  the  sphere  representing  the  zeros  of  the  form. 

J.  Hurwitz11  employed  a  special  type  of  development  into  a  continued  fraction  of 
any  complex  number  XQ  : 


where  an  is  xn  itself  if  xn  is  a  complex  integer,  while  if  xn  is  not  a  complex  integer,  a* 
is  the  complex  number  represented  by  the  middle  point  of  the  square  which  contains 
the  point  representing  xn,  the  squares  being  determined  by  the  lines  a;  +  y=±l, 
±3,  ±5,  .  .  .,  x—  y=  ±1,  ±3,  ±5,  ....  This  theory  is  used  to  solve  Dirichlet  V 
problems  :  (I)  To  decide  if  two  given  forms  with  complex  integral  coefficients  of  the 
same  determinant  are  equivalent  under  a  linear  substitution  with  complex  integral 

6  Math.  Annalen,  40,  1892.  384-9,  403  (43,  1893,  101-135).    In  preliminary  form  in  Atti  R. 

Accad.  Lincei,  Rendiconti,  (4),  7,  II,  1891,  3-11. 

7  Math.  Annalen,  39,  1891,  62-106  (p.  73). 

8  Quar.  Jour.  Math.,  25,  1891,  289-300. 

9  Trans.  Cambridge  Phil.  Soc.,  17,  1899.  109-148. 

10  Automorphe   Functionen,    Leipzig,    1,    1897,   91-93,   450-467.     Brief    outline    by   Fricke, 

Jahresb.  Deut.  Math.-Vereinigung,  6.  1899,  94-95. 
xlActa  Math.,  25,  1902,  231-290  (263).    Cf.  Mathews.16 
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coefficients  of  determinant  unity.  (II)  To  find  all  substitutions  which  replace  a 
given  form  by  another  given  equivalent  form. 

J.  V.  Uspenskij12  applied  an  algorithm  closely  related  to  ordinary  continued  frac- 
tions to  the  reduction  of  binary  quadratic  forms  whose  coefficients  and  variables  are 
integral  numbers  of  a  given  field.  His  method  is  more  complicated  than  Hurwitz's11 
(whose  paper  he  had  not  seen),  but  leads  far  more  rapidly  to  the  theorem  that  two 
forms  are  not  equivalent  if  the  periods  of  their  reduced  forms  are  distinct.  The 
method  of  Bianchi5  is  said  to  be  theoretically  complete  but  requires  complicated  com- 
putations when  applied  to  numerical  examples. 

0.  Bohler13  employed  the  Fricke-Klein10  secant  representation  of  a  Dirichlet  form 
and  called  the  form  reduced  if  the  secant  has  a  point  in  common  with  the  funda- 
mental octahedron  or  dodecahedron,,  according  as  the  coefficients  of  the  substitutions 
of  the  group  are  of  the  form  u  +  pv,  where  p  is  an  imaginary  fourth  or  cube  root  of 
unity,  while  u  and  v  are  integers. 

A.  Speiser14  considered  forms  f=axz  +  pxy  +  yz2  in  which  the  coefficients  and  x,  y 
are  integral  numbers  of  an  arbitrary  algebraic  field  k.  The  divisor  of  /  is  the  ideal 
g.c.d.  a  of  a,  /3,  y.  If  8  is  the  discriminant  /?2  — 4ay  of  /,  8/a2  is  called  the  primitive 
discriminant  b  of  /.  The  representation  of  numbers  by  /  proceeds  as  in  the  ordinary 
theory;  likewise  for  the  formula  for  the  transformations  of  /  into  itself,  except  for 
the  presence  of  -J(/3±VS),  arising  from  the  factorization  of  a/.  The  system  of 
characters  of  /  is  defined  by  means  of  the  symbol  of  Hilbert16  of  Ch.  IY  under  cer- 
tain restrictions ;  half  of  the  possible  systems  of  characters  are  shown  to  correspond 
to  existing  genera.  There  is  determined  the  ratio  of  the  numbers  of  classes  of  forms 
of  the  primitive  discriminants  b  and  f2b- 

E.  Konig15  considered  binary  quadratic  forms  whose  coefficients  are  polynomials  in 
an  independent  variable  z  and  whose  discriminant  is  4^  where 

d=  (z  —  ei)  (z—e2)  (z  —  e3). 

There  is  a  ( 1,  1 )  correspondence  between  the  classes  of  these  forms  and  the  classes 
of  integral  "  divisors  "  in  the  theory  of  algebraic  functions  when  applied  to  the 
case  of  the  function  field  defined  by  V^. 

G.  B.  Mathews16  modified  the  methods  of  Hurwitz11  by  introducing  at  the  outset 
a  geometrical  definition  of  reduced  forms,  which  shows  that  their  number  is  finite 
without  consideration  of  the  possibility  of  points  of  condensation.  The  fact  that  the 
roots  of  a  reduced  form  are  expressible  as  pure  recurrent  chain-fractions  is  now  a 
corollary  instead  of  a  definition.  Again,  the  ordinary  definition  of  proper  equivalence 
is  used  without  the  further  congruencial  condition. 

12  Applications  of  continuous  parameters  in  the  theory  of  numbers,  St.  Petersburg,  1910, 

214  pp.    Jahrbuch  Fortschritte  der  Math.,  1910,  252-3. 
13Uber  die  Picard'schen  Gruppen  aus  dem  Zahlkorper  der  dritten  und  der  vierten  Ein- 

heitswurzel,  Diss.,  Zurich,  1905,  49-74,  99-102. 

14  Die  Theorie  der  binaren  quad.  Formen  mit  Koefficienten  und  Unbestimmten  in  einem 

beliebigen  Zahlkorper,  Diss.  Gottingen,  1909. 

15  Monatshefte  Math.  Phys.,  23,  1912,  321-346.    Generalized  in  Jour,  fur  Math.,  142,  1913, 

191-210. 
i6Proc.  London  Math.  Soc.,  (2),  11,  1912-13,  329-350. 
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G.  Cotty17  considered  forms  <f>  =  ax2  +  2bxy  +  cy2  whose  coefficients  are  integers  of 
a  real  quadratic  field  R(  VA).  The  conjugate  of  such  an  integer  a  is  denoted  by  of. 
A  definite  form  </>  is  called  perfectly  or  imperfectly  definite  according  as  ^—afx^ 
+  .  .  .  is  definite  or  indefinite.  Similarly  there  are  perfectly  and  imperfectly  in- 
definite forms.  The  terms  equivalence  and  class  relate  to  the  group  of  linear  sub- 
stitutions whose  coefficients  are  integers  of  R  of  determinant  unity.  Reduced  forms 
are  represented  by  points  of  a  fundamental  domain  in  space  of  four  dimensions. 
The  number  of  classes  of  perfectly  definite  forms  of  given  negative  determinant  is 
finite;  each  class  has  one  and  gnly  one  reduced  form.  The  number  of  classes  of 
imperfectly  definite  forms  of  given  determinant  is  finite.  Likewise  for  indefinite 
forms,  there  being  several  reduced  forms  in  a  class. 

K.  Hensel18  investigated  binary  and  ternary  quadratic  forms  with  p-adic  coeffi- 
cients. 

17  Comptes  Rendus  Paris,  156,  1913,  1448-51. 
is  Zahlentheorie,  1913,  292-352. 


CHAPTER  VIII. 

NUMBER  OP  CLASSES  OF  BINARY  QUADRATIC  FORMS  WITH 
COMPLEX  INTEGRAL  COEFFICIENTS. 

G.  L.  Dirichlet1  found  the  number  H  of  classes  of  binary  quadratic  forms  of  the 
first  species  (Dirichlet1  of  Ch.  VII)  with  integral  complex  coefficients  of  determinant 
D,  not  a  square.  We  may  write  D  =  xQV2,  where  x  has  one  of  the  four  values 

(1)  x=l,      i,      1  +  t,       i(l  +  t), 

while  ±  Q  is  a  product  of  distinct  odd  primary  complex  primes,  numbers  of  the  form 
4g  +  l  +  2hi  and  1  +  i  alone  being  called  primary.  Let  m=a+bi  be  an  odd  prime 
(i.  e.,  one  of  a,  b  is  odd  and  the  other  is  even).  According  as  a  complex  integer  Ic, 
not  divisible  by  m,  is  or  is  not  the  residue  of  the  square  of  a  complex  integer  modulo 
m,  we  write  \k/m\  —  +1  or  —  1.  If  M=mm/m".  .  .  is  a  product  of  odd  complex 
primes,  no  one  dividing  k,  we  write 

[Jc/M]  =  [fc/ro]  [fc/ro']  [fc/™"]  .... 

Let  n  =  \  +  vi  be  odd,  primary  and  relatively  prime  to  D.    Then 

»]  =  [x/»]  [Q/n]  =  [x/»] 


by  the  reciprocity  law.    In  the  respective  cases  (1  ), 

[x/n]=l,       (_i)i<x*+"*-i)?       (_i)i[(\+v)2-i]?     (_i)t(\«+ 

[These  four  cases  can  be  combined  by  an  artifice.]    We  have 
„_  iim  SN(VD)v  txl  r  n_-\          1 

TfeT""    L*J  LeJ  (x»+v8)^* 


summed  for  all  odd  primary  numbers  ?i=:A  +  vt  relatively  prime  to  Df  where  p  is  a 
positive  variable,  N  denotes  norm,  and  a-  is  the  norm  of  T  +  U^/D,  T,  U  denoting 
the  fundamental  solution  of  tz  —  Duz  =  l,  all  of  whose  solutions  in  complex  integers 
are  given  without  repetition  by 


Brief  suggestions  are  made  as  to  how  the  difficult  problem  of  performing  the  summa- 
tion might  be  accomplished. 

For  the  case  of  a  real  positive  determinant  D,  it  is  proved  that  H=2lilhz  or 
H  =  hih2,  according  as  t2  —  Du2=  —1  is  or  is  not  solvable  in  real  integers,  where  h^ 


1  Jour,  fur  Math.,  24,  1842,  350-371  ;  Werke,  I,  596-618. 
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and  h2  are  the  class  numbers  of  properly  primitive  forms  of  divisor  unity,  with  real 
integral  coefficients  of  determinants  D  and  —  Df  respectively.  For  D  =  di,  where  d 
is  a  positive  integer  whose  double  is  not  a  square,  H=hji2  or  H=^hji2,  according 
as  t2  —  2du2  =  —  1  is  or  is  not  solvable  in  real  integers,  where  TH  and  h2  are  the  class 
numbers  of  real  properly  primitive  forms  of  determinants  2d  and  —  2d  respectively. 

G.  Eisenstein2  stated  that  the  number  of  classes  of  quadratic  forms  with  coefficients 
a+bp,  where  a  and  &  are  real  integers  and  p  is  an  imaginary  cube  root  of  unity,  and 
with  a  real  [positive]  determinant  D,  not  a  square,  is  always  half  the  product  of  the 
numbers  of  classes  of  real  forms  of  determinants  D  and  —  3D. 

He3  proved  this  and  similar  theorems  for  such  forms  of  negative  determinants,  and 
for  forms  whose  coefficients  involve  8th  or  12th  or  16th  roots  of  unity,  or  numbers 


E.  Lipschitz4  found  by  elementary  methods  the  ratio  of  the  class  numbers  of  forms 
of  the  first  species  of  determinants  D  and  pzD,  where  p  is  a  complex  prime  different 
from  1  +  i,  and  not  dividing  D;  also  the  ratios  of  the  class  numbers  of  forms  of  the 
first,  second,  and  third  species  of  the  same  determinant. 

P.  Bachmann5  simplified  DirichletV  expression  for  the  class  number  H  of  forms 
of  determinant  D=A+Bi  for  the  case  in  which  D  is  a  product  of  distinct  [odd] 
primary  complex  primes,  i.  e.,  norm  N(D)  is  a  product  of  distinct  primes  =1  (mod 
4).  If  N(D)=1  (mod  8),  then 


the  exact  values  of  £,  £  being  determined.     For  N(D)=5  (mod  8), 


P.  S.  Nasimoff  (Nazimow)6  noted  that,  by  the  method  of  Dirichlet,  Zahlentheorie, 
§  100,  we  may  express  the  class  number  H  of  complex  forms  of  determinant  xQV2 
in  terms  of  that  for  determinant  \Q.  For  this  case,  DirichletV  formula  for  H  is 
expressed  as  a  sum  of  as  many  elliptic  functions  as  there  are  terms  in  a  complete  set 
of  residues  of  complex  integers  modulo  Q. 

L.  Bianchi7  noted  that  we  can  use  DirichletV  method  to  find  the  numbers  of 
classes  h2  and  ha  of  forms  of  the  second  and  third  species  of  the  same  determinant  D 
and  find  their  ratios  to  the  number  h  of  classes  of  the  first  species.  We  may  however 
employ  elementary  methods,  either  that  of  Lipschitz  or  one  based  on  the  theory  of 
composition.  That  theory  as  presented  by  Dedekind  in  Supplement  X  to  Dirichlet's 
Zahlentheorie  applies  unchanged  to  forms  (a,  I,  c),  (a',  V  ',  c')  with  complex 
coefficients  of  the  same  determinant  and  relatively  prime  divisors  o-,  o-',  provided 
a,  a'  are  relatively  prime.  The  same  is  true  also  of  his  §  150,  whence,  if  h'  be  the 

2  Jour,  flir  Math.,  27,  1844,  80. 

3  Ibid.,  311-6. 

4  Jour,  fur  Math.,  54,  1857,  193-6. 

5  Math.  Annalen,  16,  1880,  537-549. 

6  Applications  of  Elliptic  Functions  to  the  Theory  of  Numbers,  Moscow,  1885,  Ch.  6  (in 

Russian).    French  resume,  Ann.  ecole  norm,  sup.,  (3),  5,  1888,  164-176. 

7  Atti  R.  Accad.  Lincei,  Rendiconti,  (4),  5,  I,  1889,  589-599. 
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number  of  classes  of  divisor  a  of  the  same  determinant  D,  h  is  a  multiple  of  h'  and 
the  quotient  is  the  number  of  non-equivalent  primitive  forms  of  the  first  species 
whose  first  coefficient  is  a  square  dividing  o-2.  There  are  proved  by  composition 
expressions  for  h2/h  and  h3/h  equivalent  to  those  by  Lipschitz. 

G.  B.  Mathews8.  for  the  case  in  which  the  determinant  D  is  not  divisible  by  a 
square,  expressed  DirichletV  formula  for  H  as  a  sum  of  N(D)  terms  involving 
elliptic  functions. 

D.  Hilbert9  obtained  by  means  of  algebraic  numbers  a  theorem  equivalent  to  the 
final  one  of  Dirichlet's.1 

For  forms  in  an  arbitrary  field,  see  Speiser14  of  Ch.  VII. 

s  Proc.  London  Math.  Soc.,  23,  1891-2,  159-162. 
»  Math.  Annalen,  45,  1894,  309-340. 


CHAPTER  IX. 

TERNARY  QUADRATIC  FORMS. 

Gauss  made  a  preliminary  study  of  quadratic  forms  in  three  variables  as  a  mere 
digression  from  his  investigation  of  forms  in  two  variables,  for  the  purpose  of 
determining  the  exact  number  of  genera  of  the  latter  forms.  Accordingly  he  studied 
especially  the  problem  of  representing  binary  forms  by  ternary  forms.  Seeber  was 
the  first  to  obtain  inequalities  involving  the  coefficients  of  a  positive  ternary  form  P, 
which  segregate  a  single  form  of  each  class  of  a  given  determinant ;  but  his  methods 
and  proofs  were  excessively  complicated.  In  his  review  of  Seeber's  book,  Gauss  gave 
a  simple  geometrical  representation  of  forms  P.  Dirichlet  went  further  and  denned 
a  reduced  fundamental  parallelopiped  corresponding  uniquely  to  each  reduced  P, 
thereby  replacing  Seeber's  computations  by  geometric  intuition.  In  the  same  and 
succeeding  years,  Hermite  gave  arithmetical  theories  of  reduction  of  quadratic  forms 
in  n  variables  both  definite  and  indefinite,  and  in  particular  his  theory  of  continual 
reduction.  In  the  meantime,  Eisenstein  began  his  important  studies  of  genera,  the 
weight  of  an  order  or  genus,  and  the  number  of  classes.  These  studies  were  continued 
by  Smith,  Meyer,  Mordell,  and  Humbert.  A  new  method  of  reduction  was  given  by 
Selling  and  simplified  by  Charve,  Poincare,  and  Got.  The  most  complete  exposition 
of  the  arithmetical  theory  of  quadratic  forms  in  three  or  more  variables  is  Bach- 
mann's  Arithmetik  der  Quadratischen  Formen,  1898. 

Fermat1  asserted  that  the  double  of  any  prime  Sn—  1  is  a  sum  of  three  squares. 

In  1748,  L.  Euler2  expressed  belief  that  the  double  of  any  odd  number  is  a  sum  of 
three  squares  and  proved  that  this  would  imply  that  every  odd  number  is  of  the 
form  2x*  +  y2  +  z2. 

C.  F.  Gauss3  employed  for  the  ternary  quadratic  form  the  notations 

(1)  /= 

defined  its  determinant  to  be 

(2) 

and  its  adjoint  to  be 

(3)  F=(A'A''A"}3(    V-a'd'^'b^-aa''^^-™'    \ 

(  J  \B>B'9B")      \flfc -&'&",  a'V-W,  a,"V'-W/° 

1  Oeuvres,  II,  405;  III,  316;  letter  to  K.  Digby,  June,  1658. 

2  This  History,  Vol.  II,  b9ttom  of  p.  260.    Cf.  p.  261,  Legendre  19 ;  p.  264,  Lebesque. 

3  Disquisitiones  Arithmeticae,  1801,  Arts.  266-285 ;  Werke,  I,  1863,  pp.  299-335 ;  German  transl. 

by  H.  Maser,  1889,  pp.  288-321.    Smith3  of  Ch.  VII  noted  that  Gauss'  theory  is  readily 
extended  to  forms  with  complex  integral  coefficients. 
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The  determinant  of  F  is  equal  to  D2.    The  adjoint  of  F  is 

taD,  a'D,  a"D\ 
\bD,  I'D,  l"D/' 

It  is  assumed  that  the  coefficients  of  /  are  integers  and  that  D  =£  0. 
If  /  is  transformed  into  g  by  the  substitution 

y'  +  y   y", 
(4) 

x"  =  a"y  +  p'y  +  y'y  ', 

with  integral  coefficients  of  determinant  ~k,  we  say  that  /  contains  g  and  g  is  con- 
tained in  f.    The  determinant  of  g  is  equal  to  k2D. 

By  interchanging  the  rows  and  columns  of  S,  we  obtain  a  substitution  said  to  arise 
by  transposition;  it  replaces  G  by  Jc2F,  if  ^  and  6r  denote  the  adjoints  of  /  and  g. 
The  substitution 


y  V  -  y7  V 
" 


(5)  £'=       /ry-/V'  y"a-ya 


ya'-y'a 


which  transforms  .P  into  (r,  is  called  the  adjoint  of  S.  If  $"  arises  from  S'  by 
transposition,  evidently  $"  replaces  g  by  fc2/. 

If  /  and  g  contain  each  other,  they  are  called  equivalent  ;  their  determinants  are 
equal.  Their  adjoints  are  equivalent,  and  conversely.  If  one  form  contains  another 
of  the  same  determinant,  they  are  equivalent. 

If  two  forms  are  equivalent  to  a  third  form,  they  are  equivalent  to  each  other. 
All  equivalent  forms  are  said  to  constitute  a  class. 

An  indefinite  form  is  one,  like  x2  +  y2  —  z2,  which  represents  both  positive  and 
negative  numbers.  Definite  forms  are  of  two  kinds:  positive  forms,  like  x2  +  y2  +  z2, 
which  represent  only  numbers  ^>  0;  and  negative  forms,  like  —x2  —  y2  —  z2^  which 
represent  only  numbers  ^=  0.  The  same  terms  are  applied  to  classes.  It  is  proved 
(Art.  271)  that  in  a  definite  form  /  the  six  numbers  A,  A',  A",  aD,  a'D,  a"D  are 
negative,  D  itself  being  negative  or  positive  according  as  /  is  a  positive  or  negative 
form. 

Every  form  (Art.  272)  of  determinant  D  is  equivalent  to  a  form  whose  first  coeffi- 
cient (a)  does  not  exceed  £^|Z>|  numerically  and  the  third  coefficient  (A")  of 
whose  adjoint  form  does  not  exceed  ^  D2  numerically.  A  "  first  reduction  "  of  /  is 
made  by  means  of  a  substitution  which  leaves  x"  unaltered  and  replaces  x}  xf  by 
linear  functions  of  themselves  of  determinant  ±  1.  Thus  the  binary  form  (a,  V,  a'), 
of  determinant  A",  goes  into  an  equivalent  binary  form  whose  first  coefficient  may 
(by  Art.  171,  see  Ch.  I)  be  made  numerically  less  than  or  equal  to  Vf  JA"|.  A 
"  second  reduction  "  of  /  to  g  is  made  by  means  of  a  substitution  S  which  leaves  x 
unaltered  and  replaces  a/,  x"  by  linear  functions  of  themselves  of  determinant  ±1. 
The  adjoint  substitution  to  S  is 

x=±y,       x'=y"y'-tl"y",       x"=-y'y'  +  ^'y", 
and  replaces  F  by  G,  and  hence  the  binary  form  (A',  B,  A")  of  determinant  Da  by 
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an  equivalent  binary  form  whose  last  coefficient  is  numerically  less  than  or  equal  to 
Vi|Ite|.  Since  we  may  apply  these  two  reductions  alternately,  we  finally  reach  a 
form  /  for  which  a*^$\A"\,  A'"  ^$\Da\,  whence  a'^V'tl^H  \a\  ^ 
This  proves  the  above  theorem,  whose  converse  need  not  hold. 
A  further  reduction  (Art.  274)  of  /  is  made  by  means  of 


let  it  replace  /  by  fi.  Then  a^  =  at  A\'  =  A".  If  4"  =  0  we  make  a=Q  by  the  first 
reduction.  If  a=0  we  make  A"  =  Q  by  the  second  reduction.  First,  let  aA"^0. 
Then  by  choice  of  /?,  y',  y  we  can  make 

6j'  =  6//  +  aft        Bi=B-A'y,        B{  =B'-Np-A"y 

numerically  ^  J|a|,  $\A"\,  i|4"|,  respectively.  Second,  if  a=  A"  =  0,  then  6"  =  0 
and 


whence  D=a'bf2  =  a[b'l\  We  can  choose  /?,  y'  so  that  |6i|  is  less  than  or  equal  to  the 
g.c.d.  of  of,  &'.  Then  y  can  be  chosen  so  that  \a"  ^  V. 

The  number  of  classes  (Art.  276)  of  ternary  forms  of  a  given  determinant  is 
finite.  This  follows  at  once  from  the  inequalities  in  Art.  274  with  the  subscripts  1 
suppressed  and  those  in  Art.  272.  However,  the  number  of  classes  is  usually  smaller 
than  the  number  of  forms  which  satisfy  all  of  these  inequalities. 

If  (Arts.  278,  280)  in  a  ternary  form  /  we  write 


(6)  x  =  mt  +  nu,        x'  =  m't-\-nfu,        x"  —  m"t  +  n"u, 

we  obtain  a  binary  form  $(t,  u)  which  is  said  to  be  represented  by  /.  Let 
F(X,  X',  X")  denote  the  adjoint  of  /,  and  D  the  determinant  of  </>.  Then  D  is 
represented  by  F  when 

\      / 

This  representation  of  D  by  F  is  said  to  be  adjoint  to  the  representation  of  <£  by  /, 
and  is  called  proper  or  improper  according  as  the  g.c.d.  of  (7)  is  1  or  >1. 

Every  representation  of  D  by  F  can  be  derived  from  a  representation  by  /  of  a 
chosen  binary  form  of  determinant  D. 

If  $(t,  u)  is  transformed  into  the  equivalent  form  x(P>  q)  by  the  substitution 

and  if  we  write 


we  find  that  \  ig  represented  by  /  when 
(8)  x 


Further  the  numbers  (7)  are  equal  to  the  corresponding  functions  of  the  letters  with 
the  subscript  1.    Thus  (6)  and  (8)  yield  the  same  representation  of  D  by  F. 
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The  last  two  facts  show  that  we  obtain  all  proper  representations  of  D  by  F  if  we 
select  arbitrarily  a  form  from  each  class  of  binary  forms  of  determinant  D  and  find 
all  proper  representations  of  each  such  form  by  /  and  from  every  such  representation 
deduce  the  representation  of  D  by  F.  Forms  from  different  classes  yield  distinct 
representations.  The  improper  representations  are  readily  derived  from  the  proper. 

Let  (Art.  282)  <f>  =  pt2  +  2qtu  +  ru2,  of  determinant  D,  be  represented  properly 
by  the  ternary  form  /,  of  determinant  A,  when 

(9)  X  =  at  +  f3u,  X'  =  a't  +  P'u,  X"  =  a"t  +  ($"u. 

Select  integers  y,  y',  y"  such  that  the  determinant  of  (4)  is  fc=  ±1.    Let  8  replace 
/  by  g  whose  adjoint  is  G  : 


(10) 

bt  V,  b"  \B,  B'9  B" 

Hence  a+p,  l"  =  q,  a'=r,  A."=D,  and  the  determinant  of  g  is  A.    Thus 

(11)  B2  =  &p+A'D,        BB'=-±q+B"D,        B'*=±r+AD, 
so  that  B,  B'  are  integral  solutions  of  the  congruences 

(12)  52  =  A^        BB'=-kq,        5'2  =  Ar  (mod  D). 

This  representation  of  <£  by  /  is  said  to  belong  to  the  pair  (B,  B')  of  solutions. 

If  we  replace  y,  y',  y"  by  y1?  y(,  y"  such  that  the  determinant  of  ^  is  ^  =  1  or  —1, 
and  if  S-L  replaces  /  by  gi  whose  adjoint  is  Gl9  then  GI  is  equivalent  to  G  and  its 
B19  B(  are  such  that 

Bi^B,    B{=B'  or  B^-B}    B(=-B'  (mod  D). 

The  pair  (1?!,  5()  is  said  to  be  equivalent  or  opposite  to  (B,  B')  in  the  respective 
cases.  Conversely,  if  (Bl9  B{  )  is  any  pair  which  is  equivalent  or  opposite  to  (B,  B'), 
we  can  find  integers  yi,  y(,  y"  fcuch  that  .Si  has  the  determinant  ±1  and  replaces 
/  by  a  form  such  that  BI  and  B(  are  the  fourth  and  fifth  coefficients  of  its  adjoint  form. 

Hence  (Art.  283)  we  have  a  method  of  finding  all  proper  representations  of  a 
given  binary  form  </>  of  determinant  D  =^=  0  by  a  given  ternary  form  /  of  determinant 
A.  We  find  all  non-equivalent  pairs  of  solutions  (B,  B')  of  congruences  (12),  and 
retain  only  one  of  two  opposite  pairs.  For  each  resulting  pair  (B,  B'),  we  seek  a 
ternary  form  g,  denoted  by  (10),  having  determinant  A  and  a—  p,  b"  =  q,  of  —  r, 
rib  —  W'=B,  afbf  —  bb"=B'.  The  last  two  equations  uniquely  determine  &  and  6' 
since  the  determinant  of  their  coefficients  is  equal  to  pr—q2=—D^=Q.  By  (11), 
we  know  A'  =  b'2  —  pa"  and  B"  —  qa!f  —  W^  one  of  which  determines  a"  '.  Since  the 
products  of  ~b,  &',  a"  by  either  D  or  A  are  integers,  they  are  integers  at  least  when  D 
is  prime  to  A.  If  ~b,  &',  a"  are  integers  and  if  /  and  g  are  equivalent,  then  every 
substitution  8  which  replaces  /  by  g,  whose  terms  free  of  x"  are  <j>=  (p,  q,  r),  yields  a 
representation  (9)  of  </>  by  /,  and  all  representations  are  found  by  this  method. 
Distinct  substitutions  which  replace  /  by  g  yield  distinct  representations  except  when 
(B,  B')  is  opposite  to  itself. 

The  problems  to  find  all  representations  of  a  given  number  or  a  given  binary  form 
by  a  given  ternary  form  have  therefore  been  both  reduced  to  the  problem  to  decide 
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whether  or  not  two  given  ternary  forms  of  the  same  determinant  are  equivalent  and 
if  equivalent  to  find  all  transformations  of  the  one  into  the  other.  The  last  problem 
is  said  to  present  serious  difficulties  and  is  discussed  (Art.  285)  only  for  the  cases  of 
determinants  1,  —1,  2.  Given  one  transformation  of  /  into  an  equivalent  ternary 
form  /',  we  can  find  all  if  we  know  all  the  transformations  of  /  into  itself. 

In  case  f=ax2  +  a'x'*-\-a"x"*  and  a,  a',  a"  all  have  the  same  sign,  it  is  easily 
proved  that  the  only  transformations  of  /  into  itself  are  those  which  change  the  signs 
of  the  variables  or  permute  those  whose  coefficients  are  equal. 

Gauss4  noted  that  all  transformations  of  x2  +  y2  —  z2  into  itself  are  given  by 


(ay-/?S 


The  editor,  E.  Schering  noted  that  we  obtain  all  transformations  in  which  the  nine 
coefficients  are  integers  if  we  assign  to  a,  .  .  .  ,  8  all  integers  satisfying  aS  =  /Jy  =  1 
(two  even  and  two  odd),  as  well  as  all  odd  multiples  of  Vi  satisfying  the  same 
equation. 

Gauss4*  showed  how  to  transform  any  ternary  quadratic  form  of  determinant 
zero  into  a  binary  quadratic  form. 

L.  A.  Seeber5  found  complicated  inequalities  satisfied  by  one  and  only  one  reduced 
positive  form  of  a  class.  While  he  permitted  odd  values  of  the  coefficients  of  the 
product  terms,  we  shall  employ  the  notation  (1)  of  Gauss3  and  Eisenstein10  in  order 
to  facilitate  comparison  with  the  simplified  conditions  obtained  by  the  latter.  For  a 
positive  form  (1),  a,  a',  a,"  are  all  positive.  Seeber's  chief  conditions  for  a  positive 
reduced  form  are*:  (I)  When  l>,  V,  ~b"  are  all  positive, 

(13)  a^a'^a",        26^  a',        W  ^  a,        26"  ^  a. 

(II)  When  I,  V,  I"  are  all  negative,  -2(&  +  &'  +  &")  ^  a  +  a'.  In  certain  special 
cases  there  are  further  conditions  (including  quadratic  inequalities),  which  were 
simplified  by  Eisenstein.10  The  chief  content  of  the  book  is  the  solution  (in  41 
pages)  of  the  problem  to  find  a  reduced  form  equivalent  to  any  given  positive  form 
<f>,  and  the  proof  (in  91  pages)  of  the  theorem  that  no  two  reduced  forms  are 
equivalent.  Then  there  is  solved  the  problem  to  decide  whether  or  not  one  given  form 
can  be  transformed  into  another  given  form  by  a  substitution  with  integral  coeffi- 
cients, and  if  so  to  find  all  such  substitutions.  Finally,  there  is  discussed  the 
determination  of  all  reduced  forms  of  a  given  negative  determinant  (2),  which  we 
now  denote  by  —  D.  For  this  determination  he  used  the  theorem  that  aa'a"  ^  3D 
and  remarked  that  an  examination  of  600  cases  indicated  that  aa'a"  ^  2D.  The 
latter  empirical  theorem  was  later  proved  by  Gauss,6  Dirichlet,8  Hermite,9  and 
Lebesgue.19  At  the  end  of  the  book  is  a  table  of  reduced  forms  which  extends  only 
to  determinant  —25  if  we  restrict  attention  to  those  Gauss  forms  which  are  properly 
primitive. 

*  These  two  cases  include  all,  since  xy,  xz,  —  yz  all  become  negative  if  we  put  x  =  X, 
y  =  —Y,  z  =  —  Z. 

4  Posth.  MS.,  Werke,  II,  1876,  1863,  311. 
4aPosth.  MS.  of  1800,  Werke,  Xn,  1917,  87,  88. 

5  Untersuchungen  iiber  die   Eigenschaften   der  positiven  ternaren   quadratischen   Formen, 

Freiburg,  1831,  248  pp.  (and  in  Math.  Abhandlungen)  . 
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For  applications  to  the  solution  of  /=0  and  to  sums  of  three  squares,  see  this 
History,  Vol.  II,  pp.  422-3,  p.  17.  For  applications  to  binary  forms,  see  Ch.  IV 
above. 

C.  F.  Gauss6  proved  the  final  result  of  Seeber  in  a  review  of  the  latter's  book  and 
interpreted  the  result  geometrically.  He  extended  his  own  geometrical  representa- 
tion (Ch.  I38)  of  positive  binary  quadratic  forms  to  positive  ternary  forms.  The 

<t>  =  ax2  +  bf  +  cz2  +  2a'yz  +  Kb'xz  +  2<fxy 

gives  the  square  of  the  distance  between  two  arbitrary  points  in  space  whose 
coordinates  with  respect  to  three  axes  X,  Y,  Z  have  the  differences  x^/a,  y^l,zV~c, 
while  the  cosines  of  the  angles  between  the  axes  Y  and  Z,  X  and  Z,  X  and  Y  are 
respectively  a'/V6c,  6V  Vac,  c'/Va6.  The  points  for  which  x,  y,  z  are  integers  are 
the  vertices  of  a  system  of  parallelepipeds  determined  by  three  systems  of  equidistant 
parallel  planes.  The  square  of  the  volume  of  one  of  the  parallelepipeds  is  equal  to 
the  absolute  value  of  the  determinant  of  the  form  <f>.  Equivalent  forms  represent 
the  same  system  of  points  referred  to  different  axes. 

G.  Eisenstein7  defined  the  mass  (weight,  density)  of  a  class  K  of  positive  ternary 
quadratic  forms  to  be  1/8  if  one  of  its  forms  hUs  (only  a  finite  number)  S  of  auto- 
morphs  of  determinant  +1  (transformations  into  itself).  The  mass  of  a  set  of 
classes  is  defined  to  be  the  sum  of  the  masses  of  the  classes.  Let  the  determinant  of 
the  form  /  be  odd  (to  avoid  the  distinction  between  proper  and  improper  forms), 
and  let  the  coefficients  have  no  common  divisor. 

The  separation  of  classes  into  orders  is  essentially  different  from  that  for  binary 
forms.  The  positive  g.c.d.  O  of  the  coefficients  of  the  form  Ff  adjoint  to  /,  has  the 
same  value  for  all  forms  /  of  a  class;  it  is  called  the  adjoint  (zugeordnete)  factor  of 
the  class.  All  classes  with  the  same  determinant  D  and  same  adjoint  factor  fl  con- 
stitute an  order.  Since  /  is  positive,  F  is  negative.  Write  F-—  fig"  where  £y  is 
positive  and  primitive.  Its  adjoint  is  equal  to  both  Df  and  the  product  of  O2  by 
the  adjoint  of  g.  Since  /  is  primitive,  D—  —  Q2A.  The  following  theorem  is  stated  : 
Let  O2  be  any  square  factor  of  a  negative  odd  determinant  D—  —  ft2A;  let  R  be  the 
g.c.d.  of  O  and  A;  r,  r',  ...  the  distinct  prime  factors  of  R,  and  p  =  n(l  —  1/r2)  ; 
tli  en  the  mass  of  the  order  of  ternary  forms  of  determinant  D  and  adjoint  factor  O 
is  ^QAp  if  R  is  not  a  square,  but  is^V^OA-  Q)P  if  R  is  a  square  and  Q  is  the  largest 
square  dividing  QA. 

The  subdivision  of  orders  into  genera  does  not  depend  (as  in  the  case  of  binary 
forms)  solely  upon  the  quadratic  characters  of  the  numbers  represented  by  the 
forms  with  respect  to  the  various  prime  factors  of  D  and  to  4  and  8,  but  also  upon 
the  characters  of  the  adjoint  forms.  Let  D=—  O2A  be  an  odd  determinant  ; 
w,  <•/,  .  .  .  the  distinct  prime  factors  of  O  which  do  not  divide  A  ;  3,  3',  ...  those  of  A 
which  do  not  divide  O  ;  r,  r',  ...  those  dividing  both  O  and  A.  Then  /,  whose  adjoint 
is  F=  —  O|5,  has  the  complete  character 


£).(£)  .....  (4).  (£)  .....  (!)•(»••- 


«  Gottingische  gelehrte  Anzeigen,  1831,  No.  108;  reprinted,  Jour,  fur  Math.,  20,  1840,  312-20; 

Werke,  II,  1863,  188-196. 
^  Jour   fur  Math.,  35,  1847,  117-136;  Math.  Abhandlungen,  1847,  177-196. 
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where  each  symbol  is  a  Legendre  sign  ±1.    If  we  give  a  definite  sign  to  each  symbol, 
we  obtain  a  definite  genus  whose  mass  is  said  to  be 


where 


the  last  two  symbols  being  Jacobi's  generalization  of  Legendre's  symbol.  The  paper 
closes  with  a  table  of  the  characters  and  classes  in  each  genus  of  positive  ternary 
forms  of  the  odd  determinants  —  1,  —  3,  .  .  .,  —  25.  A  special  case  of  one  of  these 
theorems  was  proved  later  by  Eisenstein.12  Cf.  Smith.20 

G.  L.  Dirichlet8  gave  a  theory  of  reduction  of  positive  ternary  quadratic  forms 
which  is  far  simpler  than  that  of  Seeber.5  He  employed  the  notations  and  geo- 
metrical interpretation  due  to  Gauss6  and  his  own  concept  of  a  reduced  parallelo- 
gram (Ch.  I51).  Given  a  lattice  formed  by  the  intersections  of  three  systems  of 
equidistant  parallel  planes,  we  can  select  a  reduced  fundamental  parallelopiped  whose 
faces  are  reduced  parallelograms  and  none  of  whose  edges  exceeds  any  diagonal. 
For,  we  may  take  as  one  vertex  (0)  any  point  of  the  lattice.  As  a  second  vertex  (1) 
select  a  lattice  point  at  a  minimum  distance  from  (0).  As  (2)  select  a  lattice  point 
not  on  the  line  (01)  but  as  near  to  (0)  as  possible.  Then  (0),  (1),  (2)  are  vertices 
of  a  reduced  parallelogram.  In  one  of  the  two  adjacent  parallel  planes  of  the  lattice 
choose  a  point  (3)  as  near  to  (0)  as  possible.  Then  (0),  (1),  (2),  (3)  are  vertices 
of  a  reduced  parallelopiped.  There  is  a  single  one  if  all  diagonals  exceed  every  side. 

Consider  a  ternary  form  </>  in  Gauss'6  notation.  After  permuting  the  variables  or 
changing  their  signs,  we  may  assume  that  0<&±i  &  ^  c,  that  a',  &',  c'  are  either 
all  negative  or  none  negative,  and,  finally,  if  b  =  c,  then  |c'|  ^  |&'|,  if  a—^)f  then 
|&'|  ^  M,  if  a=b  =  c,  then  |c'|  ^  |&'|  ^  \a'\.  We  then  call  4  reduced  if  it  corre- 
sponds to  a  reduced  parallelopiped  with  (01)  =  V^*>,  (02)  =  V&,  (03)  =  Vc.  Since 
the  diagonals  of  the  faces  are  not  less  than  the  sides,  .we  obtain  inequalities  equiva- 
lent to 

2cV,        a  ^  2&V,        &  >  2aV, 


where  a=  —  1  if  of,  &',  c'  are  all  negative,  otherwise  a=  +1.  The  conditions  on  the 
diagonals  of  the  parallelopiped  give  only 

a-t-&  +  2a'  +  2&'+2c/^0    (»',  I',  c'  negative). 

Unless  an  equality  sign  occurs,  no  two  equivalent  forms  are  reduced.  There  is  given 
a  short  proof  of  the  theorem  of  Seeber5  and  Gauss6  that  abc^  2|A|  for  a  reduced 
form. 

Ch.  Hermite9  gave  a  more  elementary  proof  than  had  Gauss6  of  Seeber's  con- 
jecture that  in  a  reduced  definite  ternary  form  the  product  of  the  coefficients  of  the 
three  squares  is  less  than  double  the  determinant. 

8  Jour,  fur  Math.,  40,  1850,  209-227  ;  abstract  in  Monatsber.  Akad.  Wiss.  Berlin,  1848,  285-8  ; 

Werke,  II,  21-18.   French  transl.  in  Jour,  de  Math.,  (2),  4,  1859,  209-232.    Cf.  *  H.  Klein, 
Ausfiihrung  und  Erlauterung  von  Dirichlets  Abh.  .  .  .  ,  Hermannstadt,  1908,  58  pp. 

9  Jour,  fur  Math,  40  1850,  173-7;  79,  1875,  17-20;  Oeuvres,  I,  94-99;  III,  190,  190-3. 
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G.  Eisenstein10  tabulated  the  primitive  reduced  positive  forms  <£  =  ax2  +  .  .  .  + 
Wxy  of  determinants  —  1,  .  .  .,  —100  and  —385  (reduced  according  to  SeeberV 
definition).  For  a  primitive  form  a,  .  .  .,  I"  have  no  common  factor.  There  are 
first  given  the  properly  primitive  forms  for  which  a,  .  .  .  ,  2&"  have  no  common  factor, 
and  then  the  improperly  primitive  forms  for  which  a,  a',  a,"  are  all  even.  The  table 
gives  also  the  number  8  of  transformations  of  the  form  into  itself. 

He  found  that  Seeber's  quadratic  inequalities  for  a  reduced  form  may  be  replaced 
by  linear  inequalities,  whence  we  need  not  employ  the  adjoint  form.  The  following 
simplified  conditions  are  equivalent  to  Seeber's  : 

(I)   </>  with  I),  &',  ~b"  all  positive;  conditions  (13)  and 

(14)         if      a  =  a',  then     6g&';     if    af=a",  then  I'  ^  6"; 
if     26  =  a',  then  &"^2&';  if  2&'=a,  then  6"^2&; 

if  2b"=a,  then  V  g  26. 
(II)     ax2  +  a'y2  +  a"z*-2lyz-2b'xz-2l"xy,  I,  V,  Z/'all^O; 

conditions  (13),  (14),  and  2(&  +  6'  +  &")  ga+a'; 

if  26  =  a',  then  6"  =  0;  if  2&'=a,  then  6"  =  0;  if  Vb"  =  a,  then  £'  =  0; 
if  2(b  +  l'  +  b")=a+a',  then  ag2&'  +  &". 


Let  H(D)  and  H'(D)  denote  the  number  of  classes  of  properly  and  improperly 
primitive  positive  ternary  forms  of  determinant  —  T>,  and  h(D)  and  h'(D)  the 
corresponding  numbers  for  binary  forms.  Then  if  P  is  a  product  of  distinct  odd 
primes, 

H(P)  =#lh(d)  +  2h'(d)  +2h(2d)  }.  +  TV(P+A), 
H(2P)  =&h(d)  +&h(2d)  +  %(P+v),      H'(2P)  =&h(d 

the  summations  extending  over  all  divisors  df>  1  of  P^  while 


where  (P/3)  =0  if  P  is  divisible  by  3.  When  P  is  a  prime,  H(P)  is  expressed  in  other 
forms.  Proofs  by  Markoff,41  Mordell.53 

Eisenstein11  tabulated  all  the  transformations  leaving  unaltered  a  reduced  positive 
ternary  form,  also  the  non-equivalent  indefinite  (unbestimmten)  forms  of  deter- 
minants <20  without  a  square  factor.  There  is  a  single  class,  represented  by 
X2  _  y2  _|_  ^,2^  Q.f  indefinite  forms  whose  determinant  A  is  a  given  odd  number,  without 
a  square  factor,  the  numbers  represented  by  whose  adjoint  forms  are  quadratic 
residues  of  every  prime  factor  of  A  (generalized  by  Meyer24)  . 

Eisenstein,12  employing  the  notations  of  Gauss,3  noted  that  every  form  /  with 
integral  coefficients  and  determinant  D  a  product  of  distinct  odd  primes  p,  p',  .  .  .  , 
which  is  derived  from  G-=  (xz  +  x'2  +  x"2)/D  by  a  substitution  of  determinant  D2, 
is  such  that  every  number  prime  to  p  and  represented  by  the  adjoint  F  of  /  is  a 
quadratic  residue  of  p,  and  similarly  for  p',  etc.  The  latter  necessary  conditions  are 

10  Jour,  fur  Math.,  41,  1851,  141-190. 

11  Ibid.,  227-242. 

12  Jour,  de  Math.,  17,  1852,  473-7. 
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also  sufficient.  Two  substitutions  8  and  T  are  called  right-hand  equivalent  if  8  is 
the  product  T-E  of  T  by  a  substitution  E  of  determinant  unity.  He  evaluated  the 
number  of  substitutions  not  right-hand  equivalent  which  replace  x*+y2  +  z2  by  a 
form  divisible  by  D.  Further  details  were  given  in  his  next  paper. 

Eisenstein18  called  two  substitutions  S  and  S-T  with  integral  coefficients  equiva- 
lent if  T  is  a  substitution  with  integral  coefficients  of  determinant  unity,  while  T 
and  S-T  are  similar  substitutions  if  S  has  integral  coefficients  of  determinant  unity. 
The  object  is  to  find  all  non-equivalent  substitutions  with  integral  coefficients  of 
determinant  D  which  replace  <#>  =  x2  +  y2  -f  z2  by  Df  where  /  is  some  ternary  form  of 
determinant  —D,  and  to  find  all  non-similar  substitutions  which  replace  </>  by  Df 
where  /  is  a  given  positive  form. 

The  number  of  classes  of  ternary  forms  /  of  determinant  —  3  which  belong  to  the 
principal  genus  (whence  df  can  be  obtained  from  x2  +  y2  +  z2  by  transformation)  is 
proved  to  be  i,!p  +  Tg-(94-0),  where  fe  is  the  number  of  classes  of  primitive  positive 
binary  forms  \f/  of  determinant  —9  for  which  (—  <^/9)=l,  plus  the  number  of 
determinant  -29  for  which  (-2^/3)  =  !,  while  0  =  4:7,  19,  17,  13,  35,  31,  29,  1 
when  3  =  1,  5,  7,  11,  13,  17,  19,  23  (mod  24),  respectively. 

He  stated  that  every  positive  definite  ternary  quadratic  form  of  determinant  —  D 
which  has  an  automorph  not  the  identity  I  is  equivalent  to  a  form  axz-\-ty  or 
where  a  is  a  divisor  of  D  or  2 D,  respectively,  while  \j/  = 
has  the  determinant  —D/a  or  —2D/a,  respectively.  Conversely, 
these  ternary  forms  have  automorphs  =^=I  (proof  by  Mordell53). 

Finally  he  tabulated  the  automorphs  of  a  positive  reduced  form. 

Ch.  Hermite14  considered  indefinite  forms  reducible  to  X2  +  Y2  —  Z2  by  real 
substitution.  Let  A  be  the  determinant  and  g  the  adjoint  of  /.  Consider  the  infini- 
tude of  substitutions  which  transform  the  definite  form  <j>=f  +  2(Xx  +  py  +  vz)2  into 
a  reduced  form  when  A,  /*,  v  take  all  real  values  for  which  g(\,  //.,  v)  =  —  A.  These 
substitutions  transform  /  into  an  aggregate  of  forms  which  is  finite  if  /  has  integral 
coefficients,  whence  the  number  of  classes  of  forms  /  with  a  given  determinant  is 
finite.  He  omitted  the  long  details  of  this  continual  reduction  of  <£. 

The  characteristic  equation  of  an  automorph  is  a  reciprocal  equation  with  a  root  1. 

The  problem  to  find  all  automorphs  with  integral  coefficients  of  /  was  made  to 
depend  on  the  totality  of  algebraic  automorphs.  But  not  all  the  latter  were  obtained, 
owing  to  a  gap  in  the  proof.  P.  Bachmann16  pointed  out  this  gap  and  showed  how 
to  find  all  algebraic  automorphs.  Hermite16  later  obtained  all  by  a  modification  of 
his  former  method.  In  the  meantime,  G-.  Cantor17  obtained  all  algebraic  automorphs 
of  /  from  those  of  ®  =  Y2  —  XZ ,  essentially  as  quoted  under  Poincare.35  Cf.  Meyer. 
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is  Berichte  Akad.  Wiss.  Berlin,  1852,  350-389. 

14  Jour,  fur  Math.,  47,  1854,  307-312;  Oeuvres,  I,  1905,  193-9. 

15  Jour,  fur  Math.,  76,  1873,  331-41. 

^Ibid.,  78,  1874,  325-8;  Oeuvres,  III,  185-9.  Cf.  J.  Tannery,  Bull.  Sc.  Math.  Astr.,  11,  II, 
1876,  221-233. 

17  De  Transformation^  Formarum  Ternariarum  Quadraticarum,  Halle,  1869,  12  pp.  Report 
in  Bachmann,  Die  Arithmetik  der  Quadr.  Formen,  1898,  19-25.  The  automorphs  of 
<*»  in  a  general  field  were  found  by  L.  E.  Dickson,  University  of  Chicago  Decennial 
Publications,  9,  1902,  29-30. 
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Hermite18  proved  that  /  has  the  automorph 


8 


where  y  =  g(\,  n,  v),  Tr  =  \X  +  t*,Y+vZ,  and  A,  /x,  v  are  arbitrary  parameters.    Also, 
\x+fjLy  +  vz  =  ir  under  this  substitution,  as  shown  by  multiplication  by  A,  /A,  v  and 
addition.    By  changing  the  signs  of  A,  /x,  v,  we  obtain  the  inverse  S'1.    The  param- 
eters of  the  product  of  any  two  substitutions  S  are  found  rationally. 
In  8  replace  A,  /x,  v  by  A/p,  p/p,  v/p  ;  we  obtain 

(15)  V-r)«* 

in  which  the  parameters  A,  11,  v,  p  enter  homogeneously  (cf.  Bachmann23).    Hermite 
suppressed  the  coefficient  p2  —  y  of  x,  y,  z  and  obtained  a  substitution  for  which 


/(^  ^  *)  =/(*,  Y,  Z)lP*-g(\,  ,1,  v)  p. 

Hence  any  ternary  form  is  compounded  of  itself  and  the  square  of  a  quaternary 
form  p2  —  g.  He  gave  several  such  results.  He  gave  the  important  identity  (verified 
by  Bachmann23)  : 


Z  =  fii''  —  i///,     m  =  v\'  —  Av',     n  =  \p'  —  /xA'. 

Conversely,  from  the  latter  composition  we  can  deduce  the  automorphs  of  /.     He 
showed  that  Ap2  —  /(A,  /*,  v)  may  be  compounded  with  p'2  —  </(A',  /x',  v')   to  give 


V.  A.  Lebesgue19  gave  a  modification  of  Gauss'8  proof  of  SeeberV  theorem  that 
abc^2D  for  a  reduced  positive  ternary  form. 

H.  J.  S.  Smith20  proved  EisensteinV  theorems  concerning  positive  forms  of  odd 
determinants  and  extended  them  to  general  primitive  ternary  forms 

/=  ax2  +  off  +  a"z2  +  2byz  +  2b'xz+2b"xy, 

for  which  the  six  integers  a,  .  .  .,  5"  have  no  common  divisor  >1.    Its  discriminant 
D  is  the  negative  of  Gauss'3  determinant.    Its  contravariant 

(a'a"-'b2)x2+  .  .  .  +Z(W-a"l")xy 
is  the  negative  of  Gauss'  adjoint  form  and  is  denoted  by  SlF,  so  that  fi  is  the  g.c.d. 

"  Jour,  fur  Math.,  47,  1854,  312-330;  Oeuvres,  1,  1905,  200-220. 
"  Jour,  de  Math.,  (2),  1,  1856,  406-10. 

20  Trans.  Phil.  Soc.  London,  157.  1867,  255-298  ;  abstract  in  Proc.  Roy.  Soc.  London,  15,  1867, 
387-9.    Coll.  Math.  Papers,  I,  455-506,  507-9. 
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of  its  six  coefficients,  and  F=Ax2  +  .  .  .  +  2B"xy  is  the  primitive  contravariant  of  /. 
If  /  is  definite,  whence  A>0,  we  take  O>0.  If  /  is  indefinite,  we  choose  O  to  be  of 
sign  opposite  to  A.  The  identity 


and  that  obtained  by  interchanging  /  with  F  and  O  with  A,  lead  to  the  subdivision  of 
the  orders  into  genera.  The  first  identity  shows  that  the  numbers,  which  are  rela- 
tively prime  to  any  odd  prime  factor  w  of  O  and  which  are  represented  by  /,  are 
either  all  quadratic  residues  of  w  or  all  non-residues  of  o>,  whence  /  has  the  particular 
generic  character  (//w).  The  second  identity  shows  that  F  has  the  character  (F/S), 
where  8  is  any  odd  prime  factor  of  A.  Also,  as  by  Eisenstein,  /  and  F  have  particular 
characters  with  respect  to  any  odd  prime  dividing  both  Q  and  A.  The  same  identities 
led  Smith  to  particular  supplementary  characters  of  each  /  and  F  with  respect  to  4 
and  8,  analogous  to  the  case  of  binary  forms.  When  f  and  F  are  both  properly 
primitive  and  neither  O  nor  A  are  multiples  of  4,  /  and  F  taken  separately  have  no 
particular  characters  with  respect  to  4  or  8,  but  have  jointly  a  simultaneously  char- 
acter with  respect  to  4  or  8,  defined  by  means  of  representations  m=f(x,  y,  z), 
M=F(X,Y,Z)  for  which  xX  +  yY+zZ  =  0  (mod  2). 

The  aggregate  of  the  particular  characters  of  /  and  F  gives  the  complete  character. 
Two  forms  (or  classes)  with  the  same  complete  character  (and  same  O  and  same  A) 
are  said  to  belong  to  the  same  genus.  A  two-page  table  serves  to  distinguish  those 
complete  characters  which  are  possible  (i.  e.,  to  which  existing  genera  correspond) 
from  those  which  are  impossible,  the  distinction  being  expressed  by  a  specified 
relation  between  the  characters. 

In  regard  to  the  proposal  of  Eisenstein8  of  Ch.  XI  to  define  a  genus  of  forms  as 
consisting  of  all  the  forms  which  can  be  transformed  into  one  another  by  substitu- 
tions with  rational  coefficients  of  determinant  unity,  Smith  (§12)  remarked  that, 
in  the  case  of  quadratic  forms,  it  is  desirable  to  add  the  limitation  that  the  denomi- 
nators of  the  fractional  coefficients  are  prime  to  2OA,  and  proved  that  two  ternary 
quadratic  forms  are  transformable  into  each  other  by  such  substitutions  if  and  only 
if  their  complete  generic  characters  coincide. 

Finally  (§§13-22),  Smith  proved  EisensteinV  formulas  relating  to  mass  or 
weight  of  positive  forms  or  genera  and  the  corresponding  formulas  for  the  new  case 
of  an  even  discriminant. 

J.  Liouville21  stated  that  ra  =  6/*±l  has  F(6m)  representations  by  x2  +  2y2  +  3z2 
if  F(k)  is  the  number  of  classes  of  binary  quadratic  forms  of  determinant  —Ic. 

P.  Bachmann22  used  Smith's20  identities  to  prove  Gauss'  theorems  that  the  deter- 
minant D  of  every  binary  quadratic  form  <j>  representable  by  a  ternary  form  /  is 
representable  by  the  adjoint  of  /,  and  that  every  proper  representation  of  <j>  by  / 
belongs  to  a  pair  of  solutions  of  Gauss'  congruences  (12).  From  one  representation 
of  <f>  by  /  and  the  known  automorphs  of  <j>  (involving  the  integral  solutions  of 
T2  —  Dv2  =  ~L),  we  obtain  all  the  representations  which  belong  to  the  same  or  opposite 

21  Jour,  de  Math.,  (2),  14,  1869,  359,  360. 

22  Jour,  fiir  Math.,  70,  1869,  365-371.    It  is  stated  in  his  next  paper  that  we  should  here  add 

the  condition  that  0  is  a  properly  primitive  form  whose  determinant  D  is  prime  to  A. 
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pair  of  solutions  and  which  yield  the  same  value  of  (?').  An  application  of  these 
results  leads  to  an  arithmetical  derivation  of  Hermite's18  automorphs  of  /. 

Bachmann23  found  the  conditions  under  which  Hermite's18  formula  (15)  for  the 
automorphs  of  /  shall  have  integral  coefficients,  i.  e.,  the  coefficients  of  X,  Y,  Z  shall 
be  divisible  by  p2-g(X,  n,  v)  .  It  is  assumed  that  the  coefficients  a,  a',  a",  A,  A',  A" 
of  the  squares  of  the  variables  in  /  and  its  adjoint  g  are  odd  and  the  remaining 
coefficients  even,  that  the  determinant  A  of  /  is  a  product  of  distinct  odd  primes, 
and  that  only  one  of  A,  A',  A"  is  of  the  form  4n  +  3  [without  these  restrictions, 
Meyer42'  44]  .  Necessary  and  sufficient  conditions  for  integral  coefficients  are  that 
p,  A,  p,  v  be  integral  solutions  of  p2  —  g(\,  /x,  v)  =2*8,  where  8  is  a  divisor  of  both 
A  and  p,  and  h  =  Q  or  1.  He  verified  Hermite's18  formula  expressing  the  product  of 
two  quaternary  forms  p2  —  g  as  a  third  such  form.  From  this  formula  we  obtain  all 
solutions  of  p2  —  g  =  2h8,  where  h  and  8  are  given  and  p  is  divisible  by  8,  when  we 
know  one  solution  and  all  solutions  of  p2  —  <7=1.  As  an  example,  there  are  obtained 
all  automorphs  with  integral  coefficients  of  x2  +  y2  —  z2  (Gauss4). 

A.  Meyer24  proved  that  two  indefinite  ternary  quadratic  forms  of  the  same  genus 
are  equivalent  if  they  have  relatively  prime  odd  values  of  their  invariants  D  (the 
determinant  of  the  form  /)  and  O  (the  g.c.d.  with  proper  sign  of  the  coefficients  of 
the  adjoint  of  /).  In  other  words,  each  genus  contains  a  single  class  (proved  by 
Eisenstein11  for  the  case  in  which  A  is  odd  and  without  a  square  factor).  For  an 
improvement  of  the  proof  and  extension  to  even  invariants,  see  Meyer.39 

E.  Selling25  employed  in  connection  with  a  form,  whose  coefficients  need  not  be 

F=F(x,  y,  z)=Ax2  +  By2  +  Cz2 
four  auxiliary  numbers  D,  L,  M,  N  defined  by 
A  +  L+H+K=Q,      B+M+K+G=Q, 
When  x,  y,  z  are  replaced  by  x—  t,  y  —  t,  z  —  t  respectively,  F  becomes 

<t>=-G(y-z)2-H(z-x)2-K(x-y)2-L(x-t)2-M(y-t)2-N(z-t)2. 

A  positive  form  F  is  called  reduced  when  G,  H,  K,  L,  Mf  N  are  all  negative  or 
zero.     To  justify  this  definition,  which  is  essentially  different  from  Seeber's,  it  is 
proved  that  any  positive  form  is  equivalent  to  a  reduced  form.    The  proof  rests  on 
the  fact  that 
(16)  -(G+H+K  +  L+M+N)=$(A+B  +  C  +  D) 

is  positive,  being  half  the  sum  of  the  values  of  </>  for  the  four  sets  of  values,  1,  0,  0,  0  ; 
0,  1,  0,  0  ;  0,  0,  1,  0  ;  0,  0,  0,  1  of  x,  y,  z,  t.  But  the  substitution 


replaces  <f>  by  </>'  in  which 

K'=G+K,     L'=-G  +  L,     M'=G+M,     N'=G+H, 
')  =  -  (2Q+H+K  +  L+M+N). 


23  Jour,  fur  Math.,  71,  1870,  296-304.    Notations  changed  to  agree  with  Hermite's. 

24  Zur  Theorie  der  unbestimmten  ternaren  quadratischen  Form  en,  Diss.,  Zurich,  1871.    Cf. 

P.  Bachmann,  Die  Arithmetik  der  Quad.  Formen,  1898,  Ch.  9. 

25  Jour,  fur  Math.,  77,  1874,  164-229;  revision  (in  French)  in  Jour,  de  Math.,  (3),  3,  1877, 

43-60,  153-206.    See  Charve's28  exposition  of  the  case  of  positive  forms,  Poincare,  9-  35 
Borissow,36  Got.50 
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Hence  if  G  is  positive  we  can  find  an  equivalent  form  for  which  the  sum  (16)  is 
smaller  than  for  F.  By  symmetry,  the  same  conclusion  holds  if  H,  .  .  .,  or  N  is  posi- 
tive. Hence  F  is  equivalent  to  a  reduced  form.  Furthermore,  the  sum  (16)  has 
for  a  reduced  form  a  value  less  than  for  any  equivalent  form  not  having  the  same 
coefficients  G,  .  .  .  ,  N  merely  permuted,  whence  the  latter  form  is  not  also  reduced. 

In  case  G,  .  .  .,  N  are  negative  (not  zero),  there  are  24  reduced  forms  derived  from 
the  given  one  F  by  the  24  permutations  of  x,  y,  z,  t,  and  they  are  all  equivalent  to  F. 
But  if  one  of  the  coefficients  is  zero,  the  number  of  reduced  forms  exceeds  24.  This 
furnishes  a  method  of  finding  the  number  of  automorphs. 

Following  Gauss,26  let  (A),  (B),  (C)  denote  three  vectors  whose  projections  on 
three  rectangular  axes  are  |,  &,  |2;  TI,  >?i,  172  ;  and  £,  £1,  £2,  respectively.  When  x,  y,  z 
range  over  all  sets  of  three  integers,  the  extremities  of  the  vectors  V  =  x(A)  + 
y(B)  +z(C),  whose  initial  point  is  the  origin,  form  a  lattice.  Define  the  product  of 
two  such  vectors  to  be  the  product  of  their  lengths  by  the  cosine  of  the  angle  between 
them.  Then  the  square  of  V  is  F  whose  coefficients  A,  B,  C  are  the  squares  of  (A), 
(B),  (C),  while  Gf  H,  K  are  the  products  by  twos  of  these  vectors,  as  follows  from 


2  =  G,     £1  +  £a£i  +  £2|2  =  H,     &,  +  fa  +  fa  =  K. 


The  conditions  for  a  reduced  form  F  are  interpreted  geometrically  (p.  55). 

Selling  next  considered  an  indefinite  ternary  form  f  =  ax2+  .  .  .  +  2kxy,  whose  dis- 
criminant is  not  negative,  so  that  /  can  be  transformed  into  xz  —  y2  —  z2  by  a  real 
substitution.  Take  any  set  of  real  numbers  £,  .  .  .  ,  £2  satisfying  the  six  equations 


(18) 

&i  -  fa  -  fa  =  lc, 

and  insert  them  in  (17)  ;  we  obtain  a  positive  form 


called  a  positive  form  corresponding  to  /.    Then  /  is  called  reduced  if  F  is  reduced 
whatever  set  of  real  solutions  of  (18)  is  employed,  but  with  a  restriction  imposed 
later  (p.  177)  in  the  course  of  the  long  geometrical  discussion.    All  the  (infinitude 
of)  automorphs  of  /  are  products  of  powers  of  a  finite  number  of  automorphs. 
S.  Realis27  noted  the  identity 


L.  Charve28  gave  a  clear  exposition  of  the  arithmetical  part  of  Selling's25  theory 
of  reduced  positive  ternary  quadratic  forms,  with  additions  and  application  to  the 
forms  considered  by  Hermite  while  seeking  periodic  properties  in  the  approximation 

26  Geometrische  Seite  der  Ternaren  Formen,  posth.  MS.,  Werke,  II,  305. 

27  Nouv.  Corresp.  Math.,  4,  1878,  327. 

28  Ann.  sc.  ecole  norm,  super.,  (2),  9,  1880,  suppl.,  156  pp.  (These). 
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to  a  root  of  a  cubic  equation,  thereby  extending  the  periodic  continued  fraction  for  a 
root  of  a  quadratic  equation. 

H.  Poincare29  expressed  in  a  different  form  the  results  of  Hermite14  and  Selling.25 
After  a  linear  transformation  of  variables,  an  indefinite  ternary  quadratic  form 
becomes  F=£2  +  r}2  —  £2  [or  —  F~\.  Consider  in  a  plane  a  point  mi  inside  the  circle 
C  of  radius  unity  and  center  at  the  origin.  Given  the  coordinates  Xl9  Y^  of  mlf  the 
relations 


determine  |±,  ijlt  £1  and  hence  determine  a  reduced  form  of  F  obtained  by  applying  to 
F  the  substitution  which  reduces  the  definite  form 


Hence  to  each  point  mt  inside  (7  corresponds  a  single  reduced  form  of  F.  If  m± 
varies,  but  does  not  pass  out  of  a  certain  region  R0,  the  same  reduced  form  is 
obtained.  Let  R0,  RI,  .  .  .  ,  Rn-i  be  a  system  of  regions,  each  contiguous  to  the  next, 
which  correspond  to  the  n  distinct  reduced  forms.  Let  P  be  the  totality  of  these 
regions.  Let  P'  be  the  totality  of  regions  R'0,  R(,  .  .  .,  R'n_i  mutually  related  as  were 
the  R's  and  corresponding  to  the  same  reduced  forms.  Joining  the  summits  of  P 
by  circles  orthogonal  to  C,  we  obtain  a  curvilinear  polygon  Q.  Similarly,  from 
P',  P",  .  .  .  ,  we  obtain  polygons  Q',  Q",  ....  Each  property  of  an  automorph  of  F 
gives  a  property  of  Q,  which  is  expressed  in  the  language  of  non-euclidean  geometry. 
E.  Picard30  proved  that  a  form  diX2+  .  .  .  +2b3xy  with  complex  coefficients  satis- 
fying the  3  conditions 


in  which  a!  denotes  the  conjugate  to  a,,  is  transformed  into  another  form  satisfying 
the  same  3  conditions  by  all  substitutions  satisfying  certain  5  conditions. 

A.  Meyer31  defined  a  Null  form  to  be  one  which  vanishes  for  rational  values  not 
all  zero  of  the  variables.  Let  D  denote  the  determinant  of  the  primitive  indefinite 
form  /,  and  £IF  its  adjoint,  where  F  is  primitive  and  indefinite.  Then  Z>=Q*A. 
Let  ©  denote  the  positive  g.c.d.  of  O  and  A,  O'  that  of  ©  and  O/0,  and  A'  that  of 
®  and  A/0.  Write  ®'  =  ©/(Q'A'),  O"  =  a/(0O')>  A"  =  A/(0A'),  so  that  Q'n"  is 
prime  to  A'A",  and  ©'  prime  to  n"A".  In  parts  I  and  II  it  is  assumed  that  ©',  Q', 
A',  n",  A"  are  relative  prime,  odd,  and  without  square  factors  [restrictions  removed 
in  Meyer42]  .  Such  a  Null  form  is  equivalent  to  a  reduced  form 

f(r)=  ®'n*A'  V  +  r  A'O'V71  +  2©'O'A'2O"zz", 

where  0<r  ±==  ©  and  r  is  prime  to  ©.  Two  forms  f(r)  and  /(r7)  belong  to  the  same 
genus  if  r  and  r'  have  the  same  quadratic  characters  with  respect  to  the  v  prime 
factors  of  ®.  Thus  there  are  2""^>(©)  reduced  forms  in  each  genus.  Two  reduced 
forms  f(r)  and  f(r')  of  the  same  genus  are  equivalent  if  and  only  if  there  exist 

2J>  Assoc.  franQ.  av.  sc.,  1881,  132-8. 

30  Comptes  Rendus  Paris,  94,  1882,  1241-3. 

31  Jour,  fur  Math.,  98,  1885,  177-230.    He  first  proved  Smith's  result  (this  History,  Vol.  II, 

431)  on  the  solvability  of  f  =  Q  when  D  is  odd. 

15 
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factorizations  ®  =  ®i®2  and  O//A'/  =  DiD2,  a  root  of  rz2  =  r'  (mod  ®),  and  a  value 
±1  or  ±2  of  o-',  such  that  </®2D22  and  (/©iD^  are  quadratic  residues  of  ®i  and 
®2  respectively.  In  other  words,  there  must  exist  a  binary  form  (a,  0,  re)  of  deter- 
minant —  r®Q"A"  whose  characters  with  respect  to  all  prime  factors  of  ®  coincide 
with  the  characters  of  one  of  the  values  of  z  or  2z.  We  readily  deduce  the  number 
of  classes  in  each  genus;  it  is  independent  of  the  prime  factors  4w  +  3  of  ®,  and  is 
unity  if  ®  contains  only  primes  4^  +  3. 

In  part  II,  which  is  subject  to  the  same  assumptions,  he  expressed  by  means  of 
Legendre-Jacobi  symbols  the  necessary  and  sufficient  conditions  that  a  properly 
primitive  binary  quadratic  form  <f>  of  determinant  ifO  be  representable  by  a  ternary 
Null  form  /  with  the  invariants  fi  and  A,  where  M  is  prime  to  QA.  The  genus  of  <f> 
completely  determines  the  genus  of  /,  and  conversely. 

In  part  III  is  found  the  number  of  classes  in  a  ternary  Null  genus  whose  invariants 
17  and  A  are  positive  and  odd  ;  this  number  is  a  power  of  2.  The  complicated  rule82 
to  define  this  number  was  later  corrected  and  simplified  by  him.33 

H.  Poincare34  discussed  the  simultaneous  reduction  of  a  ternary  quadratic  form 
<f>(Xj  y,  z)  and  linear  form  -f(x,  y,  z).  We  may  write  <j>  =  af2  +  gh,  where  a  is  a  con- 
stant and  g,  h  are  linear  forms.  Let  8  be  the  determinant  of  /,  g,  h.  For  another 
system  fa,  fl9  write  0i=oi/i+0i%i.  This  system  is  algebraically  equivalent  to  the 
system  </>,  f  if  and  only  if  o  =  ai,  8  =  81.  Hence  a  system  has  two  independent  in- 
variants, viz.,  the  discriminant  of  <f>  and  the  invariant  S  of  the  cubic  form  /<£. 

Write  f=\x+py+vz  and  let  ®  be  the  adjoint  of  <j>.  Let  a,  ~b,  c  be  the  rational 
numbers  determined  by 


Then 

a4>x(x,y 
Since 
(19)  ±\a4*(x,  y,  z)+b<t>v  +  c<t>z]2-<j>(af  I,  c,)<t>(x,  y}  z} 

has  discriminant  zero,  it  is  a  product  of  two  linear  functions,  whence 

4>  =  aF  +  gh,        a=l/<t>(afl,c). 
But  (19)  is  identical  with  ®(zi,  yl9  %i),  where 


whence  aa?i  +  6yi  +  c^i  =  0.    Thus 


This  binary  form  ®  can  be  expressed  in  one  of  the  forms  h2,  ±  (Ji2  +  k2),  or  h~  —  k2, 
where  h  and  Ic  are  real  linear  functions.  If  ®  =  h2  +  kz,  then  <j>  or  —  </>  is  a  positive 
definite  form,  according  as  a  is  positive  or  negative,  and  has  a  single  reduced  form  in 
general  ;  the  substitution  which  reduces  ±  <£  reduces  the  system  /,</>.  If  ®  =  —  h2  —  h2, 

32  Also  stated  by  Meyer,  Vierteljahrsschrift  Naturf.  Gesell.  Zurich,  28,  1883,  272-4. 

33  Jour,  fur  Math.,  112,  1893,  87.  88. 

34  Jour,  ecole  polytechnique,  56,  1886,  79-142;  Comptes  Rendus  Paris,  91,  1880,  844-6. 
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the  substitution  which  reduces  the  positive  form  a/2  +  aA-2  +  a/2  will  reduce  /  and  <f>. 
In  these  cases  there  is  a  single  reduced  system.  But  if  ®  =  h2-Jc2)  the  reduced  sys- 
tems constitute  a  chain  which  is  either  limited  at  each  extremity  or  infinite  and 
periodic,  according  as  the  ratios  of  the  coefficients  of  h  and  k  are  rational  or  irrational 
(or  4:8  an  exact  fourth  power  or  not).  An  extended  investigation  is  made  of  these 
two  cases  and  the  transformations  of  /  and  <£  into  themselves  are  found. 
H.  Poincare35  employed  the  automorphs  (Cantor17)  of  ®  =  Y2  —  XZ  : 


=      -2Sft  aS  +  £y  -2ay    I,         a8-/?y=l. 

F  -aft 


To  S  corresponds  the  Fuchsian  substitution 

s.     „/- 

~ 


If  to  8'  corresponds  s',  then  to  SS'  corresponds  ss'.  Let  F  be  the  form  obtained  from 
3>  by  applying  any  linear  substitution  T\  then  T~18T  is  an  automorph  of  F.  Let  F 
have  integral  coefficients  and  consider  the  discontinuous  group  of  all  the  automorphs 
with  integral  coefficients  of  F.  To  it  corresponds  a  Fuchsian  group  and  hence  a 
system  of  arithmetical  Fuchsian  functions.  He  defined  and  studied  the  reduction 
of  ternary  quadratic  forms  with  respect  to  a  given  group,  not  necessarily  the 
"  arithmetical  group  "  of  all  linear  substitutions  with  integral  coefficients  of  deter- 
minant unity.  He  investigated  the  continuous  group  of  automorphs  with  rational 
coefficients  of  a  quadratic  form  F  with  integral  coefficients.  Such  forms  F  constitute 
four  categories  according  as  they  do  or  do  not  admit  elliptic  or  parabolic  substitutions. 

E.  Borissow36  made  an  extended  study  of  Selling's25  method  of  reduction  of  posi- 
tive forms  and  their  automorphs,  and  tabulated  the  reduced  forms  of  determinants 
^  200. 

E.  Fricke37  illustrated  PoincareV5  ideas  by  finding  all  automorphs  with  integral 
coefficients  of  qx2  —  y2—z2,  where  q  is  a  prime,  and  the  fundamental  region  of  various 
groups  of  corresponding  linear  fractional  substitutions  on  one  variable.  He38  later 
treated  px2  —  qy2  —  rz2,  also  when  the  coefficients  are  in  a  quadratic  field. 

A.  Meyer39  proved  that  two  properly  primitive,  indefinite,  ternary  quadratic 
forms  /,  whose  adjoint  forms  F  are  properly  primitive  and  which  belong  to  the  same 
genus  with  the  invariants  O  and  A,  are  equivalent  if  they  satisfy  certain  conditions 
involving  Legendre-Jacobi  symbols  (f/0)  and  (F/ri).  There  is  a  similar  theorem 
for  improperly  primitive  forms.  In  particular,  two  primitive  indefinite  ternary 
forms  are  equivalent  if  they  belong  to  the  same  genus  and  their  invariants  are  neither 

ss  Jour,  de  Math.,  (4),  3,  1887,  405-464;  Comptes  Rendus  Paris,  102,  1886,  735-7  (94,  1882, 
840-3);  Oeuvres,  II,  463-511,  64-66  (38-40).  For  a  further  property  of  Poincare's 
invariant  a  +  5  of  the  substitution  s,  see  G.  Bagnera,  Atti  R.  Accad.  Lincei,  Rendiconti, 
(5),  7,  I,  1898,  340-6. 

30  Reduction  of  positive  ternary  quadratic  forms  by  Selling's  method,  with  a  table  of  the 
reduced  forms  for  all  determinants  from  1  to  200,  St.  Petersbourg,  1890,  1-108;  tables 
1-116  (Russian).  Cf.  Fortschritte  der  Math.,  1891,  209. 

37  Math.  Annalen,  38,  1891,  50-81,  461-476. 

38G6ttingen  Nachr.,  1893,  705-21;  1894,  106-16;  1895,  11-18.  Fricke  and  Klein,  Automorphe 
Functionen,  Leipzig,  1,  1897,  533-584  (502,  519). 

3»  Jour,  fur  Math.,  108,  1891,  125-139. 
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divisible  by  4  nor  have  a  common  odd  divisor  (Got50;  for  case  of  odd  invariants, 
Meyer24). 

S.  Kempinski40  noted  that  the  automorphs  of  f=qF-*f-rCt  are  S  =  T-*2Tf 
where  2  are  those  of  F=XY—  Z2,  and  T  replaces  F  by  /.  When  q,  r,  s  are  primes, 
the  conditions  are  found  that  the  coefficients  of  S  be  integers,  16  cases  being  dis- 
tinguished. There  is  a  study  of  the  group  ra,  r,  8  of  corresponding  linear  fractional 
substitutions,  its  fundamental  region,  etc. 

*  W.  A.  Markoff41  proved  EisensteinV0  formulas  for  the  number  of  classes  of 
positive  ternary  quadratic  forms  of  given  determinant. 

A.  Meyer42  extended  his31  results  on  Null  forms  to  an  arbitrary  indefinite  ternary 
quadratic  form  /  of  odd  determinant.  He  found  (§§  1,  3)  necessary  and  sufficient 
conditions  for  the  equivalence  of  two  forms  /.  He  investigated  (§2)  the  automorphs 
of  /  without  Bachmann's23  restriction  that  O2A  is  odd  and  has  no  square  factor. 

Meyer43  considered  the  proper  representation  of  a  primitive  binary  quadratic  form 
of  determinant  iW"  by  a  primitive  indefinite  ternary  form  /  with  the  invariants 
O  and  A,  where  M"  is  prime  to  A.  He  found  (p.  179)  the  conditions  under  which  a 
number  prime  to  OA  (assumed  odd)  is  representable  properly  by  /. 

Meyer44  continued  his  study  of  equivalence,  obtained  the  number  of  classes  in  a 
genus  with  any  odd  invariants,  removed  (p.  318)  some  of  his  earlier  restrictions, 
and  discussed  the  solvability  of  p2  —  &F(qf  q',  q")  =  e. 

A.  Markoff45  proved  that  the  exact  superior  limit  of  the  minima  of  all  indefinite 
ternary  quadratic  'forms  of  determinant  D,  for  integral  values  not  all  zero  of  the 
three  variables,  is  equal  to  the  minimum  ^f|2?[bf  the  forms  equivalent  to 


For  forms  not  equivalent  to  <£0,  this  limit  is  equal  to  the  minimum  "^f  |Z>|   of 
forms    equivalent  to 


For  forms  not  equivalent  to  <j>0  or  <£i,  this  limit  is  equal  to  the  minimum  "^J|/?|  of 
forms  equivalent  to 


Excluding  forms  equivalent  to  </>0,  <£±  or  <J>2,  the  absolute  value  of  each  further 


form  can  be  made  less  than  ^-J|Z>|  for  integers  x,  y,  z  not  all  zero. 

H.  Minkowski46  applied  his  results  (in  §  7)  on  the  thickest  packing  of  spheres 
and  ellipsoids  to  deduce  most  of  the  facts  in  Gauss-Dirichlet's8  theory  of  the 
arithmetical  reduction  of  positive  ternary  quadratic  forms. 

W.  A.  Markoff47  tabulated  indefinite  ternary  quadratic  forms  not  representing  zero 
for  all  positive  determinants  ^50. 

40Pamietnik  Acad.  Umiej.  Krakowie,  26,  1893,  37-66  (Polish).     Summary  in  Bull.  Intern. 

Acad.  Sc.  Cracovie,  1892,  219;  Fortschritte  der  Math.,  25,  1893-4,  207-8. 
41Proc.  Math.  Soc.  Univ.  Khrakov,  (2),  4,  1894,  1-59  (Russian). 
42  Jour,  fur  Math.,  113,  1894,  186-206;  114,  1895,  233-254. 
**Ibid.,  115,  1895,  150-182. 

"Ibid.,  116,  1896,  307-325  (conclusion  of  preceding  series). 
45  Math.  Annalen,  56,  1903,  233-251;  French  transl.  of  Bull.  Acad.  Sc.  St.  Petersbourg,  (5), 

14,  1901,  509. 

46G6ttingen  Nachr.,  1904,  330-8;  Diophantische  Approximationen,  Leipzig,  1907,  111-7. 
47  Mem.  Acad.  Sc.  St.  Petersbourg,  (8),  23,  1909,  No.  7,  22  pp. 
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W.  F.  Meyer48  proved  that  any  ternary  substitutions  (cjk)  of  determinant  D 
which  leaves  Y2  —  XZ  absolutely  invariant  can  be  given  the  form  8  of  Poincar635  in 
one  and  but  one  way,  a,nd  that  D—  ±  1.  If  the  Cjic  are  real,  a,  (3,  y,  8  are  all  real  or 
all  pure  imaginaries,  according  as  one  of  en,  C13,  c31,  c33  is  positive  or  negative. 
If  the  Cjk  are  integers  (or  complex  integers),  a,  /?,  y,  8  axe  integers  (or  complex 
integers)  or  products  of  such  by  i  (or  Vf). 

L.  Bianchi49  discussed  the  linear  automorphs  with  integral  coefficients  of  any 
ternary  quadratic  form  with  integral  coefficients  capable  of  representing  zero,  in 
particular,  those  of  2x±xs  —  &xl 

Th.  Got50  continued  the  investigation  of  Poincare,35  employing  in  particular  the 
indefinite  form  f=x2  —  <f>(y,  z),  where  </>  is  a  positive  binary  quadratic  form.  He 
gave  a  simplification  of  Selling's25  method  of  reduction,  and  (in  the  'appendix)  of 
Meyer's39  proof  of  his  final  theorem. 

M.  Weill51  noted  that  the  product  of  two  forms  of  type 


can  be  represented  in  the  same  form  in  infinitely  many  ways.  [This  is  trivial  since 
we  obtain  /  by  replacing  a  by  a  —  c  and  ~b  by  I  —  c  in  a2  —  a&  +  &2.]  Similarly  for  his 
second  form  2(a+'b)2  +  2(c+d)2. 

G.  Julia52  simplified  Minkowski's46  (1907)  geometrical  process  of  reducing  a 
positive  ternary  quadratic  form  ff  by  proving  that  the  determinant  of  the  coordinates 
of  the  points  which  furnish  the  first,  second,  and  third  proper  minima  of  /  is  unity. 

L.  J.  Mordell53  proved  Eisenstein's10  two  expressions  for  the  number  of  classes  of 
primitive  positive  ternary  quadratic  forms. 

G.  Humbert54  defined  the  Poincare  domain  for  an  indefinite  ternary  quadratic 
form  /.  From  each  class  of  a  given  genus  with  odd  invariants  n<0  and  A>0  select 
a  form  ft  ;  let  Fi  be  its  properly  primitive  adjoint.  Let 

(20)  £r 

Let  AT  be  a  positive  integer  prime  to  fiA  such  that  (  —M/B)  —  (F/8)  for  every  prime 
factor  8  of  A.  Then  the  number  of  sets  of  proper  solutions  of  —  M=Fi(x,  y,  z) 
(i=  1,  2,  .  .  .),  such  that  the  point  (x,  y,  z]  belongs  to  the  Poincare  domain  for  Fi,  is 


where  v  is  the  number  of  distinct  prime  factors  of  fi,  while  H(A)  and  H'(A]  are 
the  numbers  of  classes  of  positive  binary  forms,  properly  and  improperly  primitive, 
of  discriminant  A,  while  p=i  if  M^Q,  P  =  4  (E  +  l)  if  JJ/  =  0  (mod  4).  Next,  let  O 
be  odd,  A-2A',  A'  odd.  Define  W  by  (20)  with  A  replaced  by  A'.  Let  M  be  not 

48Jahresber.  d.  D.  Math.-Vereinigung,  20,  1911,  153-161. 

49Atti  R.  Accad.  Lincei,  Rendiconti  (classe  fis.  mat.),  (5),  21,  I,  1912,  305-315. 

50Annales  fac.  sc.  Toulouse,  (3),  5,  1913,  1-116  (These).    Comptes  Rendus  Paris,  156.  1913, 

1596-8,  1741-3;  157,  1913,  34-36;  Soc.  Math.  France,  Comptes  Rendus,  1913,  47-48. 
61  Nouv.  Ann.  Math.,  (4),  16,  1916,  26&-8. 

52  Comptes  Rendus  Paris,  162,  1916,  320-2. 

53  Messenger  of  Math.,  47,  1918,  65-78. 

54  Comptes  Rendus  Paris,  166,  1918,  925-30;  167,  1918.  49-55. 
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divisible  by  4  and  such  that  (  —  M/B)  =  (F/B) .    Then  the  number  of  sets  of  proper 
solutions  of  -M=Ft(i=l,  2,  . . .)  is  P'2-*H(nM),  where 

p'  =  i  if  |OM|  =  lor2  (mod 4),      P'  =  ^E'+  (2/M)  }•  if   \QM\  =  -1  (mod  4). 

G.  Humbert55  found  the  sum  of  the  areas  of  the  Poincare  domains  in  a  plane  for 
the  adjoint  forms  Fi,  F2,  ...  (Humbert54). 

Humbert56  investigated  the  measure  (weight)  of  the  totality  of  classes  of  positive 
ternary  forms  of  given  determinant  O2A,  whereas  Smith  regarded  O  and  A  as  given 
separately. 

Humbert57  found  the  area  of  the  fundamental  domain  of  the  principal  subgroup 
of  the  group  of  automorphs  of  Dx2  —  y2  —  Pz2. 

E.  T.  Bell58  proved  that  a  prime  n  has  3\G(n]  —l\  representations  by  f  =  xy  + 
yz  +  zx,  x,  y,  z  each  >0,  where  G(n)  is  the  number  of  classes  of  binary  quadratic 
forms  of  determinant  —  n.  He  studied  also  the  representation  of  composite  num- 
bers by  /. 

L.  J.  Mordell59  proved  that  the  number  of  solutions  ^>  0  otn=zxy+yz+2Xf  count- 
ing as  -J  a  solution  in  which  an  unknown  is  zero,  is  triple  the  number  of  classes  of 
binary  forms  of  determinant  —n,  provided  the  classes  (&,  0,  Jc)  and  (2Jc,  Jc,  2Jc)  be 
reckoned  as  -J  and  J,  respectively.  The  method  differs  from  Bell's,58  and  n  may 
here  be  composite. 

C.  L.  Siegel60  investigated  ternary  quadratic  forms  whose  coefficients  are  integral 
algebraic  numbers  of  any  field. 

A.  Hurwitz61  evaluated  the  number  of  classes  of  positive  ternary  quadratic  forms 
of  a  given  determinant  by  an  extension  of  his  method  for  binary  forms  (see  Ch.  VI). 

The  problem62  of  finding  all  definite  ternary  quadratic  forms  with  special  auto- 
morphs having  integral  coefficients  is  a  chief  subject  of  geometrical  crystallography. 
The  problem  of  finding  a  form,  given  the  lowest  numbers  represented  by  it,  is 
useful  in  the  determination  of  the  structure  of  a  body  [note  due  to  Speiser]. 

Reports  are  given  in  Vol.  II  of  this  History  of  Libri's  result  (p.  429,  1820)  that 
every  integer  can  be  expressed  in  the  form  z2  +  41i/2  — 113z2,  and  in  certain  similar 
forms;  Dirichlet  (pp.  263-4,  1850),  Landau  (p.  272,  1909),  and  Pocklington  (p. 
273,  1911)  employed  the  equivalence  of  any  positive  form  of  determinant  unity  to 
x2  +  y2  +  z2;  Liouville37  (p.  265,  1870;  pp.  332-6,  1858-1860)  evaluated  sums 
extended  over  the  sets  of  solutions  of  w=*J+<»5+8**  or  of  m  =  ml  +.d8;  Torelli 
(pp.  294-5,  1878)  discussed  the  number  of  sets  of  solutions  of  2:c2  +  y2  +  z2  =  g. 

55  Comptes  Rendus  Paris,  167,  1918,  181-6. 
™  Ibid.,  168,  1919,  917-23,  969-75. 
57  Ibid.,  171,  1920,  445-450. 

58T6hoku  Math.  Jour.,  19,  1921,  105-116.    For  more  details  on  this  and  the  related  paper 
by  Mordell"  see  the  end  of  Ch.  VI. 

59  London  Math.  Soc.,  Records  of  Proceedings,  Nov.  17,  1921.    In  full  in  Amer.  Jour.  Math., 

Jan.,  1923. 

60  Math.  Zeitschrift,  11,  1921,  248-257. 

61  Post.  MS.,  current  vol.  of  Math.  Annalen. 

62  Sommerfeld,  Atombau  und  Spectrallinien,  note  at  end,  with  a  geometrical  interpretation 

of  the  adjoint  form. 


CHAPTER  X. 

QUATERNARY  QUADRATIC  FORMS. 

The  majority  of  the  papers  relate  to  the  representation  of  integers  by  forms  of 
the  type  ax2  -f  by2  +  cz2  +  dw2,  with  special  attention  to  the  types  which  represent  all 
positive  integers.  While  the  general  theory  of  composition  of  two  quadratic  forms 
in  four  variables  is  due  to  Brandt,44  special  results  had  been  found  by  Bazin5  and 
Stouff.34  For  the  subject  of  reduced  forms,  see  the  references  28,  30,  43,  47  and  48. 

L.  Euler1  stated  that  4wm  —  m  —  n+x2  +  y2  +  y  represents  every  integer  (cf. 
Genocchi7);  that  3a2  +  3&2  +  7c2  and  2&2  +  6&2  +  21c2  are  never  squares,  but  that  he 
could  find  no  similar  theorem  for  four  unknowns. 

E.  Waring2  stated  that  if  p,  q,  r,  s  are  relatively  prime,  pa2  +  qb2  +  re2  +  sd2  repre- 
sents every  integer  exceeding  an  assignable  one,  and  that  a2±ab  +  b2  +  c2±cd+d2 
represents  every  integer. 

In  1840,  Jacobi  proved  that  every  positive  integer  N  can  be  represented  by 
x2  +  2y2  +  3z2  +  6t2  (this  History,  Vol.  II,  p.  263).  J.  Liouville3  showed  that  this 
theorem  is  equivalent  to  the  fact  that  N  is  a  sum  of  four  squares.  For,  then 
N  =  x*+(y  +  z  +  t)*+(y-z-t)*+(2t-z)*.  Conversely,  let  N  =  x2  +  y2  +  z2  +  t2. 
By  changing  the  signs  of  roots,  if  necessary,  we  may  assume  that  x,  .  .  .,  t  are  each 
of  the  form  3n-f  1  or  3n.  Hence  we  can  select  three,  say  x,  y,  z,  whose  sum  is  a 
multiple  of  3.  Then  the  identity 


shows  that  s  —  z  is  divisible  by  3.    We  have  only  to  add  t2  to  each  member  of 

x2  +  y2  +  z2  =  3i;2  +  6  w2  +  2u2. 

G.  Eisenstein4  noted  that,  if  m  is  of  the  form  I2n  +  k  (fc  =  l,  5,  7,  or  11),  the 
number  of  proper  representations  of  w^n^  by  x2  +  y2+z2  +  3u2  is  6N,  12  N,  %N 
or  4N,  respectively,  where 


whence  N  is  equal  to  the  difference  between  the  sum  of  those  factors  of  m  which  are 
of  the  forms  12n±l  and  the  sum  of  those  of  the  forms  12n±5.  The  number  of 
proper  representations  of  m  by  x2  +  y2  +  2z2  —  2uz  +  2u2  is  4N,  2N,  12N,  6N,  respec- 

1  Correspondance  Mathematique  et  Physique  (ed.,  P.  H.  Fuss),  St.  Petersbourg,  1,  1843, 

123-4;  letter  to  Goldbach,  May  8,  1742. 

2  Meditationes  algebraicae,  Cambridge,  ed.  3,  1782,  349. 

3  Jour,  de  Math.,  10,  1845,  169-170.    Cf  .  Bachmann,  Niedere  Zahlentheorie,  2,  1910,  320-3. 

4  Jour,  fur  Math.,  35,  1847,  134. 
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tively.    The  number  of  proper  representations  of  m  —  TLpa')  where  ra  is  divisible  by 
neither  2  nor  5,  by  x2  +  y2+z2  +  5u2  is 


where  s  =  6  or  4  according  as  m  is  a  quadratic  residue  or  non-residue  of  5. 

In  1854,  Hermite  gave  two  important  formulas  for  the  composition  of  quaternary 
forms,  quoted  in  Ch.  IX.18  See  Vol.  II,  pp.  277,  281. 

M.  Bazin5  extended  Gauss'  definition  of  composition  of  binary  quadratic  forms  to 
quadratic  forms  f(xf  y,  z,  v),  f(x',  .  .  .  ),  F(Xf  .  .  .  )  in  4  variables  with  integral 
coefficients.  We  say  that  F  is  compounded  of  /  and  /'  if  F  is  transformed  into  the 
product  //'  by  a  bilinear  substitution  which  expresses  X,  .  .  .  ,  V  as  linear  functions 
of  xx',  xy',  .  .  .  ,  vv'  with  integral  coefficients  such  that  there  is  no  common  divisor 
>1  of  the  4-rowed  determinants  of  the  coefficients  of  the  partial  derivatives  of 
X,  .  .  .  ,  V  with  respect  to  any  one  of  the  8  variables  x,  .  .  .  ,  v'.  It  is  shown  that  / 
is  not  composable  with  another  form  if  the  determinant  of  /  is  not  the  negative  of  a 
square  and  that  a  definite  form  is  not  composable  with  an  indefinite  form.  Two 
composable  forms  can  be  transformed  rationally  into  <j>(x,  y,  z)  +  Av2  and  <£'  +  A't/1, 
where  <f>  and  <J>'  are  of  determinants  A  and  A',  and  the  adjoint  forms  of  <#>,  <£'  are 
transformable  into  each  other  by  a  rational  transformation  T.  All  the  unknowns 
in  the  problem  are  expressible  rationally  in  the  coefficients  of  T.  If  /,  /'  are  com- 
posable, they  and  their  compound  F  can  be  transformed  linearly  and  rationally  into 


r  *  /     *  f.r      t      \iJ     J  '  /  '  fl  fl 

wheiQ\l/(y,  z,v)  =cdy2  +  bdz2  +  bcv2,  and 

Y—     '4-  c^      '4-  ^      '4-  ^c      '       y—   '     '—       '4-7)(     '—     r>i 
flfl'  aa'  &&' 

Z = afzx' — axz' +c(yv'  —  vy' ) ,  V= a'vx' — axvf +d(zy'—yz'). 

The  study  of  compositions  ff  =  F  with  integral  coefficients  is  not  complete.  Since 
a  form  /  cannot  always  be  compounded  with  itself  the  theory  differs  from  the  binary 
case.  See  Brandt.44 

V.  A.  Lebesgue6  proved  EulerV  theorem  that  every  integer  N  can  be  expressed  in 
the  form  kmn  —  m  —  n  +  x2  +  y2  +  v  since  the  condition  is 


But  every  integer  of  the  form  4^  +  2  is  a  sum  of  three  squares  one  of  which  is  even. 
A.  Genocchi7  noted  that  the  preceding  argument  does  not  prove  the  equation 
solvable  in  positive  integers,  and  the  same  is  true  of  the  argument  from 


From  4N+2  subtract  an  even  and  odd  square  whose  sum  is  <47V  +  2;  the  difference 

5  Jour,  de  Math.,  19,  1854,  215-252  (lemma,  209-214). 

6  Nouv.  Ann.  Math.,  13,  1854,  412-3. 

7  Annali  di  Sc.,  Mat.,  Fisiche,  5,  1854,  503-4. 
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is  of  the  form  4=p+  1  ;  let  its  factors  be  4m  —  1,  4n—l,  where  m  and  n  may  be  negative. 
But  the  theorem  was  proved  elsewhere  by  Genocchi.8 

J.  Liouville9  stated  that,  if  a  and  I  are  positive  integers  and  a  ^  6,  xz  +  ay2  + 
Iz2  +  abt2  represents  all  positive  integers  only  in  the  seven  cases  a=l,  6  =  1,  2,  3; 
a=2,  6  =  2,  3.  4,  5.  Four  of  these  cases  are  equivalent  to  the  theorem  on  sums  of 
four  squares  (cf.  Liouville3).  For  other  values  of  a,  6,  the  form  does  not  represent 
2  and  3.  In  Vol.  II  of  this  History,  pp.  330,  336-7,  are  quoted  his  theorem  on  the 
number  of  decompositions  of  m  or  2m  into  y2  +  z2  +  2a(u2  +  v2),  and  formulas  involv- 
ing summations  over  the  solutions  of  mj+4mj-f  2°<Z8=m. 

Liouville10  proved  that  every  positive  integer  except  3  can  be  represented  by 
&+y*+5z*  +  5t*,  since,  for  an  integer  m  of  the  form  8/*±l  or  8/t  +  5,  5m  is  a  sum 
of  three  squares,  and  the  same  is  true  of  m  —  20  if  m  =  8/*  +  3. 

He11  stated  that  the  number  of  solutions  of  n  =  x2  +  y2  +  3z2  +  3t2  is  the  quadruple 
of  the  sum  S  of  the  divisors  prime  to  3  of  m  if  n=m  is  odd,  but  is  4(2a+1  —  3)5  if 
n  =  2am,  m  odd,  a>0.  He  gave  the  number  of  proper  representations  (g.c.d.  of 
x,  ...,t  unity),  also  in  the  cases  of  the  next  two  papers. 

He12  stated  that  the  number  of  all  solutions  of  2am  =  x2  +  y2  +  2z2  +  2t2  is  4<r(m), 
8<r(m)  or  24<r(m),  according  as  a=0,  o=l,  or  a  ^  2,  where  o-(m)  is  the  sum  of  the 
divisors  of  m  (m  odd).  He13  stated  that  the  number  of  all  representations  by 
x2  +  y2  +  4z2  +  4t2  of  4&  +  3,  4&  +  1,  2m(m  odd),  4m,  2«m(o  ^  3)  is  0,  4<r(m),  4<r(m), 
80-  (m),  24o-(m),  respectively. 

Liouville14  proved  that  each  odd  integer  and  each  multiple  of  4  can  be  represented 
by  x2  +  3y2  +  4z2  +  12t2.  Writing 


d5=m 

and  A(n)  for  the  number  of  representations  of  n  by  x2  +  yz+zz  +  2t2,  and  B(n)  for 
the  number  by  x2  +  2y2  +  2z2  +  2t2,  and  taking  m  odd,  he15  noted  that 


as  follows  by  taking  f(x)  =cos7rrc/4  in  his  formulas  (F)  and  (I)  on  pp.  330-1  of 
Vol.  II  of  this  History.  For  m  odd,16  the  number  of  representations  of  2am  by 
x2+y2+z2  +  8t2  is  2^|2a-(-l)(w2-1)/8^1(m)  if  a>l,  12Wl  if  0  =  1;  while,  if  a=0, 
it  is  6a>!  if  m  =  8&+l  or  8k  —  3;  4=<*>i  if  m  =  8fc  +  3;  0  if  m  =  Sk  —  1.  Treating  various 
subcases,  he  found  also  the  number  of  proper  representations. 

If  m  is  odd,17  the  number  of  representations  of  2m,  4m,  8m,  2°m(a  ^  4),  and  m,  by 
is  2cr(m).  4<r(m),  8<r(m),  24o-(m),  and 


s  Nouv.  Ann.  Math.,  12,  1853,  235-6. 
»  Jour,  de  Math.,  (2),  1,  1856,  230. 
io/Zrid.,  (2),  4,  1859,  47,  48. 
^Ibid.,  (2),  5,  1860,  147-152. 

12  Ibid.,  pp.  269-272. 

13  Ibid.,  pp.  305-8.    Proofs  by  P.  Bachmann,  Niedere  Zahlentheorie,  2,  1910,  409-423. 

14  Jour,  de  Math.,  (2),  6,  1861,  135-6. 

15  Ibid.,  pp.  225-230. 

16  Ibid.,  pp.  324-8. 

17  Ibid.,  pp.  409-416. 
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where  the  summation  extends  over  the  positive  odd  values  of  i  in  all  the  decomposi- 
tions m  =  i2-\-4s2,  s  positive,  negative,  or  zero. 

Liouville18  expressed  in  terms  of  the  preceding  sum,  the  analogous  sum 
2(  —  l)(r-1)/2r(w  —  r2  +  2u2,  m  odd,  r>0,  u  positive,  negative,  or  zero),  <r(m)  and 
o>1(m)  the  number  of  all  representations  and  the  number  of  the  proper  representa- 
tions of  2am  by 

(1-4),  x2  +  8y2  +  8z2  +  8t2  (5-8), 

(9-12),  x2  +  8y2  +  8z2  +  16t2   (13-16), 

(62-4),  x2  +  2y2  +  8z2  +  8t2   (65-8). 

6t2   (69-72),  x2  +  4y2  +  ±z2  +  16t2   (73-6), 

)    (77-80),  x2  +  y2  +  2z2  +  4t2  (99-102), 

(103-4),  x2  +  4y2  +  16z2  +  l6l2   (105-8), 

(109-12),  3*  +  ty*  +  sz*  +  St*   (113-6), 

)    (117-20),  x^  +  ^  +  8z2  +  IQt2   (143-4), 

t2)    (145-7),  x*  +  2y2  +  2z2  +  8t2   (148-9), 

(150-2),  x2  +  2y2  +  8z2  +  Ut2   (153-4), 

(155-6),  x2  +  y2  +  ±z2  +  m2   (157-160), 

(161-4),  x2  +  y2  +  z2  +  I6t2   (165-8), 

(201-4),  z*  +  y*  +  2z*  +  lW   (205-8), 

(246-8),  a;2  +  8i/2  +  1622  +  64^   (249-252), 
(421-4). 

Liouville19  noted  that  the  number  N(n)  of  representations  of  n  =  2a3^m  (m 
prime  to  6  )  by  x2  +  y2  +  z2  +  3t2  is 


dd=m 

the  case  a  =  (3  =  Q  being  due  to  Eisenstein.4  He  enumerated  the  representations  by 
x2  +  y2  +  z2  +  zt  +  t2.  The  number  of  representations  of  2Q3^m  by  x2  +  y2  +  2z2  +  6t2 
is  ^(2«-13^m)  if  a>0,  and  ^3^+1+  (-l)^(m/3)  ^  if  0  =  0. 

In  the  same  volume  he  enumerated,  in  terms  of  N(n)  or  2,  the  representations  by 


(129-133),  a;2  +  2y2  +  4^2  +  6^2   (134-6), 

(161-8),  x2  +  2y2  +  2z2-{-l2t2   (169-172), 

(173-6),  z2  +  4#2  +  4*2-f  l^2   (177-8), 

(179-181),  a;2  +  /  +  322  +  4^   (182-4), 

(185-8),  2x2  +  2y2  +  3z2  +  4:t2   (189-192), 
(193-204),  a;2-f-4i/2  +  1222  +  16^2   (205-8), 

(209-213),  2x2  +  3y2  +  3z2  +  6t2   (214-8), 

(219-24),  3z2  +  3y2  +  3z2  +  4t2   (229-38), 

(239-240),  3z2  +  4?/2  +  1222  +  12tf2   (241-2), 
(243-8),  x2  +  3t/2  +  12y2  +  12*2   (249-52), 

(253-4),  3a;2  +  4?/2  +  1222  +  48^   (255-6), 
2   (225-6),          x*  +  xy  +  y*  +  3z*  +  2t2   (227-8), 
,t  odd   (296),   x2  +  ^  +  2/2  +  222  +  2^  +  2^2   (308-10). 


18  Jour,  de  Math.,  (2),  7,  1862,  pages  cited  in  parenthesis  after  the  forms. 

19  Jour,  de  Math.,  (2),  8,  1863,  105-128. 
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If  m  =  4(j.+  I  =  r2  +  4s-.  i>m  =  r  +  il.  wliere  r,  i,  iv  are  positive  odd  integers,  then 
(p.  311)  his  former  sums17  are  connected  by  the  relation 


Liouville20  noted  that,  if  ra  is  prime  to  10,  the  number  of  representations  of 


according  as  a>0,  a  =  0;  and  enumerated  also  the  proper  representations.  Eisen- 
stein4  had  treated  only  the  case  a  =  (3  =  Q. 

He21  enumerated  the  representations  by  x2  +  5(y2  +  z2  +  t2),  F+GG,  2F  +  3G, 
F  +  3G,  where  F=x2  +  xy  +  y2,  G  =  z2+zt  +  t2.  The  number  of  representations  of 
2a3Pm(m  prime  to  6)  by  x2  +  2y2  +  2yz  +  2z2  +  3t2  is  N=2(3P+l-2)v(m)  if  a  =  0 
and  3N  if  a>0  (p.  160).  The  number  of  representations  of  2a3^m  by  x2  +  2y2  + 
3z2  +  6t2  is  N  if  a=l,  3N  if  o>l,  but  was  not  found  in  general  if  a  =  0  (pp.  299- 
312). 

Liouville22  noted  that,  if  ra  is  prime  to  10,  the  number  of  representations  of  2a5^m 
by  x2  +  y2  +  5z2  +  5t2  is  2(5^1-3)a(m)  if  a>0,  but  was  unable  to  treat  the  case  a  =  0. 

He23  showed  how  to  deduce  the  number  of  representations  of  paq  (where  q  is  not 
divisible  by  the  prime  p)  by  x2  +  y2  +  p(z2  +  t2)  from  the  number  for  q,  and  likewise 
for  x2  +  2y2  +  pz2  +  2pt2  and  x2  +  3y2  +  pz2  +  3pt2. 

He24  gave  theorems  on  sums  of  the  numbers  of  representatives  by  two  forms. 

A.  Korkine  and  G.  Zolotareff25  employed  the  known  limit  of  the  minima  of  ternary 
forms  to  obtain  the  precise  limit  of  the  minima  of  positive  quaternary  quadratic 
forms  /  :  we  can  assign  to  the  variables  in  any  /  of  determinant  —  D  integral  values 
such  that  /  5i  ^4U,  while  there  exist  forms  /  whose  minimum  is  V^D. 

R.  Gent26  used  the  method  of  Dirichlet  (this  History,  Vol  II,  p.  290)  to  prove  that 
the  number  of  solutions  of  8m  =  t2  +  u2  +  3v2  +  3w2,  where  m,  t,  .  .  .,  w  are  odd 
and  >0,  is  the  sum  of  the  divisors  prime  to  3  of  m.  This  is  also  obtained  by  applying 
his  theorems  (Ch.  I94)  on  binary  quadratic  forms  to  t2  +  3v2  =  4:p,  u2  +  3w2  =  4q, 
p  +  q  =  2m,  p  and  q  odd.  From  his  conjecture  on  8n  =  x2  +  7y2,  quoted  there,  it 
follows  that  the  number  of  solutions  of  16m  =  t2  +  u2  +  r7v2  +  7w'  is  the  sum  of  the 
divisors  prime  to  7  of  m.  There  is  a  similar  conjecture  for  15  instead  of  3  and  7. 

H.  J.  S.  Smith27  proved  that  every  positive  integer  can  be  represented  by  either 
of  the  forms  x2  +  y2  +  3u2  +  3v2,  x2  +  2y2  +  3u2  +  6v2. 

20  Jour,  de  Math.,  (2),  9,  1864,  1-16. 

21  Ibid.,  17-24,  181-4,  223-4. 

22  Jour,  de  Math.,  (2),  10,  1865,  1-13. 

23  Ibid.,  43-54;  11,  1866,  211-6. 

24  Ibid.,  (2),  10,  1865,  359-360;  11,  1866,  39-40,  103-4,  131-2,  280-2.    Cf.  Humbert.51 

25  Math.  Annalen,  5,  1872,  581-3;  Korkine's  Coll.  Papers,  1,  1911,  283-8. 

26  Zur  Zerlegung  der  Zahlen  in  Quadrate,  Progr.  Liegnitz,  1877. 

27  Coll.  Math,  in  Memoriam  D.  Chelini,  Milan,  1881,  117-43;  Coll.  Math.  Papers,  II,  309-11. 
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L.  Charve28  applied  to  positive  quaternary  quadratic  forms  f(x,y,z,t)  the  method 
of  reduction  given  for  ternary  forms  by  Selling25  of  Ch.  IX.  In  /  replace  x,  y,  z,  t 
by  x—  u,  y  —  u,  z  —  u}  t—u;  we  get 


It  is  called  reduced  if  it  satisfies  one  of  the  three  sets  of  conditions  : 

(i)   All  of  the  coefficients  a,  .  .  .,  Z  are  positive. 

(ii)  a  alone  is  negative  and  is  less  in  absolute  value  than  ~b,  c,  d,  e,  /,  g. 

(iii)  a  and  h  alone  are  negative;  |a|<&,  c,  d,  e,  ff  g;  |/i|<&,  c,  e,  f,  Ic,  I;  and 
\a+h\<btc,  e,f. 

It  is  proved  that  every  form  is  equivalent  to  one  reduced  form  and  to  only  one  if 
we  do  not  distinguish  a  form  from  that  obtained  by  permuting  the  variables.  The 
reduction  can  be  effected  by  repetitions  of  the  two  substitutions 

(x,y,z,t,u)',    x=T-Z,    y=X-U,    z  =  Y-U,    t  =  T-U,    u=Q. 

While  the  method  is  applicable  to  forms  in  n  variables,  the  computations  would 
increase  very  rapidly  with  n. 

Charve29  tabulated  the  positive  quaternary  quadratic  reduced  forms  of  determi- 
nant g  20. 

On  pp.  310-1  of  Vol.  II  of  this  History  is  quoted  Pepin's  evaluation  of  the  excess 
of  the  number  of  solutions  of  m  =  x2  +  y2  +  z2  +  2t2  with  x  even  over  the  number  of 
solutions  with  x  odd.  On  p.  313  is  quoted  Gegenbauer's  theorem  on  the  number  of 
all  solutions. 

E.  Picard30  recalled  that  an  indefinite  quaternary  quadratic  form  with  integral 
coefficients  can  be  reduced  to  ±  (ul  +  ul+ul—  u\)  or  to  f=ul+  u\  —  u\  —  u\.  With 
the  last  associate  the  definite  form 


where  £,  rj  are  any  complex  parameters  in  which  the  coefficients  of  V  —  1  are  both 
positive,  while  £0  is  the  conjugate  to  £.  When  applied  to  <j>,  a  substitution  of  determi- 
nant unity  with  integral  coefficients,  which  leaves  /  invariant,  induces  a  substitution 
on  £,  V)  of  the  type 


or  with  the  fractions  interchanged.  We  obtain  a  discontinuous  group.*  The  existence 
of  this  hyperabelian  group  is  proved  simply  by  a  method  not  yielding  its  properties. 
Application  is  made  to  functions  invariant  under  a  given  hyperabelian  group. 

*Cf.  Bourget,4°   Cotty«   E.   Hecke,   Math.   Annalen,  71,   1912,    1^37;   74,   1913,  465-510; 
O.  Blumenthal,  ibid.,  56,  1903,  509-548;  58,  1904,  497. 

28  Annales  sc.  ecole  norm,  sup.,  (2),  11.  1882,  119-34;  Comptes  Rendus  Paris,  92,  1881,  782-3. 

29  Comptes  Rendus  Paris,  96,  1883,  773. 

30  Jour,  de  Math.,  (4),  1,  1885,  87-128.    Summary  in  Comptes  Rendus  Paris,  98,  1884,  904-6. 
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T.  Pepin31  noted  that,  if  we  take  f(x)=cosxt,  t  =  ir/2  or  7r/4,  in  Liouville's 
formulas  for  an  even  function  f(x)  [this  History,  Vol.  II,  Ch.  XI],  we  obtain  the 
number  of  solutions  of  various  equations  of  the  type 

(  1  )  2am  =  x2  +  25t/2  +  2cz2  -f  2dw2. 

There  is  a  direct  proof  (p.  188)  that  the  number  of  representations  of  a  positive  odd 
integer  m  as  a  sum  of  four  squares  is  double  the  number  of  representations  of  ra  by 
x2  +  y2  +  2z2  +  2t2,  and  that  the  number  of  solutions  of  m  =  x2  +  2y2  +  2z2  +  2t2  is 
equal  to  that  of  m  =  x2  +  f  +  q2  +  2t2  (x  odd)  . 

J.  W.  L.  Glaisher32  proved  by  the  use  of  products  of  infinite  series  that  R1  —  R2  = 
6x(4n-f  1),  if  R-L  is  the  number  of  compositions  of  24^+6  in  the  form  xz+y2  + 
2z2  +  2w2,  where  x2,  ...,  w2  are  all  of  the  form  (12ra±l)2  or  all  of  the  form 
(12ra±5)2,  or  two  are  of  one  form  and  two  of  the  other,  while  R2  is  the  number  of 
compositions  in  which  three  are  of  one  form  and  one  of  the  other,  composition  and 
the  function  x  being  defined  on  p.  296  of  Vol.  II  of  this  History. 

Pepin33  gave  many  theorems  on  the  representations  of  numbers  by  xz  +  y2  + 
3z2  +  3t2,  x2  +  3y2  +  4z2  +  I2t2  and  (  1  )  .  He  noted  that  many  of  Ldouville's  theorems 
of  this  type  can  be  deduced  from  his  series  of  eighteen  articles  [this  History,  Vol.  II, 
Ch.  XI],  while  others  have  been  obtained  only  by  the  use  of  elliptic  functions. 

X.  Stouff34  verified  that  the  form 


3>(x,  y,  z,  u)  =A(x2  +  u2)  +A'y2+A"*2  +  (By  +  Cz)  (x-u)  +Dxu+Eyz, 

subject  to  the  conditions  A/A'=A"/A=  -C/B,  A(D+E)=BC,  may  be  com- 
pounded with  itself  : 

,  yl9  zi,  u,)  =  (D+2A)*(X,  Y,  Z,  U)*(x,  y,  z,  u), 


)  +  U(-Ax-Cz+Au), 
,  zit  U-L  being  similar  long  bilinear  functions.    As  an  application,  let 


identically  in  x,  y,  z,  u,  X,  Y}  Z,  U,  when  the  values  of  Xi,  .  .  .  ,  HI  are  inserted  and 


This  application  is  to  Fuchsian  groups  of  linear  fractional  substitutions. 

F.  Klein  and  E.  Fricke35  proved  analytically  that  the  number  of  representations 
of  4m  by  x2  +  y2  +  7z2  +  lw2  with  x-\-z  even  is  the  quadruple  of  the  sum  of  the  divisors 
prime  to  7  of  m.  Cf  .  Humbert.49 

31Atti  Accad.  Pont.  Nuovi  Lincei,  38,  1884-5,  171-196. 

32  Quar.  Jour.  Math.,  20,  1885,  93. 

33  Jour,  de  Math.,  (4),  6,  1890,  5-67. 

34  Annales  fac.  sc.  Toulouse,  6,  1892,  G,  19  pp. 

35  Elliptischen  Modulfunctionen,  2,  1892,  400. 
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R.  Fricke36  studied  the  linear  substitutions  with  integral  coefficients  of  determi- 
nant unity  which  leave  pz\  +  qz\  +  rz\  —  szl  invariant,  where  p,  .  .  .  ,  s  are  positive 
odd  integers  no  two  with  a  common  factor. 

L.  Bianchi37  gave  a  new  derivation  of  Fricke's  results  when  p,  .  .  .  ,  s  are  primes. 
By  means  of  linear  fractional  substitutions  on  one  variable  with  coefficients  in  an 
imaginary  quadratic  field,  he38  investigated  the  groups  leaving  invariant  x\  +  xl  + 
fji(xl  —  vx\),  xl  +  Dxl  —  XiX4,  and  n(x\  +  x\  )  +Dxl  —  x\,  etc.,  where  ft,  v,  D  are  integers. 

*J.  P.  Bauer39  obtained  limits  on  the  coefficients  of  reduced  forms. 

H.  Bourget40  considered  the  group  of  automorphs  of  u\  —  Dul  +  u.^  and  its 
relation  to  the  hyperabelian  group  of  Picard.30 

K.  Petr41  evaluated  in  terms  of  the  class-number  of  binary  quadratic  forms  the 
number  of  solutions  of  equations  like 


For  example,  if  n  =  2x3flN  (N  odd  and  prime  to  3),  the  number  of  solutions  of 
n2  is 


Petr42  enumerated  by  use  of  ^-functions  the  solutions  of  x2  +  y2  + 
G.  Cotty43  considered  quaternary  quadratic  forms  /  whose  coefficients  satisfy 
certain  quadratic  equations  of  the  theory  of  abelian  functions.  Each  /  has  an 
adjoint  binary  quadratic  form  <£.  If  two  fs  are  arithmetically  equivalent,  their  </>'s 
are  equivalent,  but  not  conversely.  /  is  definite  if  <£  is  definite  and  negative.  The 
number  of  classes  of  definite  forms  /  of  a  given  discriminant  is  finite  (since  true  for 
those  whose  </>'s  belong  to  a  particular  class).  To  each  class  corresponds  one  and 
only  one  reduced  form.  The  same  questions  are  treated  also  for  indefinite  forms 
/  of  the  same  type. 

H.  Brandt44  proved  that  if  a  bilinear  substitution  transforms  a  quaternary  quad- 
ratic form  A  into  the  product  BC  of  two  such  forms,  there  exist  two  further  bilinear 
substitutions,  derived  rationally  from  the  given  substitution,  one  of  which  transforms 
B  into  AC,  and  the  other  transforms  C  into  AB,  so  that  the  three  substitutions  form 
a  symmetric  triple.  [For  the  corresponding  theorem  for  binary  quadratic  forms, 
see  Dedekind39  and  Speiser46  of  Ch.  III.]  A  form  A  with  rational  coefficients  is 
transformable  into  a  product  of  forms  with  rational  coefficients  by  means  of  a 
bilinear  substitution  with  rational  coefficients  if  and  only  if  the  determinant  of  A 
is  the  square  of  a  rational  number  [cf.  Bazin5].  For  a  bilinear  substitution  with 

36  Gottinger  Nachr.,  1893,  705-21.  Fricke  and  Klein,  Automorphen  Functionen,  Leipzig,  1, 

1897.  577-582. 

37  Atti  R.  Ace.  Lincei,  Rendiconti,  classe  fis.  mat.,  (5),  3,  I,  1894,  3-12. 

ssAnnali  di  Mat.,  (2),  21,  1893,  237-288;  23,  1895,  1-44;  Math.  Annalen,  42,  1893,  30-57; 
43,  1893,  101-135. 

39  Bestimmung  des  Grenzwertes  fiir  das  Product  der  Hauptcoeffizienten  in  reduzierten  quad. 

quaternaren  Formen,  Diss.  Bonn,  Leipzig,  1894. 

40  Annales  fac.  sc.  Toulouse,  12,  1898,  No.  4,  90  pp. 

41  Rospravy  Ceske  Akad.  Prague,  10,  1901,  No.  40  (Bohemian). 

42  Bull.  Intern  Acad.  Sc.  Prague,  7,  1903,  180-7  (Abstract  of  Petr41).    See  pp.  163,  187  above. 

43  Annales  fac.  sc.  Toulouse,  (3),  3,  1911,  316-374.    Summary  in  Comptes  Rendus  Paris,  154, 

1912,  266-S,  337-9. 

44  Jour,  fiir  Math.,  143,  1913,  106-127. 
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integral  coefficients,  and  for  properly  primitive  forms  A,  B,  C  with  integral  coeffi- 
cients and  with  equal  determinants,  necessary  and  sufficient  conditions  for  a  com- 
position A=BC  are  that  the  determinant  D  of  A  be  a  square  and  that  the  form 
adjoint  to  A  be  divisible  by  VD. 

S.  Ramanujan45  proved  that  ax2  +  by2  +  cz2  +  du2  represents  all  positive  integers 
for  only  55  sets  of  positive  integers  a,  b,  c,  d,  including  the  12  considered  by  Liou- 
ville9  and  Pepin.33 

H.  S.  Vandiver46  proved  that  the  number  of  representations  of  a  prime  p  in  the 
form  xy  +  zw,  where  x,  . .  .,  w  are  all  positive  integers  <  Vjp,  is  —  p— 1  +  4<|(/>(1)  + 
0(2)  + .  . .  +</>(P)  k  where  P  is  the  largest  integer  :g  Vjp,  and  </>  is  Euler's 
(^-function. 

G.  Giraud47  discussed  the  automorphs  of  u\  +  u\  —  ul  —  u\,  and  the  reduction  of 
quaternary  quadratic  forms,  supplementing  the  conditions  of  Korkine  and  Zolotareff18 
of  Ch.  XI  to  obtain  a  unique  reduced  form. 

G.  Julia48  employed  a  four-dimensional  lattice  of  points  with  integral  coordinates 
to  reduce  a  quaternary  form  j  —  ^aaXiXj  to  one  in  which  &n,  . . .,  &44  are  the  first 
four  proper  minima  of  /  and  proved  that  the  determinant  of  the  coordinates  of  the 
points  which  furnish  these  minima  is  unity. 

G.  Humbert49  proved  that,  if  m  is  a  positive  integer  prime  to  10,  the  number  of 
representations  of  4m  by  x2+y2  +  lQz2  +  Wt2  is  the  quadruple  of  the  sum  of  the 
divisors  of  m  (Liouville22).  He  deduced  arithmetically  the  theorem  of  Klein  and 
Fricke35  for  m  odd.  He50  later  proved  that,  if  m  is  a  positive  odd  number  prime 
to  11,  the  number  of  representations  of  4m  by  x2  +  lly2  +  2z2  +  22t2  is  double  the 
sum  of  the  divisors  of  m.  Again,51  the  number  of  representations  of  an  odd  integer 
m  by  the  totality  of  the  two  forms  x2  +  6y2  +  z2  +  6t2  and  2x2  +  3y2  +  2z2  +  3£2  is  the 
quadruple  of  the  sum  of  the  divisors  prime  to  3  of  m. 

For  further  results  see  the  reports  on  papers  11,  15,  and  25  of  Ch.  XV. 

«  Proc.  Cambridge  Phil.  Soc.,  19,  I,  1916,  11-21. 

46  Bull.  Amer.  Math.  Soc.,  23,  1916-7,  114. 

47  Annales  ecole  norm,  sup.,  (3),  33,  1916,  303-330;  Comptes  Rendus  Paris,  163,  1916,  193. 

48  Comptes  Rendus  Paris,  162,  1916,  498-501. 

49  Comptes  Rendus  Paris,  169,  1919,  407-414. 
so  Ibid.,  170,  1920,  354. 

si  Ibid.,  170,  1920,  547.    Cf .  Liouville.24 


CHAPTER  XL 

QUADRATIC  FORMS  IN  n  VARIABLES. 

This  chapter  deals  with  various  methods  of  reduction  of  quadratic  forms,  their 
equivalence,  number  of  classes,  transformations  into  themselves,  characters,  genera, 
rational  transformation,  upper  limits  of  the  minima  of  forms  for  integral  values  of 
the  variables,  and  the  representation  of  integers  or  quadratic  forms  by  other  quad- 
ratic forms. 

Gr.  Eisenstein1  stated  that  the  quadratic  forms  in  n  variables  with  a  given  determi- 
nant fall  into  a  finite  number  of  classes. 

C.  G.  J.  Jacobi2  noted  that  a  quadratic  form  in  3,  4,  5,  ...  variables  can  be  trans- 
formed into  one  having  1,  3,  6,  ...  coefficients  zero,  since  a  quadratic  form  V(xi, 
.  .  .,  xn)  is  equivalent  to  one  which  contains  besides  the  squares  z\  only  n—  1  products 
ZiZi+i.  Let  the  terms  involving  xn  be  xn  (0-1^1+  .  .  .  +  an-i#n-i)  +&«£«•  We  can  choose 
linear  homogeneous  functions  x[,  .  .  .,  x'n-\  of  x1}  .  .  .,  xn-\  with  integral  coefficients 
of  determinant  unity  such  that  ai#i+  .  .  .  +an-i#n-i  =  /i£n-i,  where  /±  is  the  g.c.d.  of 
ai,  ...,  On-i.  Then  V  =  anx»+f1xnxi-1  +  Vi,  where  FI  is  a  quadratic  form  in 
x(9  .  .  .,  Xn-i.  Repeating  for  Vl9  etc.,  we  establish  the  theorem. 

Ch.  Hermite3  proved  that,  if  D  is  the  absolute  value  of  the  determinant  of  a 
quadratic  form  f(x0,  Xi,  .  .  .,  xn)  whose  coefficients  may  be  irrational,  we  can  assign 
integral  values  to  the  x's  such  that 


If  D  is  the  absolute  value  of  the  determinant  of  F(X0,  .  .  .,  Z»)  and 

.  .  .  +LXn, 


then  F  is  called  reduced  if 

\A\<M,    \B\<l\A\,    \C\<l\A\,...9\L\<l\A\, 

and  if  the  adjoint  form  Q(Y0,  .  .  .,  Yn)  of  F  becomes  for  F0  =  0  a  reduced  form. 
Hence  if  we  can  find  the  reduced  quadratic  forms  in  n  variables,  we  can  obtain  those 
in  Ti+1  variables.  The  number  of  reduced  forms  with  integral  coefficients  of  a 
given  determinant  is  finite. 

1  Jour,  fur  Math.,  35,  1847,  118-9. 

2Monatsber.  Akad.  Wiss.  Berlin,  1848,  414-7;  Jour,  fur  Math.,  39,  1850,  290-2;  Werke,  6, 

1891,  318-21. 

3  Jour,  fur  Math.,  40,  1850,  261-278;  Oeuvres,  1,  1905,  100-121.    First  letter  to  Jacobi. 
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If  cf.0,  aif  •  •  •  >  a>n  are  the  coefficients  of  the  squares  in  the  adjoint  of  a  reduced  form 
F,  so  that  an<  (f  )n/2    VZK  it  is  stated  that 

~^  (t=l,     ...,    71), 


where  /*  depends  only  on  n  and  t  (proof  by  StoufP4). 

Hermite4  gave  a  simpler  method  of  reducing  quadratic  forms  f=^aijXiXj  in  n  +  l 
variables  which  is  analogous  to  Lagrange's  method  for  the  binary  case.  He  employed 
the  derived  forms  in  n  variables  0*=2(aMa<y— aAia^)y<y/,  summed  for  i,  ;'  =  0,. 
1,  . . .,  (J.—  1,  p+l,  .  . .,  n.  Any  definite  form  can  be  transformed  into  a  form  /  for 
which  gn  is  reduced  and  ^^^(iv^/x)  numerically,  while  a^  is  the  least  of  the 
an ;  then  /  is  called  reduced.  In  a  definite  reduced  form  the  product  of  the  coeffi- 
cients of  the  squares  is  <  (|)n(n+1)/2X>.  Although  there  is  only  a  finite  number  of 
reduced  (definite  or  indefinite)  forms  for  a  given  determinant,  two  or  more  such 
forms  may  be  equivalent,  i.  e.,  a  reduced  form  is  not  unique  in  its  class.  For  the 
case  of  determinant  unity  and  fewer  than  8  variables,  there  is  a  single  class  [the 
error  of  including  the  case  of  8  variables  was  corrected  by  Minkowski23]. 

Hermite5  conjectured  that  the  upper  limit  of  the  minima  of  all  definite  quadratic 
forms  in  n  variables  of  determinant  D  for  integral  values  of  the  variables  is 


and  gave  details  only  for  n  ^  3.  But  for  n  =  4  this  conjectured  limit  is  less  than  the 
limit  V2VI>  obtained  by  Korkine  and  Zolotareff.18  He  again  (p.  302)  defined  a 
reduced  form. 

Hermite6  applied  to  definite  ternary  quadratic  forms  /  the  method  of  Jacobi2  to 
obtain  a  transformed  form  whose  coefficients  are  limited  in  terms  of  the  determinant. 

Hermite7  outlined  the  parallelism  between  the  equivalence  of  indefinite  quadratic 
forms  in  n  variables  and  that  of  forms  decomposable  into  n  linear  factors,  both  as 
regards  algebraic  equivalence  under  real  linear  transformation  and  arithmetical 
equivalence  under  linear  transformation  with  integral  coefficients  of  determinant 
unity.  An  indefinite  quadratic  form  F(XI,  . . .,  xn)  is  said  to  be  of  the  type  of  index 
j  if  real  linear  functions  Ui,  .  .  . ,  Un  can  be  chosen  so  that 

F=-Ul-... -111+17^+... +UI 

Since  there  are  \n(n—\)  parameters  in  the  general  transformation  of  F  into  itself, 
there  are  that  many  "  arguments  "  in  the  U's.  For  all  values  of  these  arguments 
suppose  we  have  found  all  substitutions  with  integral  coefficients  of  determinant  1 
which  transform 

*=&!+.. ..-+Z7* 

into  a  reduced  form  (Hermite4).  Applying  these  substitutions  to  F,  we  obtain  an 
infinitude  (F)  of  forms.  Let  F  have  integral  coefficients.  Then  the  coefficients  of 
the  forms  (F)  are  integers  limited  in  terms  of  the  determinant  A  of  F.  He  stated 

4  Jour,  fur  Math.,  279-90;  Oeuvres,  I,  122-135.    Second  letter  to  Jacobi. 

5  Ibid.,  291-307;  Oeuvres,  I,  136-155.     Third  letter  to  Jacobi. 

6  Ibid.,  308-315 ;  Oeuvres,  I,  155-163.    Fourth  letter  to  Jacobi. 

7  Jour,  fur  Math.,  47,  1854,  330-42;  Oeuvres,  I,  220-33. 
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the  following  theorem  whose  proof  he  found  only  after  many  attempts  :  All  quad- 
ratic forms  with  integral  coefficients  which  belong  to  the  same  type  and  have  the 
same  determinant  are  reducible  to  a  finite  number  of  classes.  All  automorphs  of  an 
indefinite  quadratic  form  or  decomposable  form,  each  with  integral  coefficients,  are 
products  of  powers  of  a  finite  number  of  automorphs.  Cf.  Stouff9  of  Ch.  XIV. 

G.  Eisenstein8  stated  that  two  forms  of  any  degree  in  any  number  of  variables 
can  be  transformed  into  each  other  by  a  linear  substitution  with  rational  coefficients 
of  determinant  unity  if  and  only  if  they  belong  to  the  same  genus  (cf.  Smith,15 
Ch.  IV,21'  22,  Ch.  IX20).  Given  any  primitive  representation  of  D  by  any  form  <£, 
we  obtain  from  <£  an  equivalent  form  ¥  whose  first  coefficient  is  D  by  applying  a  linear 
substitution  of  determinant  unity  the  elements  of  the  first  column  of  whose  matrix 
are  the  integers  defining  the  representation,  and  conversely.  Hence  we  obtain  all 
primitive  representations  of  D  by  <£>  if  we  set  up  all  forms  ty  equivalent  to  ^>  and 
having  D  as  first  coefficient,  find  all  substitutions  replacing  <£  by  ^  and  select  the 
first  columns  of  the  matrices. 

A  quadratic  form  with  the  first  coefficient  D  may  be  written 

(1)  *  =  \(Du  +  tY-F\/D, 

where  £  is  linear  and  F  quadratic  in  the  variables  x,  y,  .  .  .  other  than  u.  The  con- 
dition that  ^  shall  have  integral  coefficients  is  evidently  that 

(2)  e  =  F  (mod  1>), 

identically  in  xt  y,  ....  Let  $  be  a  positive  n-ary  quadratic  form  of  determinant 
—  A  (+A  in  modern  notation),  so  that  the  determinant  of  F  is  —  Z>"~2A.  Let 
F!,  Fz,  ...  denote  the  non-equivalent  (n—  l)-ary  forms  F  for  which  congruence 
(2)  is  solvable.  Let  w&  denote  the  number  of  incongruent  solutions  of  £2  =  Fk  (mod 
D)  such  that  (1)  with  F=Fk  gives  a  form  equivalent  to  3>,  whence  o>i-f  o>2+  .  .  .  is 
the  number  of  forms  V  with  first  coefficient  D  and  equivalent  to  3>.  Let  8k  be  the 
number  of  linear  transformations  of  Fu  into  itself,  and  c  the  number  for  $.  Then 
the  number  of  representations  of  D  by  <£  is  2cwfc/8fc.  In  particular,  let  3>  be  a  sum 
of  4  squares,  whence  A=  —  1.  Let  D  be  a  product  of  /A  distinct  primes  pic,  so  that 
(2)  has  2^  incongruent  roots.  Hence  each  &>fc  is  2^.  Also  c  =  8-24.  Using  his  value 
for  21/Sfc,  we  find  that  the  number  of  proper  representations  of  D  =  pl.  .  .p^  as  a 
sum  of  4  squares  is  811(^  +  1).  The  corresponding  number  is  found  when  D  has 
multiple  factors  or  factors  2.  The  number  of  improper  and  proper  representations 
is  deduced. 

V.  A.  Lebesgue9  wrote  f=f(xi,  .  .  .,  xn)  for  a  quadratic  form  with  real  coefficients 
(not  necessarily  rational),  f(xl9  x2)  for  the  form  obtained  from  /  by  taking  x3  =  Q, 
.  .  .  ,xn  =  Q,  and  dasignated  by  Dly  Dz,  .  .  .  ,  Dn  the  determinants  of  /(#i),  f(%i,  x2], 
...,/.  As  known, 


8  Berichte  Akad.  Wiss.  Berlin,  1852,  352,  374-84. 
8  Jour,  de  Math.,  (2),  1,  1856,  401-6. 
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whence  /  is  definite  and  positive  if  and  only  if  Di>0.  .  .  .,  Z>n>0.    If  such  an  /  does 
not  exceed  a  certain  limit  L  for  integral  values  of  xl}  .  . . ,  xn,  then,  since  Xn  —  xnf 


Similarly,  xn-i,  •  •  •  .  Xi  are  limited.  Thus  /  has  a  minimum  for  integral  values.  This 
theorem  was  assumed  by  Hennite,3  who  deduced  from  it  the  existence  of  reduced 
forms;  Lebesgue  found  the  proofs  insufficient  since  the  values  of  /  for  integral  x's 
need  not  be  integers  and  might  approach  a  limit  without  reaching  it.  Every  definite 
positive  quadratic  form  with  real  coefficients  is  equivalent  to  a  form  /(MI,  .  .  .,  un) 
for  which  each  of  the  binary  forms  f(ui,  Uj)  is  a  reduced  form. 

On  pp.  331-5  of  Vol.  II  of  this  History  are  quoted  J.  Lion  villa's  theorems  on  the 
number  of  representations  of  4m  or  8m  by  s±  +  2as'4:  s4  +  2as2,  s8  +  2as4,  where  sn  and  s'n 
are  sums  of  n  odd  squares,  and  of  m  by  2x2  -f  cr,  where  <r  is  a  sum  of  4  or  6  squares. 

Liouville10  published  a  series  of  papers  on  quadratic  forms  in  six  variables.  He 
noted  that  the  number  of  representations  of  2a3^m(m  prime  to  6)  by  o-5  +  3i>2,  where 
<rn  (and  a'n  below)  is  a  sum  of  n  squares,  is 

4««-  (-i)-.  9  >  2  (4 

dS=m\  3 

and  found  the  number  of  proper  representations.  To  this  problem  he  reduced  that 
of  the  number  of  representations  by  x2  +  3vs,  0-4  +  g,  3<r4  +  q,  <r2  +  3o-J  +  g,  where 


He11  noted  that  the  number  of  representations  of  2am(m  odd)  by  <r6  +  2ir  is 


and  reduced  to  this  problem  that  for  2a5  +  v2. 

Liouville12  noted  that  the  number  of  representations  of  an  odd  integer  m  by 
0-4  +  2<r2  is  the  product  of  8  by 


dd=m 

and  that  of  2am  (o>0)  is 


In  terms  of  p2(m)  he  expressed  the  number  of  representations  by 

2<r4,   x2  +  2a2  +  4v3,   cr2  +  2crf,  +  4:v'2',    cTZ  +  2a2  +  4v2.     He13   treated  also  x^x2  +  x2x3  + 


H.  J.  S.  Smith14  considered  an  n-ary  quadratic  /±  with  the  symmetrical  matrix  AI, 
its  ith  derived  matrix  A{  of  (7)=/  rows  and  I  columns  whose  elements  are  the 
i-rowed  minors  of  Alt  Let  /»  be  a  quadratic  form  whose  matrix  is  Ai.  It  is  a  con- 
comitant of  the  tth  species  of  /i.  For,  if  a  linear  transformation  of  matrix  <n  replaces 
A  by  //  and  if  the  transformation  whose  matrix  is  the  tth  derived  matrix  at  of  ai 

10  Jour,  de  Math.,  (2),  9,  1864,  89-128. 

11  Ibid.,  pp.  161-180. 

^Ibid.,  257-280,  421-4;   (2),  10,  1865,  73-6,  145-150,  155-160. 

13  Comptes  Rendus  Paris,  62,  1866,  714. 

14Proc.  Roy.  Soc.  London,  13,  1864,  199-203;  Coll.  Math.  Papers,  I,  412-7. 
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replaces  /<  by  fi,  the  matrix  of  /'«  is  the  product  of  the  tth  derived  matrix  of  f{  by  a 
power  of  the  determinant  of  01.  Then  fly  .  .  .,  /n_i  are  called  the  fundamental  con- 
comitants of  /i.  Let  the  coefficients  of  /i  be  integers.  The  primary  divisor  of 
2.aiX2i  +  2'%bijXiXj  (*</)  is  the  positive  g.c.d.  of  the  ai}  &«/;  while  the  secondary 
divisor  is  the  g.c.d.  of  the  ai,  2bij.  Thus  the  g.c.d.  vt  of  the  t-rowed  minors  of  AI 
is  the  primary  divisor  of  fi. 

Consider  forms  of  the  same  determinant  and  same  index  k  of  inertia  (number  of 
plus  signs  in  the  canonical  form  2  ±  x]  )  .  Two  such  forms  are  said  to  belong  to  the 
same  order  if  the  primary  and  secondary  divisors  of  their  corresponding  concomitants 
are  identical.  Those  forms  of  an  order  whose  particular  characters  coincide  are  said 
to  constitute  a  genus.  To  define  these  characters,  note  that  the  primary  divisor  of  the 
concomitant  fa  of  the  second  species  of  04  =  /i/v*  is  the  integer 


Let  Si  be  any  odd  prime  divisor  of  Ii.  Then  the  numbers  prime  to  Si  which  are  repre- 
sentable  by  Oi  are  either  all  quadratic  residues  of  Si  or  are  all  quadratic  non- 
residues  of  Si,  and  in  the  respective  cases  we  attribute  to  fi  the  particular  character 
(0i/Si)  =  +  1,  (<9i/Si)  =  -  1.  This  follows  from  the  identity 


-if  S 

Ljfc=l 


the  variables  of  fa  being  Xjyk  —  xi-yj  (/,  fc=  1,  ...,!;/<&).  In  case  the  determinant 
of  /!  is  even,  there  are  supplementary  characters  with  regard  to  4  or  8,  not  enumer- 
ated here. 

Smith15  perfected  his  preceding  investigation.  Let  Vi—  1  so  that  /i  is  primitive. 
If  its  index  of  inertia  is  k,  attribute  to  the  invariant  h  the  sign  —,  and  to  the 
invariants  Il9  .  .  .,  7&-1,  Jfc+1,  .  .  .,  /„_!  the  signs  +.  Write  I0  =  In  =  Q.  If  the  series 
70,  /i,  •  •  .  ,  In  present  w  different  sequences  each  consisting  of  an  odd  number  of  odd 
invariants,  preceded  and  followed  by  even  invariants,  there  are  2®  assignable  orders, 
which  all  exist  except  in  specified  cases.  Eules  are  given  to  find  the  existing  supple- 
mentary characters  with  regard  to  4  or  8.  Only  those  total  characters  which  satisfy 
a  specified  equation  correspond  to  existing  forms.  Every  genus  whose  character 
satisfies  this  equation  actually  exists.  Two  forms,  having  the  same  invariants,  of  the 
same  order  and  of  the  same  genus  are  transformable  into  each  other  by  linear  sub- 
stitutions with  rational  coefficients  of  determinants  unity  such  that  the  denominators 
of  the  coefficients  are  prime  to  any  given  number. 

The  second  half  of  the  paper  relates  to  the  determination  of  the  weight  of,  a  given 
genus  of  definite  n-ary  quadratic  forms  (cf.,  for  n  =  3,  Eisenstein7  of  Ch.  IX).  The 
concluding  applications  to  sums  of  5  and  7  squares  are  quoted  in  full  on  pp.  308-9 
of  Vol.  II  of  this  History. 

Smith16  elaborated  and  gave  proofs  of  various  theorems  in  his  two  preceding 
papers.  In  particular  he  enumerated  the  supplementary  and  simultaneous  characters 
and  the  number  of  solutions  of  f  =  p.  (mod  p,  or  25),  investigated  the  weight  (density) 

15  Proc.  Roy.  Soc.  London,  16,  1867,  197-208,  Coll.  Math.  Papers,  I,  510-23. 

16  Mem.  divers  savants  Institut  de  France,  (2),  29,  1884;  Coll.  Math.  Papers,  II,  623-680. 
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of  a  class  of  forms.     This  memoir  was  awarded  the  Grand  Prix  of  the  French 
Academy  (along  with  Minkowski23). 

R.  Lipschitz17  discussed  the  asymptotic  value  of  the  number  4>(in)  of  sets  of 
integral  solutions  without  a  common  factor  of  f  =  m,  Ci>0,  . . .,  (7P>0,  where 
/,  (?i,  . . .,  Cp  are  any  forms  in  x\y  .  . .,  xv  with  integral  coefficients  such  that  <f>(in) 
is  finite  for  each  positive  integer  ra.  When  /  is  a  quadratic  form  which  takes  only 
positive  values  and  if  A  is  its  determinant,  the  median  value  of  the  number  <f>(m) 
of  primitive  representations  of  m  by  /  is 


where  fc=[i(v— 1)],    [<]  denoting  the  greatest  integer    ^t. 

A.  Korkine  and  G.  Zolotareff18  considered  positive  real  n-ary  quadratic  forms  /  of 
determinant  —D.  For  integral  values,  not  all  zero,  of  the  variables,  a  given  /  has  an 
unique  minimum.  Let  the  coefficients  vary  continuously  such  that  the  determinant 
remains  —  D.  Then  the  minimum  varies  continuously  and  takes  one  or  more 
maxima : 


The  first  limit  was  conjectured  by  Hermite.5     Another  limit  due  to  Hermite3  is 
proved,  as  well  as  the  more  precise  limit : 


actually  reached  when  n  =  2,  3,  4  only.  Use  is  made  of  several  particular  forms, 
called  extreme,  whose  minima  decrease  under  all  infinitesimal  variations  of  the 
coefficients  not  altering  the  determinant. 

It  is  shown  that  any  positive  form  /  can  be  reduced  to 


where 


where  a,  y8,  ...  are  numerically  ^  -J,  A  being  the  minimum  of  /,  A'  the  minimum  of 
A'ZJ+  .  .  .  +4(»-1>Zi,  A"  the  minimum  of  A"X\+  .  .  .,  etc.  For  details  see  the 
report  of  the  extension  by  Jordan2  of  Ch.  XVI  to  Hermitian  forms. 

They19  gave  all  extreme  positive  quadratic  forms  in  2,  3,  4,  5  variables,  and  proved 
that  the  precise  limits  of  the  minima  of  forms  of  determinant  —  D  are  V£A  i?2Df 
~\/4:D,  V'SA  respectively.  They  obtained  several  theorems  on  extreme  w-ary  forms. 


17  Berichte  Akad.  Wiss.  Berlin,  Jahre  1865,  1866,  174-185.     Report  by  P.  Bachmann,  Die 

Analytische  Zahlentheorie,  1894,  438-447. 

is  Math.  Annalen,  6,  1873,  366-389;  Korkine's  Coll.  Papers,  1,  1911,  289-327. 
11,  1877,  242-292;  Korkine's  Coll.  Papers,  I,  351-425. 
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C.  Jordan20  treated  first  the  following  question.  Given  two  n-ary  quadratic  forms 
F  and  G  with  complex  integral  coefficients  a+bi  of  determinants  D  and  A,  to  decide 
if  F  can  be  transformed  into  G  by  a  substitution  8  with  complex  integral  coefficients  of 
determinant  8,  and  if  so  to  find  all  such  substitutions.  It  is  evidently  necessary  that 
A/J9  be  the  square  of  a  complex  integer  8.  Any  S  can  be  expressed  uniquely  as  a 
product  TU,  where  U  has  complex  integral  coefficients  of  determinant  unity  and 

/an    0       0  ...  0  \ 


where  the  p  and  g  are  >  —  i  and  g  £,  the  a's  being  complex  integers.  Thus  T  is  one 
of  a  limited  set  T,T',  ____  It  remains  to  find  the  substitutions  U  of  determinant 
unity  which  transform  one  of  FT,  FT',  .  .  .  into  G.  Hence  the  problem  is  reduced 
to  substitutions  of  determinant  unity.  A  substitution 


of  determinant  8  is  called  reduced  if 


-  •  -rt'>nXn)  +  •  •  •  +  pnN  (xn)  , 


identically,  where  N(x)  is  the  norm  of  x,  while  the  ju's  are  positive  and 


Then  also  the  bilinear  form  <f>  is  called  reduced.  He  had  proved  (ibid.,  48,  1880; 
see  Ch.  XVI2)  that  every  <j>  is  properly  equivalent  to  a  reduced  form  and  that  the 
coefficients  of  a  substitution  which  transforms  a  reduced  form  into  itself  are  limited 
in  terms  of  n.  Let  some  reduced  substitution  transform  F  into  a  reduced  form 
G  =  ^,bjkXjXjc.  In  the  first  of  two  cases,  the  modulus  of  every  bjk  is  limited,  and  G  is 
an  ordinary  reduced  form.  In  the  second  case,  only  certain  \bik\  are  limited  and  G 
is  a  singular  reduced  form  which  is  equivalent  to  a  simple  (unreduced)  form  whose 
coefficients  are  limited.  Hence  there  is  a  limited  number  of  classes  of  forms  of 
determinant  A. 

Let  F  and  G  be  two  n-ary  quadratic  forms  of  the  same  determinant  whose  coeffi- 
cients are  complex  integers  and  limited.  It  is  proved  by  induction  on  n  that  every 
substitution  with  integral  coefficients  of  determinant  unity  which  transforms  F  into 
G  is  a  product  of  substitutions  of  determinant  unity,  whose  coefficients  are  integers 
and  limited,  such  that  the  first  substitution  transforms  F  into  G,  while  the  others 
transform  G  into  itself. 

The  question  of  the  representation  of  an  w-ary  quadratic  form  by  an  n-ary  form 
is  reduced  to  the  above  problem  of  the  equivalence  of  forms  and  their  automorphs. 
For  m  =  l,  it  is  a  question  of  the  representation  of  numbers. 

Finally  forms  of  determinant  zero  are  discussed. 

20  Jour,  ecole  polyt.,  51,  1882,  1-43;   extracts  in  Comptes  Rendus  Paris,  93,   1881,   113-7, 
181-5,  234-7. 


CHAP.  XI]  QUADRATIC  FORMS  IN  n  VARIABLES.  241 

H.  Poincare21  put  into  the  same  order  two  algebraically  equivalent  forms  of  any 
degree  when  the  g.c.d.  of  their  coefficients  is  the  same,  likewise  that  of  these  coeffi- 
cients affected  with  multinomial  coefficients,  as  well  as  the  g.c.d.  of  the  coefficients 
(affected  or  not  with  multinomial  coefficients)  of  their  concomitants,  including 
covariants  and  contravariants.  He  called  two  n-ary  forms  equivalent  modulo  m  if 
there  exists  a  linear  substitution  with  integral  coefficients  whose  determinant  is 
=  1  (mod  m)  which  transforms  the  one  form  into  the  other  modulo  m.  He  put  into 
the  same  genus  two  algebraically  equivalent  forms  which  are  equivalent  with  respect 
to  every  modulus  (which  follows  if  they  are  equivalent  with  respect  to  every  prime 
power  modulus).  Forms  of  the  same  genus  belong  to  the  same  order. 

The  obvious  extension  of  Eisenstein's  classification  of  ternary  quadratic  forms  to 
n-ary  quadratic  forms  /  does  not  give  some  of  the  true  characters.  But  let  a,,  denote 
the  g.c.d.  of  all  the  p-rowed  minors  of  the  matrix  of  f,  and  appp  that  of  the  principal 
p-rowed  minors  and  the  doubles  of  the  non-principal  minors.  Write 

ai  =  y  i,     a2  =  y?y2,     a3  =  y!y£y3,  .  .  .  ,     a^  =  y?~  V~'  •  •  •  y«-ay«-i,     A  =  ytyT~l  •  •  •  y«, 

where  A  is  the  determinant  of  /.  Then  the  three  sets  of  integers  an,  /?*,  yi  (t=l, 
.  .  .,  n—  1)  are  ordinal  characters  of  the  first,  second,  and  third  kinds  respectively. 
Two  forms  belong  to  the  same  order  if  and  only  if  they  have  the  same  ordinal  char- 
acter of  the  first  and  second  kind,  or  hence  of  the  second  and  third  kind. 

Since  two  n-ary  quadratic  forms  belonging  to  the  same  order  and  having  the  same 
determinant  A  are  always  equivalent  with  respect  to  any  odd  modulus  prime  to  A, 
they  belong  to  the  same  genus  if  equivalent  with  respect  to  any  power  of  2  and  the 
odd  prime  factors  p  of  A.  Let  AI,  .  .  .,  An  be  integers  for  which  y»  is  divisible  by  p\, 
but  not  by  pV1.  The  chief  t-rowed  minor  (whose  elements  lie  in  the  first  i  rows  and 
first  i  columns  of  the  matrix  of  /)  is  divisible  by  p*,  where 


and  hence  is  Ap"-.  The  integer  A  may  be  assumed  prime  to  p  after  applying  a  trans- 
formation to  /.  Similarly,  the  chief  t-rowed  minor  of  <j>  is  Bp11',  where  B  is  prime  to 
p.  Then  /  and  <j>  are  equivalent  with  respect  to  an  arbitrary  power  of  p  as  modulus 
if  and  only  if,  for  i  =  l,  .  .  .,  n-1,  /  =  //,  and,  when  At+1>0,  A  and  B  are  both 
quadratic  residues  of  p  or  both  non-residues. 

As  to  characters  with  respect  to  a  power  of  2,  only  the  following  example  is  given. 
Let  the  first  coefficient  of  /,  all  its  chief  minors,  and  A  itself  be  =  1  (mod  4).  Then 
the  o's  are  odd  and  each  pi  =  1.  If  <f>  is  of  the  same  genus  as  /,  we  may  assume  after 
applying  a  suitable  transformation  to  <j>  that  its  chief  minors  (including  its  first 
coefficients  and  determinant)  are  all  odd.  Then  /  and  <j>  are  equivalent  with  respect 
to  an  arbitrary  power  of  2  as  modulus  if  the  number  of  the  chief  minors  of  <j>  which 
are  =3  (mod  4)  is  divisible  by  4.  His  illustrative  results  for  binary  cubic  forms 
are  quoted  under  that  topic  (Ch.  XII12). 

H.  Minkowski22  proved  that  an  n-ary  positive  quadratic  form  ^a-ikXiXn  takes,  only 
for  a  finite  number  of  sets  of  integral  values  of  the  x's,  a  value  not  exceeding  a  given 
positive  number.  Hence  among  all  the  forms  in  the  class  of  a  given  /  occur  certain 

21  Comptes  Rendus  Paris,  94,  1882.  67-69,  124-7. 

-Comptes  Rendus  Paris,  96,  1883,  1205-10;  revised  in  Gesammclte  Abh.,  I,  145^8. 
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forms  (f>  =  2taik£i£k  for  which  the  first  an  not  equal  to  an  is  <au.  These  <£'s,  whose 
number  is  usually  1,  are  called  reduced  by  Hermite.4  If  n  ^  4,  <f>  is  proved  to  be 
reduced  if  and  only  if  an  ^  a22  ^  •  •  •  ^  ann  and 


or     or  —',c;    =,  .  .  .,  w. 

Minkowski23  employed  Poincare's21  definition  of  order,  genus,  and  equivalence 
modulo  N,  but  wrote  dp_a,  <rp,  0p-i  for  o^,  ft,,  yp,and  took  d0  =  ai  =  y1  =  l,  thus  restrict- 
ing to  primitive  forms.  Define  the  index  I  to  be  the  number  of  negative  terms  in 
the  canonical  form  ^±x\.  If  <j>  is  equivalent  to  /  modulo  Nf  write  o-hdh-ifa  for  the 
minor  determinant  and  (</>&)  for  the  matrix  whose  elements  lie  in  the  first  h  rows 
and  first  h  columns  of  the  matrix  of  </>,  and  write  </>0  =  1.  There  exists  a  characteristic 
form  </>  of  the  class  of  forms  equivalent  to  /  modulo  N  for  which  </>A  is  relatively  prime 
to  20±  .  .  .on-i<l>h-i<j>h+-L  for  every  /t.  Let  h  denote  the  index  of  the  /i-ary  form  whose 
matrix  is  (<£&).  Write  e=(  —  l)/h-  For  all  characteristic  forms  </>  of  the  various 
classes  of  forms  /  of  a  genus,  the  following  units  (  ±1),  called  the  characters  of  the 
genus,  possess  the  same  values  : 


J  if  7r  =  <rjk_iOft<7ft+15=0  (mod  p  =  odd  prime)  ; 

f<K'Y  (_!)/„  (/A+D  72  if  ^^o  (mod  4); 

\€l,(bl,  / 

(mod8), 


where  the  symbols  are  those  of  Legendre-Jacobi  for  quadratic  residue  character. 
Conversely,  two  forms  /  belong  to  the  same  genus  if,  for  the  characteristic  forms  <£ 
of  their  classes  of  forms,  these  units  possess  the  same  values.  If  the  characters  of  a 
genus  satisfy  the  conditions  implied  by  a  specified  congruence,  the  genus  exists. 

As  a  generalization  of  Gauss'  theory  of  the  representation  of  numbers  and  binary 
forms  by  ternary,  there  is  developed  at  length  a  theory  of  the  representation  of  num- 
bers and  m-ary  quadratic  forms  by  n-ary  forms,  especially  for  m  —  n  —  1.  His 
determination  of  the  mass  (weight)  of  positive  genera  was  later  simplified  and 
generalized  by  him.25 

The  number  of  classes  of  forms  in  n  variables  of  determinant  unity  is  ^  [w/8]  +  1, 
where  [x]  denotes  the  greatest  integer  g  x.  Thus  there  are  at  least  2  classes  if  n  =  8, 
contrary  to  Hermite.4 

This  memoir,  which  was  written  in  his  seventeenth  year,  won  (along  with  Smith16) 
the  Grand  Prix  of  the  French  Academy  for  the  problem  of  the  representation  of 
numbers  by  a  sum  of  five  squares.  His  results  on  this  special  problem  are  quoted  on 
p.  312  of  Vol.  II  of  this  History,  while  on  p.  327  there  is  an  account  of  the  auxiliary 
problem  of  the  number  of  solutions  of  /=  m  (mod  N). 

Minkowski24  determined  the  number  of  classes  of  rc-ary  quadratic  forms  /  in  a 
genus  by  means  of  Dirichlet's  transcendental  method  for  n  =  2,  and  a  further23 
study  of  the  number  of  solutions  of  f  =  m  (mod  N). 

23  Mem.  divers  savants  Institut  de  France,  (2),  29,  1884,  No.  2,  180  pp.     Original  German 

MS  with  additions  to  correspond  to  the  French  text,  Gesamm.  Abh.,  I,  1-144. 
2*Diss.,  Konigsberg;  Acta  Math.,  7,  1885,  201-258;  Gesamm.  Abh.,  I,  157-202. 
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Minkowski25  found  that  the  expression  for  the  mass  of  a  genus,  obtained  by  him23 
for  special  genera  and  for  any  genus  by  Smith,15  becomes  far  simpler  if  we  employ 
the  definition  given  by  Poincare21  and  himself.23  Write  o0,  oly  . . .,  on^  for  y1?  y2, 
. . .,  yn  of  Poincare  and  restrict  attention  to  positive  forms  /  of  matrix  (a^).  Let 
f(N)  denote  the  number  of  substitutions  incongruent  modulo  N  whose  determinant 
is  =  1  (mod  N)  which  when  applied  to  /  leave  unaltered  all  the  residues  aik  (mod 
N).  If  t  exceeds  the  exponent  of  the  highest  power  of  the  prime  q  which  divides 
2  000i  •  •  •  on-i  and  if  qu  is  the  highest  power  of  q  which  divides 


ft=0 

define  f-\  q  f  by 

q  f^  Q\^—f 

The  mass  of  the  genus  of  /  is  the  integer 


.      I     TT 

\  »=, 


,»<„-;,> 

°4 


where  the  final  product  extends  over  all  primes. 

For  n  ^  5  he  characterized  a  Hermite5  reduced  form  by  a  finite  number  of  simple 
linear  inequalities.  When  %n(n+I)  —  1  of  them  become  equalities,  the  reduced 
form  is  called  a  limit  form.  The  latter,  when  positive,  are  of  the  same  class  as  the 
extreme  forms  of  Korkine  and  Zolotareff.18' 19  For  n  =  6  see  Minkowski.28 

L.  Gegenbauer26  obtained  at  once  the  recursion  formula  for  the  number  Fk(n)  of 
representations  of  n  by  f=a,ixl  +  . . .  +  akxl  (di  positive  integer,  Xi  integer  ^  0)  : 


n  n — Ofc+i 

2  Fk+1(x)=    a 

:=1  x=l 


from  which  he  proved  by  induction  that 


x=l 

where  e  is  finite  for  all  values  of  n.    Hence  follows  the  known  mean  value  of  the 
number  of  representations  of  an  integer,  in  the  neighborhood  of  n,  by  /  : 


Minkowski27  investigated  forms  of  any  degree  which  are  transformed  into  them- 
selves by  only  a  finite  number  of  linear  homogeneous  transformations  8  with  integral 
coefficients.  The  identity  /  is  the  only  8  of  finite  order  which  is  =7  (mod  4).  An 
8  of  finite  order  which  is  =7  (mod  2)  can  be  transformed  by  a  substitution  with 
integral  coefficients  of  determinant  ±  1  into  a  transformation  which  multiplies  each 
variable  by  1  or  —1.  It  follows  that  the  order  of  any  finite  group  of  n-ary  trans- 
formations 8  divides  2n(2n-l)  (2n-2) .  . .  (2n-2n-1). 

Minkowski28  proved  that  the  identity  /  is  the  only  linear  homogeneous  transfor- 
mation with  integral  coefficients  and  finite  order  which  is  =/  (mod  p),  where  p  is 

25  Jour,  fur  Math.,  99,  1886,  1-9;  Gesamm.  Abh.,  I,  149-156. 
2«  Sitzungsber.  Akad.  Wiss.  Wien  (Math.,),  93,  II,  1886,  215-221. 

27  Jour,  fur  Math.,  100,  1887,  449-58;  Gesamm.  Abh.,  I,  203-211. 

28  Ibid.,  101,  1887,  196-202;  Gesamm.  Abh.,  I,  212-8. 
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an  odd  prime  [simpler  proof,  Minkowski32].  Let  /  denote  a  real  positive  u-ary 
quadratic  form  of  determinant  D  =^=  0.  Since  /  can  be  transformed  into  a  sum  of  n 
squares,  it  is  evidently  transformed  into  itself  by  only  a  finite  number  t(f)  of  linear 
transformations  (automorphs)  with  integral  coefficients.  By  a  small  variation  of 
the  coefficients  of  /  we  obtain  a  positive  form  the  ratios  of  whose  coefficients  are  all 
rational  and  admitting  the  same  automorphs  as  /.  Hence  let  /  have  integral  coeffi- 
cients without  a  common  divisor.  The  group  of  the  t  (/)  automorphs  of  /  is  simply 
isomorphic  with  the  group  of  their  residues  with  respect  to  any  odd  prime  p.  Hence 
t(f)  divides  the  known  order  of  the  group  of  all  transformation-reMdues  modulo  p 
whose  determinant  is  =  ±1  (mod  p},  as  well  as  the  order  (Minkowski,24  p.  218) 
of  the  group  of  all  transformation-residues  modulo  p  which  leave  /  unaltered  modulo 
p.  It  follows  that  t(f)  divides  the  product  Uqk  extended  over  all  primes  q  =  %,  3, 
5,  7,  .  .  .,  where 


[a]  denoting  the  largest  integer  ^  a.  Furthermore,  Hqk  is  the  least  common 
multiple  of  all  possible  numbers  t(f).  Finally,  he  extended  to  n=6  his25  charac- 
terization of  reduced  forms. 

Minkowski29  proved  that  two  n-ary  quadratic  forms  /  and  /'  with  rational  coeffi- 
cients of  determinants  =^=0  can  be  transformed  rationally  into  each  other  if  and 
only  if  the  invariants  J  3  A,  B  have  the  same  value  for  ea,ch.  Here  J  denotes  the  num- 
ber of  negative  terms  in  the  canonical  form  2  ±  x\  of  /.  Under  a  rational  transforma- 
tion the  determinant  A  of  /  is  multiplied  by  the  square  of  the  (rational)  determinant 
of  the  transformation,  whence  the  totality  of  the  primes  occurring  in  A  to  odd  powers 
is  invariant.  Write  A  for  the  product  of  these  primes  prefixed  with  the  sign  of 
(  —  1)  J  or,  when  such  primes  are  absent,  write  A  =  (  —  I)-7.  The  invariant  B  is  the 
product  of  those  odd  primes  p  for  which  a  certain  unit  Cp=  ±1  has  the  value  —  1, 
the  definition  and  expression  for  Cp  being  rather  complicated. 

Two  n-ary  quadratic  forms  can  be  transformed  rationally  into  rational  multiples 
of  each  other  if  their  determinants  are  =^=  0,  and  n  —  2J  and  D  have  the  same  absolute 
values  for  each.  The  invariant  D  is,  for  n  odd,  the  value  of  the  invariant  B  of  the 
form  Aff  while  its  definition  is  more  complicated  for  n  even. 

Special  cases  and  corollaries  to  these  two  theorems  are  noted.  Zero  is  represented 
rationally  by  every  indefinite  quadratic  form  in  5  or  more  variables,  by  every  one  in 
4  variables  if  D  has  no  square  factor,  by  one  in  3  variables  if  D=l,  and  by  one  in 
2  variables  if  D=—  1. 

Minkowski30  considered  an  essentially  positive  quadratic  form  f  in  x\,  .  .  .,  xn.  It 
becomes  £?-f  .  .  .  +£n  under  a  real  transformation 

£a  =  TraiXi+  .  .  .  +  7Tan#n,  \7Tab    =7^  0. 

Interpret  &,  ...,£«  as  coordinates  of  a  point  P,  of  an  n-i  old  space,  such  that  the 
square  of  the  linear  element  from  P  is  the  sum  of  the  squares  of  the  differentials 
d£t,  .  .  .  ,  dgn.  Let  PI,  .  .  .  ,  Pn  be  the  points  for  which  a  single  one  of  a?i,  .  .  .  ,  xn  is  1 

29  Jour,  fur  Math,  106,  1890,  5-26;   Gesamm.  Abh.,  I,  219-239. 

30  Jour,  fur  Math.,  107,  1891,  278-297;  Gesamm.  Abh.,  I,  243-260. 
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and  the  others  are  0.  Let  fa,  .  .  .  ,  £«  denote  the  vectors  from  the  origin  0  of 
coordinates  to  P1?  .  .  .,  Pn.  Then  S^ipi  denotes  the  vector  from  0  to  the  point  deter- 
mined by  X-L,  .  .  .,  a-,,.  The  vectors  fa,  .  .  .,  pw  determine  an  rt-dimensional  parallele- 
piped. It  with  similar  parallelopipeds  fill  the  entire  space.  Their  vertices  give  all 
points  for  which  xi,  .  .  .,  xn  are  integers,  and  form  a  regular  lattice  L.  To  the 
fundamental  parallelepiped  F  of  a  lattice  therefore  corresponds  the  quadratic  form  /. 
To  all  possible  arrangements  of  the  points  of  the  lattice  L  into  parallelopipeds  of 
the  same  volume  as  F  correspond  a  class  of  equivalent  forms.  We  are  led  geo- 
metrically also  to  the  existence  of  certain  limits  to  the  minimum  M  of  /,  including 
M<in\'  D,  which  imply  important  results  on  algebraic  numbers. 

A.  Meyer31  proved  by  induction  on  n  that  two  properly  primitive  indefinite  n-ary 
quadratic  forms  of  odd  invariants  oly  .  .  .,  0M_i  (and  0-1  =  .  ..  o-»_!  =  l)  are  properly 
or  improperly  equivalent  if  they  belong  to  the  same  genus  and  if  two  successive 
terms  of  o1?  .  .  .  ,  on_^  are  relatively  prime,  the  theorem  being  known  and  presupposed 
for  7i,=  3.  Use  is  made  of  the  notations  of  Minkowski.23 

H.  Minkowski32  proved  that  the  order  of  a  finite  group  of  linear  substitutions  on  n 
variables  with  integral  coefficients  is  always  ^  (2n+1  —  2)w.  This  is  a  limit  to  the 
number  of  such  automorphs  of  a  positive  ?i-ary  quadratic  form.  Integral  values, 
not  all  zero,  may  be  assigned  to  the  n  variables  of  a  positive  definite  quadratic  form  / 
of  determinant  D  such  that 


where  T  denotes  the  ordinary  gamma  function  [this  is  the  case  p  =  2  of  a  theorem 
on  sums  of  pth  powers  of  linear  forms  quoted  in  this  History,  Vol.  II,  p.  95].  The 
number  of  classes  of  positive  quadratic'  forms  of  given  determinant  is  finite. 

P.  Bachmann33  gave  a  systematic  exposition  of  quadratic  forms. 

X.  Stouff34  proved  the  final  statement  in  the  report  of  Hermite.3 

StoufP5  proved  HermiteV  theorem  that  in  a  reduced  definite  n-ary  quadratic 
form  of  determinant  D  the  product  of  the  coefficients  of  the  squares  is  <^D}  where 
H  depends  only  on  n  ;  and  HermiteV  statement  that  the  coefficients  of  the  forms  (F) 
have  limits  depending  only  on  D. 

G-.  Humbert36  established  connections  between  the  arithmetical  theory  of  quad- 
ratic forms  and  the  theory  of  singular  abelian  functions.  The  normal  periods  (1,  0), 
(0,  1),  (g,  ft),  (h,  g')  of  an  abelian  function  of  two  variables  are  said  to  satisfy  a 
singular  relation  if 


f  OIL  integers  A,  .  .  .,  E  which  may  be  taken  free  of  a  common  factor.    If  there  is  a 
single  such  relation  any  transformation  of  order  n=l  of  the  periods  changes  it  into 

81  Vierteljahrsschrift  Natur.  Gesell.  Zurich,  36,  1891.  241-250. 
32  Geometric  der  Zahlen.  Leipzig,  1896,  180-7.  122-3,  196-9. 
S3  Die  Arithmetik  der  Quad.  Formen,  Leipzig,  1898,  371-668. 
34  Bull.  sc.  math.,  (2),  26,  I,  1902,  302-308. 
33Annales  sc.  ecole  norm,  sup.,   (3),   19,   1902,  89-118. 

36  Jour,  de  Math.,  (5),  9,  1903,  43-137  [5,  1899,  233-7].    Cf.  E.  Hecke,  Math.  Annalen,  71, 
1912,  1-37;  74,  1913,  465-510. 
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an  analogous  relation  AiG+BiH  +  .  .  .  +  Ei  =  Q  in  the  new  periods   (G,  H),  etc., 
where 


with  similar  expressions  for  #1,  .  .  .,  E1}  where  (ab)tjs(n1)j—aj'bi,  while  ai,  .  .  .  di 
are  integers  verifying  the  classic  relations  (ad)i2+  (&c)i2  =  l,  etc.,  and  hence  are 
the   16   coefficients   of   an   abelian   substitution   on   4  variables.      Then   A  =  52- 
4:AC  —  4:DE  is  invariant.    Changing  the  notation,  we  conclude  that  f=x2  —  4:yz  —  4:tu 
is  transformed  into  itself  by 


Thus,  given  one  representation  of  a  positive  integer  8  by  /,  we  obtain  all  representa- 
tions by  these  formulas.  To  deduce  the  representations  of  8,  when  8  =  0  or  1  (mod 
4),  by  x2  +  r)2  +  £2-r2-v2,  we  write 


and  get  8=f.     The  representations  of  binary  quadratic  forms  by  /  is  discussed 
(p.  134). 
In  Part  II  it  is  assumed  there  are  two  singular  relations  F=Q  and 


Let  A!  =  B\  —  .  .  .  be  the  invariant  of  JF\.  The  invariant  of  xF+yF^  =  0  is  Q  =  As2  + 
2Sxy  +  &ly2,  where  8  =  BB1-2ACl-2CA1-2DEl-2EDl.  If  we  replace  the  sys- 
tem F=Fi  =  Q  by  an  arithmetically  equivalent  system, 


where  A,  ...  are  integers,  the  corresponding  quadratic  form  is  obtained  from  Q  by 
replacing  x  by  \x'  +  \'y'  and  y  by  px'  '  +  i*'y'.  Hence  to  every  system  of  two  singular 
relations  F=F±  =  Q  corresponds  a  class  of  positive  binary  quadratic  forms  Q.  Con- 
versely, if  two  systems  of  two  singular  relations  lead  to  equivalent  forms  Q  and  Q', 
is  one  system  reducible  to  the  other  by  an  ordinary  abelian  transformation?  The 
answer  (pp.  81,  116,  130)  is  not  as  simple  as  implied  in  his37  preliminary  note. 

Take  the  three  absolute  invariants  of  a  binary  sextic  <£  as  the  modules  of  abelian 
functions  related  to  V<£  and  also  as  the  Cartesian  coordinates  of  a  point  M  in  space 
(p.  91).  If  there  are  two  singular  relations  between  the  periods  of  these  abelian 
functions,  M  describes  a  skew  hyperabelian  space  curve  which  therefore  corresponds 
to  a  class  of  positive  binary  quadratic  forms.  Consider  (pp.  Ill,  131)  the  classes  of 
positive  primitive  binary  quadratic  forms  belonging  to  the  same  genus  whose  determi- 
nant is  the  same  odd  or  double  of  the  same  odd  number  ;  let  fa,  fa,  ...  be  forms 
selected  one  from  each  class  ;  then  the  hyperabelian  curves  associated  with  the  classes 
of  forms  4<£±,  4:  fa,  ...  are  of  the  same  genus  and  correspond  point  to  point.  In  this 
connection  it  is  shown  that  </>±  and  </>2  belong  to  the  same  genus  if  z2  —  fa  and  z2  —  fa 
are  equivalent. 

37  Comptes  Rendus  Paris,  134,  1902,  876-882  ;  136,  1903,  717-23. 
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Humbert38  in  Part  III  assumed  that  the  periods  satisfy  three  singular  relations 
F0  =  F1  =  F2  =  Q.  The  A  invariant  for  xF0  +  yF±  +  zF2  =  0  is  a  positive  ternary  quad- 
ratic form  T  which  becomes  an  equivalent  form  when  we  replace  the  initial  system 
F0  =  Fi  =  F2  =  0  by  an  arithmetically  equivalent  system  \iF0  +  ij.iFi  +  viF2  =  Q  (t=l, 
2,  3),  where  AI,  .  .  .,  v3  are  integers  of  determinant  ±  1,  or  when  we  apply  an  ordinary 
abelian  transformation  of  degree  1.  Hence  to  each  system  corresponds  a  class  of 
forms  T.  Such  a  form  is  not  an  arbitrary  positive  ternary  form  since  it  is  represent- 
able  properly  by  x2  —  4=yz  —  Uu.  The  ternary  forms  so  representable  are  studied  at 
length,  also  in  connection  with  hyperabelian  curves  and  surfaces. 

H.  Minkowski39  simplified  Hermite's  method  of  reduction.     The  form 


(akh  =  akh  if 
is  called  reduced  if  al2  ^  0,  a23  ^  0,  .  .  .,  an.ln  g  0  and  if 

f(8?,...,sS>)^an         (1=1,  ...,n) 

for  every  set  of  integers  s{°,  .  .  .,  s<°  such  that  the  g.  c.  d.  of  s[°,  s$lt  .  .  .,  4°  is 
unity.     This  infinitude  of  inequalities  reduces  to  a  finite  system.  Every  definite 
form  /  is  equivalent  to  one  and  but  one  reduced  form. 
Consider  the  positive  form  * 

/  =  £+...+&  fo=    S   ajkXk, 

fc=l 

the  coefficient  of  2xhxk  in  /  being  aftfc=2jzja/fta/fc.  In  the  space  A  of  the  Jn(n-M) 
arbitrary  real  variables  am,  every  point  (ajae)  for  which  /  is  an  essentially  positive 
form  corresponds,  in  view  of  the  preceding  relations,  to  a  domain  A(f),  of 
n2  —  \n  (  ?&+!)  dimensions,  of  points  (OAK).  In  A.  we  seek  a  domain  B  such  that 
every  class  of  positive  quadratic  forms  is  represented  by  a  point  of  B,  and,  when  the 
point  is  not  on  the  boundary  of  B,  by  no  other  point  of  B.  "We  can  choose  for  B  a 
convex  cone  bounded  by  a  finite  number  of  planes  and  having  as  its  vertex  the  origin 
Xi  =  0,  .  .  .  ,  xn  =  0.  The  part  of  B  which  corresponds  to  forms  /  of  determinant  ^  1 
has  a  finite  volume.  With  this  volume  are  connected  certain  asymptotic  expressions 
for  the  number  of  classes  of  forms  /.  Application  is  made  to  the  finding  of  all  extreme 
forms  (Korkine  and  Zolotareff18'  19). 

L.  E.  Dickson40  spoke  of  a  form  or  substitution  as  being  in  a  field  (domain  of 
rationality)  F  if  its  coefficients  are  all  numbers  of  F.  Within  any  field  Ff  not  having 
modulus  2  (so  that  2x  does  not  count  as  zero),  any  n-ary  quadratic  form  whose 
determinant  is  not  zero  can  evidently  be  transformed  into 

n 

q=   2  diX\         (each  ai  7^=0). 


An  obvious  necessary  condition  that  q  be  equivalent  to  Q  —  ^anXI  under  linear  trans- 
formation in  F  is  that  ax  be  representable  by  q,  viz.,  that  there  exist  solutions  &,-  in  F 

*  We  may  regard  the  system  of  linear  forms  &,...,  £n  as  reduced  if  /  is. 

38  Jour,  de  Math.,  (5),  10,  1904,  209-273;  Comptes  Rendus  Paris,  134,  1902,  1261-6. 

-<J  Jour,  fur  Math.,  129,  1905,  220-274;  Gesamm.  Abh.,  II,  53-100.    (Application  to  finiteness 

of  classes  of  linear  groups  by  L.  Bieberbach,  Gottingen  Nachr.,  1912,  207-216  (Fort- 

schritte,  1912,  197,  for  gap  in  proof).) 
"Bull.  Amer.  Math.  Soc,  14,  1907,  108-115. 
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of  ai  —  ^dibl.    Assume  that  this  condition  is  satisfied  and  that  F  does  not  have  a 
modulus.    After  a  suitable  permutation  of  xlf  .  .  .,  xn,  we  may  write 


Then  the  substitution 


has  a  determinant  =7^  0  and  replaces  q  by 


;=2 

It  is  shown  that  <?'  and  (),  with  like  first  coefficients,  are  equivalent  in  F  if  and  only  if 

(3)  5  o<XJ=  2  ajWjWj^yj 

<=2  7=2 

under  a  transformation  in  F  on  r&  —  1  variables.  Hence  q  and  Q  are  equivalent  in  F 
if  and  only  if  <n  is  representable  by  q  and  the  forms  (3)  are  equivalent  under  (n—  1)- 
ary  transformation  in  F.  The  final  criteria  are  therefore  that  al9  a2?  .  .  .  ,  an  be  rep- 
resentable by  certain  forms  in  n,  n  —  1,  .  .  .,  1  variables,  respectively,  whose  coeffi- 
cients are  given  functions  of  the  #».  For  example,  if  n  =  3,  the  conditions  are  that  ai 
be  representable  by  q,  and  a2  by  a-^a^  '2£2  +  a8aiW  2??2  ',  and  that  flaO^saia.^  be  a  square 
inF. 

If  F  is  the  field  of  all  rational  numbers,  there  exist  rational  values  of  6X,  .  .  .,  &4 
such  that  ^aib2  —  +1  or  —1,  according  as  aly  .  .  .,  a4  are  not  all  negative  or  are  all 
negative.  Hence  any  n-ary  quadratic  form  with  rational  coefficients  of  determinant 
=7^=  0  is  reducible  by  a  linear  substitution  with  rational  coefficients  to  one  of  the  types 

/      b  c  =  2  x1  -    5    za  +  aav-,  +  6  a-J_i  +  cxl, 

i=l  i=p-fl 

in  which  a,  &,  c  are  all  negative  if  p<n  —  3,  while  /p,  0,  »,  c  is  reducible  to  fp,  a,  p,  y  if 
and  only  if  ax2  +  by2  +  cz2  is  reducible  to  aX2  +  @Y2  +  yZ2  by  a  substitution  with 
rational  coefficients. 

Dickson41  had  obtained  part  of  the  preceding  results  less  simply.  He  also  deter- 
mined all  quadratic  forms  in  a  general  field  which  are  invariant  under  a  given  sub- 
stitution and  proved  that  their  reduction  to  canonical  types  depends  upon  the  above 
problem  of  the  normalization  of  a  fixed  quadratic  form. 

G.  Voronoi'42  gave  new  applications  to  quadratic  forms  of  Hermite's3'  7  principle  of 
continuous  parameters  (Hermite53  of  Ch.  I).  Let  (f>  =  ^aijXiXj  be  any  n-ary  positive 
quadratic  form.  For  fc  =  l,  .  .  .,  s,  let  (Zifc,  .  .  .,  Znfc)  be  the  different  representations 
of  the  minimum  M  of  </>,  taking  one  of  two  sets  (±.lik,  -  .  .,  ±Z«fc)>  considered  not 
distinct.  First,  let 

(4)  2    atJliJclik  =  M         (k  =  I,  ...,«), 

i,  J=l 

considered  as  equations  in  c^y,  have  an  infinitude  of  sets  of  solutions  fli;-,  whence 

41  Trans.  Amer.  Math.  Soc.,  7,  1906,  275-280,  285-292. 

42  Jour,  fur  Math.,  133,  1907,  97-178. 
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there  is  an  infinitude  of  sets  of  values  not  all  zero  of  the  parameters  pij  =  pji  (i,  j=  1, 
.  .  .,  n)  satisfying  2lpijlijljk  =  Q  for  k  =  l,  ----  ,  s.    Write  if/  =  ^pijXiXj  and 

(o)  /=<£  +  p^r         (p  arbitrary). 


This  /  is  a  positive  form  if  and  only  if  p  lies  in  a  certain  interval  —  R'<.p<R.  If 
#=  +  oo,  then  —R'  is  finite.  Replacing  ty  by  —$  in  (5),  we  have  the  interval 
—R<p<R'.  Hence  we  may  assume  that  R  is  finite.  It  is  shown  that  the  set  (/)  of 
positive  forms  (5)  with  0<p<.R  contains  a  form  <j>i  =  <f>  +  pup  determined  by  the 
conditions  that  all  the  representations  of  the  minimum  M  of  <f>  are  also  representa- 
tions of  the  minimum  M  of  fa,  while  fa  possesses  at  least  one  further  representation 
of  M.  Hence  there  is  a  series  </>,  </>i,  <£2,  •  •  •  of  positive  quadratic  forms  such  that,  if 
Sb  is  the  number  of  representations  of  the  minimum  of  fa,  then  s<£i<s2<  •  •  •  •  But 
such  a  series  terminates  since  the  number  of  different  representations  of  the  minimum 
of  an  ri-ary  positive  quadratic  form  is  ^  2n  —  1.  If  the  series  terminates  with  fa,  the 
latter  is  determined  by  the  representations  of  its  minimum  and  is  called  a  perfect 
form. 

Let  cf>  itself  be  perfect.  Then  (4)  have  a  single  set  of  solutions  aij  =  atjMf  where 
the  aij  are  rational,  so  that  <J>/H  has  rational  coefficients.  Perfect  forms  with  pro- 
portional coefficients  are  not  regarded  as  different. 

Evidently  any  linear  substitution  with  integral  coefficients  of  determinant  ±1 
transforms  any  perfect  form  into  a  perfect  form.  The  number  of  classes  of  equivalent 
perfect  forms  is  proved  to  be  finite. 

Given  a  positive  integer  a,  consider  the  domain  R  composed  of  all  the  points 
(xl}  .  .  .,  xn)  for  which 

(6)  yk(x)  =  pik^  +  .  .  .  +pmkXm  ^  0         (fc  =  l,  ...,  <r). 

A  point  for  which  each  yk(x)>0  is  said  to  be  interior  to  R.  If  R  has  an  interior 
point,  R  is  said  to  have  m  dimensions.  For  ju,=  l,  .  .  .,  ra  —  1,  define  a  face  of  /x 
dimensions  of  .R  to  be  a  domain  P(p)  formed  of  the  points  of  R  for  which  yk(x]  =  0 
(&  =  1,  •  •  .,  T),  provided  these  equations  define  a  domain  of  /x  dimensions  composed 
of  all  the  points  which  do  not  also  satisfy  one  of  the  equations  yj(x)  =  0  (j  =  T+l, 

...,„). 

To  the  m-dimensional  domain  R  defined  by  (6)   corresponds  an  w-dimensional 
domain  £R  formed  of  all  the  points  (x)  for  which 
<7 

(7)  Xi=   2  picpiic,     PI>  0,  .  ..,Pff  >  0   (t=l,  ..  .,  m). 

k=l 

Conversely,  the  domain  9?  determines  the  corresponding  domain  R. 

Let  (Itf,  .  .  .,  Ink)  9  for  fc  =  l,  .  .  .,  s,  denote  all  the  representations  of  the  minimum 
of  any  perfect  form  fa  and  write  \k  =  hkXi+  .  .  .  +lnkX».  Consider 


whose  coefficients  are 


2  piJikljk,     pi  ^  0,  .  .  .,  p8  >  0. 

k=l 


To  compare  these  relations  with  (7),  regard  the  %n(n+l)  distinct  <HJ  as  the  former 
variables  Xi.    Hence  there  is  defined  a  domain  3^  and  then  a  corresponding  domain  R, 
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determined  by  linear  inequalities  (6).  This  %n(n  +  l)  -dimensional  domain  R  is 
called  the  domain  corresponding  to  the  perfect  form  <j>. 

Let  <f>  be  transformed  into  <//  by  a  substitution  Xi  =  "Saucxi  with  integral  coefficients 
of  determinant  ±1.  The  adjoint  substitution  *ZauXic  =  Xi  transforms  R  into  R', 
where  R  and  R'  are  the  domains  corresponding  to  the  perfect  forms  <f>  and  <£'.  The 
set  (R)  of  all  domains  corresponding  to  all  n-ary  perfect  forms  can  be  separated  into 
as  many  classes  of  equivalent  domains  as  there  are  classes  of  perfect  forms. 

If  a  quadratic  form  /  is  interior  to  a  face  -P(/u)  of  /A  dimensions  of  R,  f  belongs 
only  to  those  domains  of  the  set  (R)  which  are  contiguous  to  the  face  P(p>).  There 
is  a  single  domain  contiguous  to  R  by  a  face  of  %n(n-\-\)  —  1  dimensions.  Hence  we 
can  find  a  series  R,  Rly  R2,  .  .  .  ,  RT-\  of  domains  no  two  of  which  are  equivalent  and 
such  that  every  domain  contiguous  to  one  of  the  series  is  equivalent  to  one  of  them. 
This  series  gives  a  complete  system  of  representatives  of  the  different  classes  of  the 
set  (R). 

A  positive  quadratic  form  is  called  reduced  if  it  belongs  to  any  domain  of  such 
a  series  giving  a  complete  system.  A  reduced  form  can  be  transformed  into  another 
or  the  same  reduced  form  only  by  a  substitution  which  transforms  into  itself  a  domain 
or  a  face  of  a  domain  of  the  series  R,  .  .  .  ,  7tV-i. 

All  binary  perfect  forms  constitute  a  single  class  of  forms  equivalent  to  x2  +  xy  +  y2. 
The  domain  R  of  the  latter  is  composed  of  the  forms 


px2  +  P'y2  +  P"(x-y)2,      P  ^  0,  P'  ^  0,  P"^  0. 

Thus  R  is  determined  by  the  conditions  a+b^.  0,  —  &^0,  c  +  &j>0.  This  agrees 
with  Selling's  definition  of  a  reduced  form  (Ch.  I92).  By  use  of  a  modified  domain, 
we  obtain  Lagrange's  conditions  for  a  reduced  form.  We  are  led  similarly  to  Selling's 
conditions  for  a  reduced  positive  ternary  form.  All  perfect  forms  in  4  (5)  variables 
fall  into  2  (3)  classes. 

Let  M  be  the  minimum  and  D  the  determinant  of  a  positive  n-ary  quad- 
ratic form  f  —  ^aijXiXj.  Then  f/tyD  has  determinant  unity  and  the  minimum 
s$l=M/y  D.  When  3ft  is  a  maximum,  /  is  called  an  extreme  form.  It  is  proved  that 
/  is  extreme  if  and  only  if  it  is  perfect  and  if  its  adjoint  form  (with  the  coefficients 
dD/da,ij)  is  interior  to  the  domain  corresponding  to  /.  There  exist  forms  in  n  ^  6 
variables  which  are  perfect  without  being  extreme. 

Vorono'i43  investigated  the  conditions  that 

n  n 

2  dijXiXj  +  2  "%  aiXi  ^  0  (a's  arbitrary  parameters), 
t,  j=i  t=i 

for  all  sets  of  integers  Xi,  .  .  .,  xn>  when  f=2,atjXiXj  is  "a  positive  form.  Interpret 
01,  .  .  .  ,  an  as  coordinates  of  a  point  in  n-space.  For  n  =  2,  Dirichlet51  of  Ch.  I  noted 
that  the  conditions  determine  a  hexagon  with  three  pairs  of  parallel  edges.  The 
hexagon  is  here  replaced  by  a  convex  polyhedron  R  in  n-space,  determined  by  2r 
independent  inequalities 

2aijlijcljic±2'2ailik^  0         (fc  =  l,  •  •  .,  r). 
The  systems  ±  (1-&,  .  .  .,  In1c)  of  integers  for  which  the  equality  signs  hold  include  all 

43  Jour,  fur  Math.,  134,  1908,  198-287. 
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representations  of  the  minimum  of  f,  as  well  as  all  sets  representing  n  consecutive 
minima  of  the  classic  literature.  By  means  of  translations  we  obtain  from  R  con- 
gruent polyhedra  (R)  which  together  fill  n-space  uniformly.  A  vertex  (at)  is 
called  simple  if  it  belongs  to  only  n  +  l  polyhedra  of  (R).  A  polyhedron  is  called 
primitive  if  all  its  vertices  are  simple.  A  vertex  (a*)  is  defined  by  n+ 1  equations 

2oi/Wyfc  +  22aJ<fc  =  4         (fc  =  0,  1,  . ..,  n). 
Define  the  corresponding  simplex  L  as  the  totality  of  points : 


fc=0  fc=0 

The  totality  (L)  of  the  simplexes  corresponding  to  the  summits  of  the  set  (R)  of 
all  primitive  polyhedra  fills  n-space  uniformly.  All  quadratic  forms  which  define 
primitive  polyhedra  of  the  type  characterized  by  (L)  are  interior  to  a  domain  D  of 
quadratic  forms  of  %n(n  +  ~L)  dimensions  defined  by  linear  inequalities.  Details 
are  given  for  n=2,  3,  4. 

Voronoi44  investigated  the  domains  of  quadratic  forms  corresponding  to  different 
types  of  primitive  polyhedra.  Corresponding  to  the  different  incongruent  faces  of 
n  —  l  dimensions  of  the  simplexes  belonging  to  (L),  there  exist  numbers 

n 
pfc—    2   plj  dij  (fc=l,    .  .  .,  <r), 

called  regulators.  The  fundamental  theorem  (p.  96)  states  that  ^dijXiXj  defines  a 
set  (R)  of  primitive  polyhedra  belonging  to  the  type  characterized  by  (L)  if  and 
only  if  each  /%>0.  The  final  twenty  pages  are  devoted  to  polyhedra  of  2,  3,  4 
dimensions. 

L.  E.  Dickson45  reduced  the  problem  of  the  equivalence  of  two  pairs  of  quad- 
ratic forms  with  coefficients  in  any  given  field  to  that  for  single  quadratic  forms 
(Dickson40). 

K.  Petr46  gave  an  elementary  proof  by  induction  of  Hermite's  theorem  on  the 
minimum  of  a  quadratic  form,  as  well  as  the  following  theorem.  If  in  the  definition 
of  a  reduced  positive  quadratic  form  f  of  discriminant  D,  we  assume  that  On  is  the 
minimum  of  /  and  that,  among  all  forms  of  the  same  class,  the  product  011022  •  •  •&«» 
has  for  the  reduced  form  the  least  value,  then,  for  the  reduced  form, 


T.  Astuti47  gave  a  simple  proof  that 


is  a  definite  positive  form  if  and  only  if  3A  +  /*>0,  /x>0. 

H.  Blichfeldt48  proved  by  means  of  a  new  principle  in  the  geometry  of  numbers 
that  a  positive  definite  quadratic  form  in  n  variables  and  of  determinant  D  has  a 
value  not  numerically  greater  than 


**  Jour,  fur  Math.,  136,  1909,  67-181. 

«  Trans.  Amer.  Math.  Soc.,  10,  1909,  347-360. 

46  Casopis,  40,  1911,  485-7  (Fortschritte  der  Math.,  1911,  240). 

47  Annaes  Sc.  Acad.  Polyt.  do  Porto,  8,  1913,  119-120. 

«  Trans.  Amer.  Math.  Soc.,  15,  1914,  227-235;  Bull.  Amer.  Math.  Soc.,  25,  1918-9,  449-453. 
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for  integral  values,  not  all  zero,  of  the  variables.    The  asymptotic  value  n 
of  this  expression  is  half  of  that  of  Minkowski's32  limit. 

E.  Landau49  considered  a  definite  positive  real  quadratic  form  Q(UI,  .  ..,  uk)  of 
determinant  Z>,  and  the  number  A  (x)  of  sets  of  integers  uif  .  .  .,  Uk  for  which  Q  ^  x. 
He  proved  that 

(8)  A(x) 

where  a  is  the  volume 


of  the  fc-dimensional  ellipsoid  Q  =  l.  Here  r  denotes  the  gamma  function,  and 
Of(x)  means  a  function  whose  quotient  by  f(x)  remains  numerically  less  than  a 
fixed  finite  value  for  all  sufficiently  large  values  of  x.  To  generalize  to  sets  of  integers 
MI,  .  .  .,  Uk  for  which  not  only  Q  ^  x,  but  also  11^  =  2^  (mod  -Mi),  .  .  .,  u>k  =  Zk  (mod 
Mk),  where  the  M  's  are  positive  integers  and  the  z's  are  integers,  we  have  only  to 
replace  a  by  V/(M1.  .  .Mk)  in  (8). 

Landau50  gave  another  proof  of  his  preceding  results. 

G.  Giraud51  investigated  the  linear  transformations  of  XiX5+x2x4+xl  into  itself 
(cf.  Humbert36),  as  well  as  those  of  u\+u\  +  u\—  u\—  u\. 

G.  Humbert52  indicated  a  method  to  obtain  arithmetically  Liouville's12  results  on 
forms  o-4  +  2o-2,  o-2  +  2o-4,  o-5  +  2i;2  and  0-3  +  20-3  in  six  variables. 

E.  T.  Bell53  recalled  that  in  1860-1864  Liouville  stated  many  theorems  on  the 
number  T(n)  of  representations  of  n  by  quadratic  forms  in  4  and  6  variables  and  the 
number  P(n)  of  proper  representations.  Write  f(n)  for  (  —  l)ir(n)  or  0,  according 
as  n  is  or  is  not  the  square  of  an  integer  not  divisible  by  a  square  >1,  where  TT(TI)  is 
the  number  of  distinct  prime  factors  of  n.  Then  P(n)  =2T(d)f(n/d),  summed  for 
the  divisors  d  of  n.  By  means  of  a  formula  which  generalized  all  of  Liouville's,  we 
may  express  P(n)  in  terms  of  the  function  T  for  various  arguments,  and  hence  com- 
pute P(n)  from  T. 

A.  Walfisz54  expressed  as  an  infinite  series  involving  BessePs  functions  the  sum 
of  the  numbers  of  representations  of  1,  2,  .  .  .  ,  x  by  a  positive  definite  quadratic  form 
in  K  variables  with  integral  coefficients,  generalizing  the  result  for  *  =  2  by  Hardy178 
of  Ch.  I. 

«  Sitzungsber.  Akad.  Wiss.  Berlin,  1915,  458-476. 
50  Sitzimgsber.  Akad.  Wiss.  Wien  (Math.),  124,  Ha,  1915,  445-468. 
si  Annales  sc.  ecole  norm,  sup.,  (3),  32,  1915,  237-403;  33,  1916,  331-362. 
B2Comptes  Rendus  Paris,  169,  1919,  407-14;  172,  1921,  505^511;  Jour,  de  Math.,  (8),  4,  1921, 
11-35. 

53  Annals  of  Math.,  (2),  21,  1919-20,  166-179;  Jour,  de  Math.,  (8),  2,  1919,  249-271;  Comptes 

Rendus  Paris,  169,  1919,  711-2. 

54  Uber  die  summatorischen  Funktionen  einiger  Dirichletscher  Reihen,  Diss.  Gottingen,  1922, 

p.  55. 


CHAPTER  XII. 

BINARY  CUBIC  FORMS. 

G.  Eisenstein1  considered  the  cubic  form 

/=  (&,  &,  c,  d)  =  ax3  +  3bx2y  +  3cxy2 
with  integral  coefficients.    Its  corresponding  (determining)  quadratic  form  is 
F=Ax2+Bxy+Cy2,      A  =  b2-ac,      B  =  bc-ad,       C=c2-l)d. 

[The  Hessian  of  /  is  -F.]    The  Gaussian  determinant  D=B2  —  4AC  of  2F  is  called 
the  determinant  of  /.    Let  w  be  the  g.c.d.  of  a,  &,  c,  d:  o>±  that  of  a,,  36,  3c,  d',  and  O 
that  of  A,  B,  C.    Then  «2  divides  n,  and  ft2  divides  D. 
If  the  substitution  with  integral  coefficients 

(1)  (5§):    z  =  az'  +  #/',      y  =  yz'  +  8y'»      aS-/3y  =  €=^0. 

replaces  /  by  /'=  (a',  &',  c',  d'),  /'  is  said  to  be  contained  in  /,  and  the  substitution  is 
called  proper  or  improper,  according  as  e  is  positive  or  negative.  If  c=±l,  the 
inverse  of  the  substitution  is  (=^g)>  which  therefore  transforms  f  into  /,  and  /,  /' 
are  called  equivalent,  properly  or  improperly  according  as  c=-fl  or  e=  —  1.  All 
(properly)  equivalent  cubic  forms  constitute  a  class  and  have  the  same  values  for 
both  <o  and  a>i. 

If  (1)  transforms  /  into  /',  (^  *f)  transforms  F  into  the  quadratic  form  F'  which 
corresponds  to  /'.  The  determinant  of  /'  equals  e6Z>.  In  particular,  equivalent 
cubic  forms  have  the  same  determinant  and  equivalent  corresponding  quadratic 
forms.  But  several  classes  of  forms  /  may  correspond  to  the  same  class  of  forms  F. 

It  is  proved  that  there  is  a  single  substitution  which  transforms  a  cubic  form  of 
determinant  =^=  0  into  an  equivalent  form. 

Since  4A3=  (3abc-2bz-a2d)2-Da2,  4A3  is  of  the  form  U2-DV2.  If  A'  is  any 
integer  representable  by  F,  we  can  transform  F  into  a  form  F'  whose  first  coefficient 
is  A'.  The  same  substitution  replaces  /  by  a  cubic  f  whose  corresponding  quadratic 
form  is  F'  and  whose  determinant  is  D.  Hence  4A/S  is  representable  by  U2—DV2. 
Similarly,  if  A'  is  representable  by  F,  A'*  is  representable  by  Ax2—Bxy  +  Cy2. 

By  means  of  the  above  theorems  and  the  theory  of  composition  of  classes  of  quad- 
ratic forms  it  is  proved  that,  when  p  is  a  prime  =3  (mod  4)  and  —  p  is  a  regular 
determinant  (Ch.  V),  every  class  of  quadratic  forms  of  determinant  —  p,  which  by 
triplication  produces  the  principal  class,  corresponds  to  a  class  of  cubic  forms  of 
determinant  —  kp,  while  the  remaining  quadratic  classes  correspond  to  no  cubic  class 
with  the  same  determinant  (Pepin13). 

1  Jour,  fiir  Math.,  27,  1844,  89-106  (319  for  algebraic  indentities  and  covariants). 
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Eisenstein2  had  stated,  with  no  restriction  on  the  determinant  except  that  it  have 
no  square  factor,  that  for  each  class  of  the  principal  genus  of  quadratic  forms  which 
by  triplication  produces  the  principal  class  there  corresponds  a  unique  cubic  class, 
while  no  cubic  classes  correspond  to  the  remaining  quadratic  classes  [error  noted  by 
Arndt,5  Cay  ley,6  and  Pepin13].  If  be—  ad  is  even  and  if  N,  Nly  ...  are  the  integers 
prime  to  2D  which  can  be  represented  properly  by  (A,  B,  (7),  it  is  stated  that  all 
integers  prime  to  2D  representable  properly  by  the  cubic  form  /  are  given  by  the 
values  of  V  occurring  among  the  relatively  prime  solutions  U,  V  of 


U2-DV2=N3, 

F.  Arndt,3  who  was  not  acquainted  with  Eisenstein  V-  2  work,  used  new  notations 
and  wrote 
(2)        A  =  2(b2-ac),      B  =  bc-ad,      C=2(c2-ld),      D=B2-AC^Q, 

and  called  $=(A,  B,  C)  =Ax2  +  2Bxy  +  Cy2  the  characteristic  of  the  cubic  form 
f=  (a,  &,  c,  d)  and  D  the  determinant  of  /.  Thus  <f>  and  D  are  identical  with  2F  and 
D  of  Eisenstein.  /  is  called  contrary  to  —f  and  opposite  to  (a,  —~b,c,  —d). 

To  decide  whether  two  given  cubic  forms  /  and  f  with  the  same  characteristic  <£ 
are  equivalent  or  not,  we  determine  whether  or  not  /'  is  identical  with  a  form  obtained 
by  applying  to  f  one  of  the  substitutions  which  transforms  (f>  into  itself  : 


((T-BU)fm,  -CU/m\ 

\AU/m,  (T+BU)/m)' 


where  m  is  the  g.c.d.  of  A,  2B,  C.  When  D  is  a  square  or  when  D  is  negative  and 
—  47>/ra2>4  or  =  3,  /  and  f  with  the  same  characteristic  </>  are  equivalent  if  and  only 
if  they  are  identical  or  contrary.  For  other  D's  the  answer  requires  a  computation 
employing  the  successive  solutions  of  T2  —  DU2  —  m2. 

If  /  and  f  are  equivalent,  but  their  characteristics  <f>  and  <£'  are  not  identical,  the 
latter  are  equivalent  and  we  first  seek  a  substitution  of  </>  into  <//. 

Given  a  form  <j>  =  (A,  B,  C)  in  which  A  and  C  are  even  and  B  positive,  to  find  all 
cubic  forms  /  having  </>  as  characteristic,  we  seek  the  integral  solutions  a,  &,  c,  d  of 
(2).  These  equations  are  the  necessary  and  sufficient  conditions  that  (^)  shall 
replace  (A,  -B,  C)  by  ^=  (|A2,  B2-$AC,  -J<72),  whose  determinant  is  DB2.  There 
is  a  discussion  of  this  problem  on  quadratic  forms  (cf.  Arndt4).  The  resulting  cubic 
forms  /  fall  into  a  finite  (unspecified)  number  of  systems,  each  system  containing  as 
many  forms  as  there  are  sets  of  solutions  of  X2  —  DY2  =  m2.  Equivalent  forms  / 
with  the  same  <f>  belong  to  the  same  system.  The  number  of  classes  of  cubics  with  the 
same  <£  is  equal  to  the  number  of  systems  if  D  is  a  square  or  —  4D/m2  ^  4,  but  is  the 
triple  of  the  number  of  systems  if  D>0  or  —  4D/m2  =  3.  The  number  of  classes  of 
cubics  with  the  same  determinant  is  finite.  Details  are  given  for  the  number  of 
classes  when  D  is  a  square.  The  excluded  case  D  =  0  is  finally  treated  at  length. 

Arndt4  evaluated  the  number  of  systems  by  a  further  study  of  the  form  \f/,  and 
obtained  the  number  of  classes  of  cubic  forms  of  an  arbitrary  determinant. 

-  Jour,  fur  Math.,  27,  1844,  75-79. 
::  Archiv  Math.  Phys.,  17,  1851,  1-53. 
*Archiv  Math.  Phys.,  19,  1852,  408-118. 
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Arndt5  gave  a  simpler  theory.  He  showed  how  to  find  all  cubic  forms  /  with  the 
same  characteristic  F  and  investigated  their  separation  into  classes. 

A.  Cayley6  gave  a  simplification  of  Eisenstein's  theory  and  an  extension  to  any 
negative  determinant.  Let  (A,  B,  C)  be  a  properly  primitive  reduced  quadratic 
form  of  determinant  —D.  We  can  find  a  (single)  pair  of  cubic  forms  (a,  I,  c,  d) 
and  (—  a,  —b,  —c,  —d)  the  negative  of  whose  Hessian  is  (A,  B,  C)  if  and  only  if 
(A,  B,  C)2  =  (A,  -B,  C),  i.  c.,  the  triplication  of  (A,  B,  C)  produces  the  principal 
form. 

Ch.  Hermite7  employed  the  Hessian,  —  <£,  of  /,  where 


and  the  cubic  covariant 

F=  (ax2  +  2bxy  +  cy2)  (qx  +  ry)  -  (bx2  +  2cxy  +  dy2)  (px  +  qy). 

The  most  general  cubic  form  having  the  quadratic  covariant  <j>  is  tf+uF,  where 
t2  —  Aw2  =  l,  A=q2—pr.  Let  /  have  integral  coefficients  a,  .  .  .,  d,  and  let  <f>  be 
properly  primitive.  Then  tf+uF  has  integral  coefficients  if  and  only  if  t  and  u  are 
integers. 

F.  Arndt8  tabulated  the  reduced  binary  cubic  forms  /  and  their  classes  for  all 
negative  determinants  —D,D^  2000.  Here  /  is  called  reduced  if  its  characteristic 
</>  is  a  reduced  quadratic  form,  i.  e.,  \B\  ^%\A\,  \C\  ^  \A\. 

Ch.  Hermite9  applied  his  method  of  continual  reduction  (Ch.  XIV1)  to  cubic 
forms  /  of  determinant  D.  For  D=  —  A<0,  we  easily  find  that,  for  a  reduced  form, 


whereas  Arndt8  obtained  the  same  limit  for  be  as  for  ad.    For  the  more  difficult  case 
Z>>0,  use  is  made  of  the  irrational  covariant 

*  =*0«{»(«-j8)  (.-y)  (x-fty)  (x-yy)  -  (p-yy-ix-ayYl 

of  /,  with  the  real  root  a,  and  conjugate  imaginary  roots  ft,  y.    Since 


where  —  J<£  is  the  Hessian  of  /,  we  may  replace  the  usual  conditions  that  $  be  a 
reduced  quadratic  form  by  conditions  rational  in  a,  b,  c,  d  : 

e)>Q,        e=±l, 


A.  Cayley10  remodeled  Arndt's  table  by  arranging  it  in  the  manner  of  Cayley's 
tables  for  binary  quadratic  forms  (Ch.  IV7). 

Th.  Pepin11  found  the  linear  forms  of  the  prime  divisors  of  linear  functions  of 
X  =  x(x2  —  9i/2),  Y  =  y(x2  —  y2),  where  x,  y  are  relatively  prime  integers.  There  are 

s  Jour,  fur  Math.,  53,  1857,  309-321. 

<•>  Quar.  Jour.  Math.,  1,  1857,  85,  90;  Coll.  Math.  Papers,  III,  9,  11. 

'  Quar.  Jour.  Math.,  1,  1857,  88-89  [20-221  ;  Oeuvres,  I,  437-9  [434-61. 

8  Archiv  Math.  Phys.,  31,  1858,  335-448. 

9  Comptes  Rendus  Paris,  48,  1859,  351  ;  Oeuvres,  II,  93-99. 

10  Quar.  Jour.  Math.,  11,  1871,  246-261;  Coll.  Math.  Papers,  VIII,  51. 

11  Comptes  Rendus  Paris,  92,  1881,  173-5. 
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given  eleven  theorems  similar  to  the  first  one  following  :   The  prime  divisors  other 
than  2,  3,  7  of  X  +  3Y  and  of  X  +  9Y  are  the  primes  of  one  of  the  forms  18?  ±  1. 

H.  Poincare12  noted  that,  in  accord  with  his  theory  of  orders  and  genera  of  forms 
(see  Ch.  XI21),  the  complete  ordinal  characters  of 


are  given  by  the  g.c.d.  of  a,  b,  c,  d}  that  of  a,  3b,  3c,  d,  that  of  r,  s,  i,  and  that  of 
2r,  s,  2t,  if  the  Hessian  of  /  is 

r=ac  —  b'          s—ad  —  lc,         t  =  bd  —  c2. 


Every  form  /  is  equivalent  with  respect  to  an  arbitrary  power  of  2  as  modulus  to 
one  of  the  six  forms  * 

2x3  +  6x2y  +  6xy2  +  2y3,    x3,    x3  +  y3,    3x2y  +  3xy2,     x3  +  3xy2,    x3  +  3xy2  +  y3, 

which  belong  to  different  genera.    The  fourth  and  sixth  have  the  same  discriminant 
and  belong  to  the  same  order  for  the  modulus  2.    The  others  belong  to  different  orders. 
Every  form  /  is  equivalent  with  respect  to  an  arbitrary  power  of  3  as  modulus  to 
one  of  the  six  forms 


3x2y  +  3xy2,    3x2y,    3x3  +  9x2y  +  9xy2  +  3y3,    x3,    x3  +  3xy2, 

whose  discriminants  D  are  all  different. 

The  forms  with  D  =  0  (mod  5  )  fall  into  3  orders  each  with  one  genus.  Those  with 
D  =  1  or  4  form  a  single  order  and  single  genus.  The  forms  with  D  =  2  or  3  form 
one  order  with  3  genera  ;  then  /  is  equivalent  to  one  of 

x3  +   6xy~  +  y3,     2x3  +  12xy2  +  2y3,     x3  +  9xy2  if  D  =  2  (mod  5  )  , 
x3  +  12xy2  +  y3,     2x3  +  2±xy2  +  2y3,     x3  +  6xy2  if  D  =  3  (mod  5  )  . 

Th.  Pepin13  noted  that  the  first  theorem  of  Eisenstein2  is  in  error  for  a  positive 
determinant,  since  three  distinct  cubic  classes  correspond  to  a  single  quadratic  class 
(pp.  260,  271)  ;  while  for  a  negative  determinant  without  a  square  factor  cubic 
forms  may  correspond  to  quadratic  forms  belonging  neither  to  the  principal  genus 
nor  to  the  properly  primitive  order.  Thus  there  should  be  deleted  the  final  clause 
of  the  last  theorem  quoted  from  Eisenstein.1 

Pepin  employed  the  notations  of  Eisenstein,  and  his  definitions  except  that,  when 
D  and  hence  B  is  odd,  2F  (and  not  F)  is  taken  as  the  quadratic  form  corresponding 
to  the  cubic  /  and  designated  by  (2  A,  B,  20)  in  Gauss'  notation.  Whether  the  latter 
form  or  (A,  %B,  C)  corresponds  to  f,  the  conditions  are  A  =  b2  —  ac,  B  =  bc  —  ad, 
C=c2  —  bd.  This  system  of  quadratic  equations  is  equivalent  to  the  simpler  system 

A2=Al2-Bab  +  Ca2,      Ac-Bb  +  Ca=Q,      Ad-Bc+Cb  =  Q. 

First,  let  B  be  odd.  Let  m  denote  the  g.c.d.  of  A  —  mA^  B  =  mBl  C  =  md.  After 
a  preliminary  transformation  of  variables,  we  may  assume  that  A\  is  a  prime  not 

*The  first  form  2(z-f-  y)3  is  equivalent  to  2x8,  and  the  third  form  3(z-|-]/)8  of  the  next  set 
is  equivalent  to  3z8. 

12  Comptes  Rendus  Paris,  94,  1882,  67-69,  124-7. 

13  Atti  Accad.  Pont.  Nuovi  Lincei,  37,  1883-4,  227-294. 
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dividing  2ra#i.  The  determinant  D  of  /  is  then  odd  and  the  corresponding  quad- 
ratic form  is  2F=  (2mA1}  mB^  2mC1).  This  form  actually  corresponds  to  a  cubic 
if  and  only  if  mAl—Alb2  —  B^ab  +  C•La2  has  integral  solutions  &,  a  such  that  a,  A± 
are  relatively  prime.  Multiplying  this  condition  by  4Ai,  we  obtain  the  equivalent 
condition  that  one  of  the  two  numbers  mAlf  4wAj|  be  representable  properly  by 
t2  —  Aa2,  where  &=Bl  —  4J.1(7i.  There  are  analogous  results  when  B  is  even. 

It  follows  that  the  only  classes  of  properly  primitive  quadratic  forms  which  corre- 
spond to  cubic  forms  are  those  which  by  triplication  produce  the  principal  class. 
There  are  proved  many  theorems  serving  to  determine  the  classes  of  cubics  which 
correspond  to  given  classes  of  quadratic  forms. 

Pepin14  gave  many  numerical  examples  of  the  classification  of  cubic  forms  of 
negative  determinant. 

Gr.  B.  Mathews15  called  a  class  K  subtriplicate  if  K3  is  the  principal  class.  If 
(#,  1),  c)  is  subtriplicate,  there  exists  a  bilinear  substitution 


/«! 

\a0 


a3 


which  transforms  (a,  —  ~b}  c)  into  the  compound  of  (a,  &,  c)  with  itself.  Thus 
aQ,  3&1,  3a2,  a3  are  the  coefficients  of  a  binary  cubic  form  whose  Hessian  is  (a,  &,  c)  . 
The  question  of  integral  solutions  is  discussed. 

A.  S.  Werebrusow16  noted  that  if  the  cubic  form  /  is  of  determinant  D,  the  solu- 
tions of  f=m  in  integers  depends  on  x3  —  y2=  —m2D.  Each  has  only  a  finite  num- 
ber of  sets  of  solutions.16*  For,  if  x  is  not  a  square  and  if  y  is  the  greatest  integer 
^  £3/2,  then  x3—y2  is  of  the  same  order  as  V^  when  x  increases  indefinitely. 

G.  B.  Mathews17  proved  that  every  binary  cubic  with  integral  coefficients  which 
has  a  Hessian  of  the  form  fji(Ax2  +  Bxy  +  Cy2),  where  A,  B,  C  are  given  integers,  is 
expressible  in  the  form  m<f>  +  ru(/,  where  <£,  \f/  are  particular  cubics  and  m,  n  are 
integers.  Cf.  Hermite.7 

Mathews  and  W.  E.  H.  Berwick18  noted  that,  for  the  reduction  of  a  binary  cubic  / 
with  a  single  real  root,  the  Hessian  is  an  indefinite  form  and  does  not  lead  to  a 
unique  reduced  form  for  /.  Let  /=  (x—ay)6,  where  a  is  real  and  irrational  and  </> 
is  a  definite  form.  By  the  geometrical  theory  of  quadratic  forms,  the  fundamental 
triangle  T0  lies  outside  the  circle  x2  +  y2  =  l,  between  the  lines  x—  ±%,  and  above  the 
z-axis.  Applying  unitary  substitutions,  we  obtain  curvilinear  triangles  T  which  fill 
the  plane.  The  plots  of  the  complex  roots  /?,  y  of  <f>=  0  are  within  or  on  the  boundaries 
of  two  conjugate  triangles  T,  Tf.  Let  the  coefficient  of  i  in  ft  be  positive  and  let  ft 
lie  within  T.  There  is  a  unique  substitution  8  which  carries  T  into  T0,  taking  ft  to 
ft0.  Then  8  replaces  /  by  /0,  which  is  reduced  by  definition.  If  ft  is  on  a  boundary, 
two  substitutions  carry  ft  to  the  boundary  of  T0  ;  but  we  select  as  the  reducing  sub- 
stitution the  one  which  carries  ft  to  the  left  of  the  7/-axis.  Unique  reduced  forms  /0 

14  Atti  Accad.  Pont.  Nuovi  Lincei,  39,  1885-6,  23-87. 

15  Messenger  Math.,  20,  1891,  70-74. 

16  Math.  Soc.  Moscow,  26,  1907,  115-129  (Fortschritte  der  Math.,  38,  1907,  241). 

16aL.  J.  Mordell  gave  a  proof  in  Proc.  London  Math.  Soc.,  (2),  13,  1914,  60-80;  18,  1919,  v, 

Records  of  Nov.  14,  1918. 
Proc.  London  Math.  Soc.,  (2),  9,  1911,  200-4. 
.,  (2),  10,  1912,48-53. 
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thus  defined  are  not  properly  equivalent.    There  is  found  a  finite  process  to  calculate 
8.    Finally  there  is  treated  the  case  of  cubics  with  a  rational  factor. 

Mathews19  quoted  from  the  preceding  paper  the  result  that  a  binary  cubic  with  an 
irrational  real  root  and  two  complex  roots  is  equivalent  to  a  unique  reduced  form  / 
whose  roots  satisfy  the  inequalities 


Since  fi  and  y  are  conjugate,  these  are  equivalent  to  the  inequalities^ 


involving  symmetric  functions  of  the  roots,  and  hence  equivalent  to 

ad-  (a+b)  (a+6  +  c)<0,        ad+  (a-b)  (a- 


The  latter  are  the  necessary  and  sufficient  conditions  that  f=  (a,  ~b,  c,  d)  be  reduced, 
no  binomial  coefficients  being  attached  to  /,  nor  to  (a,  b,  c)  =ax2  +  bxy  +  cy2. 

To  classify  cubics  /  with  a  negative  discriminant  *  —  A  and  Hessian  H=  (A,  B,  C)  , 
employ  the  identity  noted  by  Eisenstein1  : 


(3)  -A2  =  Ab2-3Bba  +  9Ca2,      A  =  3ac-b2,  .  ... 

Thus  the  first  two  coefficients  a,  b,  of  any  cubic  with  an  assigned  Hessian  H  furnish 
a  set  of  integral  solutions  of  L(bf  a)  =  —A2,  where  L  denotes  (A,  —  3B,  9C).  Con- 
versely, if  b,  a  is  a  set  of  integral  solutions  of  (3),  there  is  a  unique  cubic  /  with  the 
Hessian  H.  Thus  there  is  a  one-to-one  correspondence  between  cubics  and  repre- 
sentations of  —  A2  by  L.  By  means  of  the  automorphs  of  L,  these  cubics  can  be 
arranged  in  a  finite  number  of  sequences.  Then  we  can  find  a  complete  set  of  repre- 
sentative cubics  of  determinant  —  A.  There  is  a  table,  calculated  by  Berwick,  of  the 
non-composite  reduced  cubics  for  A  <  1000. 

F.  Levi20  established  a  (1,  1)  correspondence  between  cubic  algebraic  fields  and 
classes  of  binary  cubic  forms  f=ax*-\-bx2y  +  ...  for  which  a,  b,  ...  have  no  common 
divisor,  and  such  that  no  integer  It  exists  for  which  Icf  arises  from  a  form  with  integral 
coefficients  by  a  substitution  of  determinant  Tc. 

B.  Delaunay21  considered  forms  f  =  x3  +  nx2y  —  pxy2  +  qyz  of  negative  discriminant 
and  proved  that  f=~L  has,  apart  from  the  trivial  solution  x=l,  y  =  Q,  at  most  four 
solutions,  and  usually  not  more  than  two.  To  apply  this  result  to  f(x,  y)  =  Ax3  + 
Bx2y  +  Cxy2  +  Ey3  of  negative  discriminant,  employ  a  remark  of  Lagrange  (this 
History,  Vol.  II,  p.  673).  Let  <n  be  the  number  of  roots  of  f(x,  1)  =0  (mod  o-). 
Then  f(x,  y)=<r  has  in  general  less  than  2o-!  solutions. 

*  The  discriminant  S  of  f  =  ax'  -f-  ...  is  a*  times  the  product  of  the  squares  of  the  differences 

of  the  roots  x/y  of  /  =  0.    Thus  d  =  —  27  D,  for  D  as  in  Eisenstein.1 
13Proc.  London  Math.  Soc.,  (2),  10,  1912,  128-138.    The  paper  admittedly  has  some  dupli- 

cation with  Pepin's.18 

20Berichte  Gesell.  Wiss.  Leipzig  (Math.),  66,  1914,  26-37. 
21  Comptes  Rendus  Paris,  171,  1920,  336-8. 


CHAPTER  XIII. 

CUBIC  FORMS  IN  THREE  OR  MORE  VARIABLES. 

G.  Eisenstein1  employed  the  primary  complex  prime  factors  PI  and  p2,  in  the 
domain  of  an  imaginary  cube  root  p  of  unity,  of  a  prime  p  =  l  (mod  3),  and 

0,1,2 


where  ri=^~pp1)  0=^~pp2.  The  product  of  two  forms  $  is  of  that  form.  Write 
y=v  +  pw,  z  =  v+p2w.  Then  $  represents  only  real  integers  when  u,  v,  w  are  real 
integers.  A  ternary  form  F=au*  +  3lu2v  +  3Vuzw  +  .  .  .,  with  real  integral  coeffi- 
cients without  a  common  factor,  is  called  (p.  318)  associated  with  3>  if  a2F  is  the 
product  of  the  three  factors 


for  ;  =  0,  1,  2,  where  a,  &,  &',  c,  d}  c'  ,  d'  are  real  integers  for  which  cd'  —  c'd=a.  Any 
form  equivalent  to  F  is  also  associated  with  3>.  There  is  an  extended  investigation 
of  the  representation  of  real  integers  by  associated  forms  F,  also  of  the  forms  F. 

In  the  sequel  he2  evaluated  the  number  of  classes  of  associated  forms. 

A.  Meyer3  considered  a  form  f(xi,  .  .  .,  xn)  with  real  integral  coefficients  which  is 
a  product  of  ra  linear  factors  such  that  /  is  not  a  product  of  two  forms  with  rational 
coefficients.  After  applying  a  preliminary  linear  transformation  with  integral 
coefficients,  we  may  assume  that  f(a?,  —  1,  0,  .  .  .,  0)=0  has  no  factor  with  integral 
coefficients,  and  that,  if  its  roots  are  called  <ol9  .  .  .,  com,  f(xl9  .  .  .,  #«.)  =t/x.  .  .Um/g, 
where  Uk  is  a  linear  function  of  Xi9  .  .  .  ,  xn  whose  coefficients  are  polynomials  in  <o& 
with  integral  coefficients,  and  g  is  the  g.c.d.  of  the  coefficients  of  /.  Since  the  Uk  are 
linear  combinations  of  only  ra  linear  functions  of  a?i,  .  .  .,  xn,  we  may  assume  that 
n^m.  But  forms  /  with  w<ra  arise  from  forms  /  having  n=m  by  equating  to  zero 
n—moi  the  x's.  Hence  we  may  take  n=m. 

The  further  investigation  is  restricted  to  forms 

/= 
w1 

while  u't  u"  are  derived  from  m  by  replacing  w  by  w',  o>",  where  w  is  the  real  and 
t/,  o>"  are  the  imaginary  cube  roots  of  a  positive  integer  D  not  divisible  by  a  cube. 
Also,  fli,  .  .  .,  cs  are  real  integers  without  a  common  factor.  Here  g  is  the  g.c.d.  of 
the  coefficients  of  x\9  3x\x2,  .  .  .,  3xiX2x3  and  also  of  z',  x\x»,  .  .  .,  XiX2x3.  If  ®  is  the 

1  Jour,  fur  Math.,  28,  1844,  289-274;  cf.  this  History,  Vol.  II,  594-5. 

2  Ibid.,  29,  1845,  19-53.    Both  papers  reprinted  in  Eisenstein's  Math.  Abhand.,  1847,  1-120. 

3  Vierteljahr.  Naturf.  Gesell.  Zurich,  42,  1897,  149-201  (Habilitationsschrift,  1870). 
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product  of  those  primes  whose  squares  divide  D,  then  g  =  6s-n,  where  0  divides  ®,  and 
n  is  prime  to  3D  and  is  the  product  n-in(n"  of  conjugate  ideals,  such  that  rii  is  the 
g.c.d.  ideal  factor  of  Ui,  u2,  us.  Let  Mk  be  an  ideal  not  divisible  by  a  principal  ideal 
and  with  norm  prime  to  3D  such  that  M^n-L  is  a  principal  ideal  m*.  Then 
Vj  =  UjMkM*Mkf/mk  is  an  integral  algebraic  number  divisible  by  M'kM".  Then 


"  6s     \         M'kM'k'  ' 

After  applying  a  linear  substitution,  we  obtain  a  reduced  form  with 
Vi=a,i,      v2  =  0,2  +  1)20),      v^ds  +  bsw  +  Csu2, 
0^o2<a1,      O^fls-Oh,      0^&3<&2,      0<c3,      a^b^-^ 

where  A  is  the  determinant  of  the  coefficients  of  the  initial  u^,  u2,  us.  The  number 
of  reduced  forms  with  a  given  A  is  therefore  finite.  There  is  given  a  process  to  find  a 
set  of  non-equivalent  reduced  forms  ;  also  to  find  all  the  transformations  of  a  reduced 
form  into  itself. 

H.  Poincare4  solved  the  problems:  to  decide  whether  or  not  two  given  ternary 
cubic  forms  are  arithmetically  equivalent  ;  to  distribute  the  forms  into  classes,  genera, 
and  orders  ;  to  find  the  substitutions  with  integral  coefficients  which  transform  a  form 
into  itself.  The  method  is  a  generalization  to  forms  of  any  degree  of  that  employed 
by  Hermite  for  quadratic  forms  and  those  decomposable  into  linear  factors  (Ch.  XI7)  . 

In  order  that  two  forms  be  arithmetically  equivalent,  they  must  be  equivalent 
under  real  transformation,  which  can  be  decided  by  algebraic  considerations  which 
lead  also  to  a  transformation  replacing  one  of  the  forms  by  the  other.  Hence  let 
F  and  F'  be  two  forms  derivable  by  real  transformations  from  the  same  canonical 
form  H.  To  decide  whether  or  not  F  and  F'  are  arithmetically  equivalent,  we  must 
define  forms  which  play  with  respect  to  F  and  T?f  the  same  role  that  reduced  forms 
play  with  respect  to  quadratic  forms. 

Call  a  substitution  reduced  if  it  replaces  ^x;  by  a  definite  reduced  quadratic  form  ; 
the  coefficients  of  the  substitution  need  not  be  rational.  Forms  derivable  from  the 
canonical  form  H  by  a  reduced  substitution  are  called  reduced  forms.  We  desire 
all  reduced  forms  arithmetically  equivalent  to  a  form  F  which  can  be  derived  from 
H  by  a  real  substitution  T.  If  r  reproduces  H,  rT  replaces  H  by  F.  To  find  all 
reduced  forms  equivalent  to  F,  seek  all  transformations  E  with  integral  coefficients 
such  that  rTE  is  a  reduced  substitution,  i.  e.,  replaces  Sz*  by  a  reduced  form.  There 
is  always  one  E  and  in  general  only  one.  This  definition  of  the  reduced  form  of 
F  depends  upon  the  particular  canonical  form  H  chosen  among  all  the  forms 
equivalent  to  F  under  real  transformation,  and  also  upon  the  particular  definition 
chosen  for  a  reduced  definite  quadratic  form  (the  choice  here  being  usually  that 
by  Korkine  and  Zolotareff18  of  Ch.  XI). 

Jordan6  of  Ch.  XIV  had  proved  that  the  forms  with  integral  coefficients  alge- 
braically equivalent  to  a  given  form  separate  into  a  finite  number  of  classes,  provided 
the  discriminant  D  is  not  zero.  Here  a  new  proof  is  given,  also  for  the  case  in  which 
D=Q,  but  certain  other  invariants  are  not  all  zero. 

4  Jour,  ecole  polyt.,  cah.  51,  1882,  45-91  (algebraic  part  in  50,  1881,  199-253).    Comptes  Rendus 
Paris,  90,  1880,  1336;  91,  1880,  844-6. 
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These  principles  are  applied  to  ternary  cubic  forms.  There  are  seven  types  of 
canonical  forms  H  to  consider  in  turn.  First,  if  H  =  6axyz  +  ft  (xz  +  y3  +  zz)  ,  it  is 
reproduced  only  by  a  substitution  permuting  x,  y,  z,  which  therefore  leaves  2x2 
unaltered.  In  general,  there  is  a  single  substitution  E  which  reduces  (%x2)  T.  Hence 
F=HT  has  a  single  reduced  form  FE.  It  is  shown  that  the  various  coefficients  of  a 
reduced  form  do  not  exceed  specified  limits  depending  on  the  invariants  8  and  T  of 
H,  so  that  there  is  a  finite  number  of  classes.  For  certain  other  H's,  the  reduced 
forms  constitute  a  finite  number  of  genera  each  with  an  infinitude  of  classes. 

Ph.  Furtwangler5  studied  decomposable  ternary  cubic  forms  F  with  integral 
coefficients.  Let  F=a,-2lJ2l3,  where  lj  =  axi-\-Pjx2  +  Qjx3.  Write  r=l/^a*.  With 
F  we  associate  the  family  of  definite  quadratic  forms 


r\\ll  +  rA2y  3  (  A2>  0,  AiA2  =  1  )  ,     rAjZJ  +  rAK  +  rA£B  (  AiAzAa  =  1  )  , 

according  as  12  and  13  are  conjugate  imaginary,  or  Zi,  12,  13  are  all  real.  Call  F  reduced 
if  any  one  of  the  associated  definite  quadratic  forms  is  reduced.  Apply  the  Seeber- 
Gauss  condition  (Ch.  IX5)  that  in  a  reduced  form  Axl+  Bx$  +  Cx*3  +  ...,  ABC  does 
not  exceed  double  the  absolute  value  of  the  determinant  (—^D  and  D  in  the  above 
cases  if  D  is  the  discriminant  of  F)  .  We  find  that  all  the  coefficients  of  the  lj  are 
limited  in  terms  of  D.  Hence  there  is  only  a  finite  number  of  reduced  cubic  forms 
with  a  given  discriminant,  and  therefore  a  finite  of  classes. 

Applying  Hermite's  method  of  continual  reduction  to  the  associated  quadratic 
form,  we  see  that,  in  the  case  of  imaginery  12  and  Z3,  the  equivalent  reduced  cubic 
forms  constitute  a  finite  period  which  repeats  when  the  parameter  \2  varies  con- 
tinuously; the  automorphs  constitute  an  infinite  cyclic  group.  When  the  I's  are  all 
real,  the  reduction  process  is  discussed  geometrically;  the  automorphs  are  generated 
by  two  substitutions.  The  problem  to  represent  a  given  integer  by  F  is  solved  as  in 
EisensteinV  case. 

The  determination  of  the  factors  of  a  decomposable  cubic  form  F  depends  on  the 
solution  of  a  single  cubic  equation,  which  is  assumed  to  be  irreducible.  For  F*s  of  the 
same  discriminant  D,  we  saw  that  there  is  a  limited  number  of  sets  of  coefficients  of 
the  factors  and  therefore  of  cubic  equations,  and  hence  of  cubic  fields  defined  by  them. 
Given  a  cubic  field  of  discriminant  D,  we  seek  the  forms  F,  whose  discriminants  must 
be  of  the  type  ra2Z>,  where  m  is  an  integer.  If  m  =  1,  F  is  called  a  Stamm  form  ;  those 
of  its  automorphs  which  do  not  permute  its  linear  factors  multiply  them  by  three 
conjugate  units,  and  every  triple  of  conjugate  units  belonging  to  the  field  of  F  deter- 
mines such  an  automorph.  Since  the  units  depend  only  on  the  field,  all  Stamm  forms 
of  a  field  have  the  same  automorphs. 

The  discriminant  of  any  F  is  not  less  than  the  discriminant  of  the  field.  If  the 
coefficients  of  F  are  relatively  prime  and  if  H  is  a  Stamm  form  which  represents 
unity,  and  if  F  arises  by  composition  of  F  with  H,  the  discriminant  of  F  is  the  same 
as  that  of  the  field.  Similar  theorems  follow  for  the  composition  of  the  corresponding 
three-dimensional  lattices. 

5  Zur  Theorie  der  in  Linearfaktoren  zerlegbaren,  ganzzahligen  ternaren  cubischen  Formen, 
Diss.,  Gottingen,  1896,  62  pp. 


CHAPTER  XIV. 

FORMS  OF  DEGREE  n  ^  4. 

Reports  on  important  papers  on  this  topic  have  already  been  given  under  Eisen- 
stein,8  Lipschitz/7  Poincare,21  Minkowski,27  and  (for  decomposable  forms)  Her- 
mite,7  all  of  Ch.  XI.  Hermite's  method  was  extended  to  arbitrary  forms  by  Pom- 
care4  of  Ch.  XIII.  Decomposable  forms,  chiefly  ternary  cubics,  were  treated  by 
Meyer3  of  Ch.  XIII. 

Ch.  Hermite1  investigated  the  reduction  and  equivalence  of  forms 

(1)  /(a?,  y)  =  a0xn  +  a1xn-*y  +  .  .  .  +  dnyn,        a0  *£  0. 


From  its  //.  real  linear  factors  x  +  aky  and  v  pairs  of  conjugate  imaginary  linear  factors 
x  +  PiV>  x  +  yiy*  construct  the  definite  quadratic  form 

(2) 


k=l 

where  the  fa  and  Uj  are  real  variables.     For  chosen  values  of  the  fa,  u,,  let  the 
substitution 

8:        x  =  mX  +  m0Yf         =  nX'-}-nQY,      mn0  —  m0n=  1. 


with  integral  coefficients,  replace  <j>  by  3>7  of  type  (2)  with 


Let  S  replace  /  by  F=A0Xn  +  .  .  .  .    Then  A0  is  evidently  equal  to 

n  v 

f(m,  n)  =0-0 
fc 
whence 

(3)  Al/[TU]* 

Write  3>  =  PX2  +  2QXY  +  RY2.    It  is  proved  that 

/A\ 

AtA*-*= 


Assume  that  the  substitution  8  replaces  <j>  by  a  reduced  form  <£,  whence  PR<%D,  if 
D  is  the  determinant  of  <j>.    Hence 

(5)  .M^d)^,         ^gp- 

1  Jour,  fiir  Math.,  41,  1851,  197-203,  213-6,  §§  V,  VI,  XII;  Oeuvres,  I,  171-8,  189-192.  In  a 
preliminary  paper,  Jour,  fiir  Math.,  36,  1848,  357-364;  Oeuvres,  I,  84-93,  he  took,  for  the 
case  in  which  all  the  roots  are  real,  certain  functions  At  of  the  roots  at  in  place  of  the 
variables  ft.  For  n  —  3,  the  Afc  are  the  three  squares  of  the  differences  of  the  roots. 
Fom  —  4,  Ai  —  —  (a2  —  a3)  (as  —  cu)  (cu  —  a2),  .....  Ai  =  —  (a\  —  o2)(a2  —  a3)  (aa  —  ai), 
whence  firrzAjAsAsA*  is  essentially  the  discriminant  of  /.  The  determinant  of 
lf)1  is  4fii  (ai  —  a-..)(a3  —  a4),  an  irrational  invariant  of  /. 
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When  the  variables  tk,  Uj  range  over  all  real  numbers,  6  has  an  absolute  minimum, 
which  is  equal  to  the  minimum  of  the  analogous  function  ®  of  the  Tk,  Uk  for  any 
equivalent  form  F.  This  minimum  is  defined  to  be  the  determinant  of  /. 

Seek  the  sets  of  values  of  the  tk,  Uj  which  render  0  an  absolute  minimum;  insert 
these  values  into  <f>  to  obtain  the  quadratic  forms  corresponding  to  /.  The  substitu- 
tion S  which  reduce  the  latter  replace  /  by  the  reduced  forms  of  /.  Equivalent  forms 
have  the  same  reduced  forms.  By  (5),  the  forms  with  integral  coefficients  of  the 
same  determinant  9  fall  into  a  finite  number  of  classes. 

For  a  binary  cubic  /  with  three  real  roots  ai,  the  corresponding  quadratic  form  <£ 
becomes  the  Hessian  of  /  when  the  t's  are  the  differences  of  the  roots.  Cf .  Hermite9 
of  Ch.  XII. 

Hermite2  applied  his  preceding  results  to  a  quartic  form 

with  binomial  coefficients  prefixed,  and  with  four  real  roots  at.  Consider  <£  — 
%tk(x—aky)2,  thus  replacing  his  former  t2  by  tk.  Taking  into  account  all  these 
changes  of  notation,  we  see  that  (5)  give 

(6)  AA'<£;        BB'<^    T         nz^    T         v-    a2D* 

v   '  144 ' 


For  positive  real  values  of  the  variables  ti,  . . . ,  t4,  the  minimum  of  T  is  proved  to  be 
16a2(ai  —  a3)2(a2  —  a4)2  =  162(0i  —  02)2,  where  0i  and  6Z  are  the  largest  and  smallest 
roots  of  403— t0+y=0,  i  and  j  being  the  familiar  invariants  of  /.  Call'the  medium 
root  63.  Hence  to  compute  the  complete  set  of  reduced  forms  F  with  the  invariants  i 
and  jt  we  compute  the  preceding  minimum  of  T,  and  then  find  the  (finite  number  of) 
sets  of  integers  A,  B,  ...  satisfying  the  inequalities  (6).  If  G  denotes  the  Hessian 
of*1, 

(7)  4>=V~Q  +  W/l2(Oi-Oa)(02-0*)l. 

We  retain  only  the  F*s  for  which  this  quadratic  form  <£  is  reduced. 

In  the  introduction  (p.  2),  Hermite  employed  EisensteinV  (Ch.  XI)  conception 
of  a  genus  as  the  aggregate  of  forms  equivalent  under  a  linear  substitution  with 
rational  coefficients  of  determinant  unity,  and  stated  without  proof  the  theorem  that, 
if  m  is  odd  and  >3,  all  binary  forms  having  given  values  for  its  invariants  constitute 
a  single  genus. 

Hermite3  called  f=axm  +  mbxm-ly-{- . . .  primitive  if  the  g.c.d.  of  a,  ~b,  ...  is  unity, 
and  properly  primitive  if  also  the  g.c.d.  of  a,  mb,  ...  is  unity.  Any  covariant  of 
/  is  arithmetically  equivalent  to  the  same  covariant  of  a  form  equivalent  to  /.  Those 
forms  for  which  the  g.c.d.  of  the  coefficients  (with  or  without  prefixed  binomial 
coefficients)  of  every  covariant  is  constant  constitute  an  order. 

Hermite4  considered  decomposable  forms  </>  in  n  variables  Xi,  . . .,  xn  with  complex 
integral  coefficients,  such  that  <f>  is  a  product  of  linear  factors  Li,  while  <£  =  0  has  no 

2  Jour,  fur  Math.,  52,  1856,  1-17;  Oeuvres,  I,  350-371. 

3  Jour,  fur  Math,  52,  1856,  18-38;  Oeuvres,  I,  374-396. 

4  Jour,  fur  Math.,  53,  1857,  182-192 ;  Oeuvres,  I,  415-428. 
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integral  solutions  other  than  Xi  =  Q,  ...,  xn  =  Q.  The  substitution  which  reduces 
2£i£',  where  L\  is  the  conjugate  of  Li  (Hermite7  of  Ch.  XI)  replaces  <j>  by  a  form  3> 
whose  coefficients  are  complex  integers  limited  in  terms  of  AA',  where  A  is  the  deter- 
minant of  the  coefficients  of  the  linear  forms  Li.  This  <£  is  called  a  reduced  decom- 
posable form. 

E.  Dedekind5  studied  forms  decomposable  into  linear  factors  in  connection  with 
norms  of  algebraic  numbers  and  ideals.  In  particular,  he  discussed  the  composition 
XY=Z  of  such  forms. 

C.  Jordan6  investigated  the  equivalence  of  forms  of  degree  m  in  n  variables.  If 
one  such  form  F  is  transformed  into  a  second  one  G  by  a  substitution 


8  :  t/i  =  an^!  +  .  .  .  +  OinXn,   •  •  •  ,  yn  =  O«iXi  +  .  .  .  4-  OnnXn, 

of  determinant  unity,  F  and  G  are  said  to  be  algebraically  equivalent  and  to  belong 
to  the  same  family.  If  each  aij  is  a  complex  integer,  F  and  G  are  said  to  be  arith- 
metically equivalent  and  to  belong  to  the  same  class. 

Writing  N(y)  for  the  product  of  y  and  the  complex  number  conjugate  to  y,  we 
make  correspond  to  the  substitution  8  the  Hermitian  form 

g=N(a1-LXi  +  .  .  .  +alnxn)  +  .  .  .  +N(anlXi+  .  .  .  +  annxn)) 

and  call  8  reduced  when  g  is  reduced  (Jordan2  of  Ch.  XVI)  .  In  that  case,  N(a\ic)  ^ 
mic  =  2fc~1/*fc,  where  the  /t's  are  such  that  HIC+-L  ^  |/xfc,  and  /*i/*2  -  .  .  fin  =  A,  A  denoting  the 
norm  of  the  determinant  of  8. 

Any  form  G  belonging  to  the  same  family  as  F  is  called  reduced  with  respect  to  F 
if  among  the  substitutions  which  transform  F  into  G  there  exists  a  reduced  substitu- 
tion. Certainly  G  is  arithmetically  equivalent  to  a  reduced  form.  For,  if  8  trans- 
forms F  into  G,  we  can  find  a  substitution  T  with  complex  integral  coefficients  of 
determinant  unity  such  that  ST  is  reduced  ;  then  T  replaces  G  by  an  equivalent  form 
which  is  reduced  since  8  T  transforms  F  into  it. 

Let  G  be  a  reduced  form  derived  from  F  by  the  reduced  substitution  8  correspond- 
ing to  the  above  Hermitian  form  g.  For  the  modulus  of  each  coefficient  of  G  there 
is  found  a  superior  limit  in  terms  of  the  mic  and  the  sum  s  of  the  moduli  of  the  coeffi- 
cients of  F.  Assume  now  that  the  coefficients  of  G  are  complex  integers  ;  it  is  shown 
that  each  m*  has  a  superior  limit  in  terms  of  s  provided  the  degree  m  of  F  is  >  2 
and  its  discriminant  is  not  zero.  But  it  was  shown  at  the  outset  that  in  any  family 
of  forms  whose  invariants  are  complex  integers  there  occurs  a  form  F  the  moduli  of 
whose  coefficients  have  superior  limits  which  are  integral  functions  of  the  invariants 
(and  perhaps  also  integers  occurring  in  the  coefficients  of  identically  vanishing  co- 
variants)  .  It  follows  that  the  number  of  classes  of  forms  with  integral  complex  coeffi- 
cients in  a  family  of  forms  of  degree  >  2  and  discriminant  ^=  0  is  limited  in  terms 
of  the  invariants  ;  each  class  contains  a  reduced  form  the  moduli  of  whose  coefficients 

5  Dirichlet's  Zahlentheorie,  ed.  2,  1871,  pp.  424,  465  ;  ed.  3,  1879,  544;  ed.  4,  1894,  580.    Report 

by  D.  Hilbert,  Jahresbericht  d.  Deutschen  Math.—  Vereinigung,  4,  1897,  235-6;  French 
transl.,  Annales  fac.  sc.  Toulouse,  (3),  1,  1909,  318;  H.  Weber,  Algebra,  III,  1908,  330-7. 
P.  Bachmann,  Arith.  der  Zahlenkorper,  V,  1905,  Ch.  10. 

6  Jour,  ecole  polyt.,  t.  29,  cah.  48,  1880,  111-150.     Summary  in  Comptes  Rendus  Paris,  88, 

1879,  906;  90,  1880,  598-601,  1422-3. 
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are  likewise  limited.  If  two  forms  F  and  G  of  degree  ra  in  n  variables  are  alge- 
braically equivalent  and  have  complex  integral  coefficients,  and  if  I  is  the  number  of 
such  forms  algebraically  equivalent  to  G  and  reduced  with  respect  to  G,  then  every 
substitution  which  transforms  F  into  G  is  the  product  of  one  such  substitution  (the 
moduli  of  whose  coefficients  are  limited  in  terms  of  I,  m,  n  and  the  moduli  of  the 
coefficients  of  F  and  G)  by  several  substitutions  Tj  which  transform  G  into  itself 
and  are  generated  by  infinitesimal  substitutions  leaving  G  unaltered,  while  the  moduli 
of  the  coefficients  of  each  Tj  are  limited  in  terms  of  I  and  n.  In  case  the  discrimi- 
nant of  G  is  not  zero,  and  m  >  2,  the  Tj  do  not  occur,  so  that  only  a  limited  number 
of  substitutions  transform  F  into  G.  Then  we  can  decide  by  a  limited  number  of 
trials  whether  or  not  F  is  equivalent  to  G  and  if  equivalent  find  all  the  the  substitu- 
tions with  complex  integral  coefficients  which  transform  F  into  G. 
H.  Poincare7  discussed  the  representation  of  an  integer  N  by 

F=Bmxm+Bm-iXm-1y  +  .  .  .  +B0ym. 

Then  P=B™~1N  is  represented  by  the  form  &  =  x?-  +  .  .  .  obtained  by  writing  Bmx=Xi 
inB™-lF.    Write 

m 

$=  H  (x+ajv)  =  noim(x+aiy). 

3=1 

Consider  the  norm  #  of  x0  +  aiX-L+alx2  +  -  ••  +aT~1Zm-i-  Consider  an  ideal  com- 
posed of  such  numbers  o;0  +  ai£1+  ----  For  each  ideal  I  of  norm  P,  examine 
whether  or  not  norm  7  is  equivalent  to  P^f  by  HermiteV  method,  and  if  equivalent 
find  a  substitution  replacing  one  by  the  other,  and  hence  a  representation  x0  =  (30) 
.  .  .,  xm-i  =  pm-i  of  P  by  #.  In  case  each  0/  =  0  for  ;  ^  2,  we  have  P  =  3>((30,  0i), 
as  desired.  This  method  is  essentially  the  same  as  that  of  Lagrange,  this  History, 
Vol.  II,  p.  691  (cf.  pp.  677-8,  especially  Dirichlet). 
L.  Gegenbauer8  proved  that,  if  p  is  an  odd  prime, 


T=i(l>-l), 
t=i 

represents  no  power  of  a  prime  for  positive  integers  xf  y,  provided  aT,  .  .  .,  dp-i  are 
integers  ^  0  satisfying  the  relations 

P—I  P-I 

2    2    ak  +  air  =  q,      p 


where  q  is  a  prime  and  a  a  positive  integer,  but  satisfying  none  of  the  three  sets  of 
conditions 

2  ^    (-l)kak+  (-1)^  =  1;      o*=l. 


In  case  the  first  or  second  set  of  conditions  hold,  there  exist  such  representations  of  2e 
for  any  p,  where  e  =  mp  +  2  or  mp  +  1,  respectively.  In  case  ak  =  1,  only  when  p  =  3  is 
32  or  32+30  representable  by  the  form  properly  or  improperly,  respectively. 

X.  Stouff9  proved  that,  if  a  form  F(XI,  .  .  .,  xm)  of  degree  n  with  integral  coeffi- 
cients is  a  product  of  linear  factors,  but  is  irreducible  (i.  e.,  is  not  the  product  of  two 

7  Bull.  Soc.  Math.  France,  13,  1885,  162-194;  summary,  Comptes  Rendus  Paris,  92,  1881,  777-9. 
s  Sitzungsber.    Akad.  Wiss.  Wien  (Math.),  97,  Ila,  1889,  368-373. 
9  Annales  fac.  sc.  Toulouse,  (2),  5,  1903,  129-155. 
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forms  with  integral  coefficients),  its  linear  factors  may  be  found  by  solving  an  irre- 
ducible equation  of  degree  n.  Henceforth,  let  m  =  n.  The  automorphs  of  F  are 
easily  found  when  its  linear  factors  are  known.  There  is  an  amplification  of  the 
proof  sketched  by  Hermite7  in  Ch.  XI  that  there  exist  only  a  finite  number  of  classes 
of  forms  F  with  a  given  invariant  (the  square  of  the  determinant  of  the  coefficients 
of  the  linear  factors)  and  his  method  of  finding  the  automorphs. 

G.  Bisconcini10  noted  that  every  rational  number  A  representable  simultaneously 
by  binary  forms  f(x,y)  and  g(x,  y)  of  degrees  n  and  n—  1,  respectively,  is  given  by 

= 


where  A,  p  are  arbitrary  rational  numbers.    For,  if  we  take  x  =  y\/p  in  f=g.  we  get 


Inserting  these  in  A  =  g(x,y),  we  evidently  obtain  the  result  stated. 

*A.  S.  Werebrusow11  showed  how  to  test  whether  or  not  a  given  quartic  in  x,  y  can 
be  expressed  as  a  quadratic  form  in  quadratic  functions  of  x,  y. 

G.  Julia12  gave  simplifications  and  extensions  of  Hermite's1*  2  method  of  continual 
reduction.  The  three  parts  will  be  considered  in  turn.  Part  I13  treats  of  the  reduc- 
tion of  a  binary  form  (1)  with  real  coefficients.  Let  f(zf  1)  =0  have  p  real  roots  ait 
and  v  pairs  of  conjugate  imaginary  roots  /?,-,  /?',  the  coefficient  of  t  in  /?,  being  positive. 
With  /  associate  the  definite  quadratic  form  [(2)  of  Hermite] 


Represent  <£  by  the  point  £  in  the  upper  half  plane  for  which  pz2  —  2qz  +  r=Q.  We 
reduce  <f>  by  applying  to  £  a  linear  substitution  8  on  x,  y  with  real  integral  coefficients 
of  determinant  unity  which  replaces  £  by  a  point  interior  to  the  classic  fundamental 
domain  D0  of  the  modular  group.  When  the  tk,  Uj  take  all  real  values,  the  totality  of 
substitutions  8  which  reduce  <f>  is  the  totality  of  substitutions  which  bring  upon  D0 
each  of  the  triangles  of  the  modular  division  having  at  least  one  point  in  common 
with  the  locus  of  £  which  is  the  least  convex  polygon  D  containing  in  its  interior  or  on 
its  boundary  all  the  points  represented  by  <n,  .  .  .  ,  a/*,  fa,  .  .  .  ,  /??.  The  sides  of  D 
are  arcs  of  circles  orthogonal  to  the  real  axis,  and  D  has  as  summits  all  the  a*. 

This  geometrical  interpretation  of  Hermite's  method  leads  to  a  simple  presentation 
of  the  majority  of  the  results  obtained  by  him  by  computation  and  also  results  for 
quartic  forms2  whose  roots  are  not  all  real. 

In  Part  II,  Julia14  extended  the  preceding  discussion  to  binary  forms  (1)  of 
degree  n  with  complex  coefficients  and  variables.  Let  Zi,  .  .  .,  zn  be  the  roots  of 
f(z,  1)  =0,  and  associate  with  (1)  the  definite  Hermitian  form 

n 

<j>=  2  t2i(x-ziy)(x'-z'iy')=pxx'-qxy'-q'x'y  +  ryy', 

10Periodico  di  Mat.,  22,  1907,  119-129. 

11  Math.  Soc.  Moscow,  27,  1909,  170-4  (Russian). 

12  Mem.  Acad.  Sc.  1'Institut  de  France,  55,  1917,  1-293.    Report  is  made  from  the  summary 

in  seven  notes  in  the  Comptes  Rendus. 
"Comptea  Rendus  Paris,  164,  1917,  32-35. 
14  Comptes  Rendus  Paris,  164,  1917,  352-5. 
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where  x'  denotes  the  conjugate  imaginary  to  xr  etc.  Mark  in  the  plane  Ofy  of 
z=£  +  iri  the  points  Zi,  .  .  .,  zn.  Represent  </>  by  a  point  of  the  half-space  O&JT  (r>0) 
defined  by  its  projection  <?'/p  on  0^  and  hy  its  distance  0£  from  the  origin  0  such 
that  0£2=r/p.  Then  for  all  values  of  the  t'sf  £  describes  the  interior  and  surface  of  a 
convex  polyhedron  D  with  summits  Zi,  .  .  .  ,  sn,  the  edges  being  semi-circles  orthogonal 
to  the  plane  Ofr,  and  the  faces  being  portions  of  the  spheres  orthogonal  to  O&j  and 
passing  through  three  of  the  points  Zj.  Take 


If  the  values  of  the  t's  which  render  0  an  absolute  minimum  are  substituted  in  </>, 
we  get  the  correspondent  of  /,  and  by  definition  the  substitution  which  reduces  it 
reduces  also  /.  Details  are  given  for  n=3  and  r&=4,  without  subdivision  of  cases 
(as  was  necessary  for  real  cubic  and  quartic  forms  in  Part  I). 

The  last  method  may  be  applied15  to  forms  with  real  coefficients  to  deduce  the  same 
reduced  forms  as  by  Hermite's  method,  but  without  requiring  a  separation  of  cases. 
In  the  notations  of  Part  I,  take 


4>=£tlN(x-a*y)  +  *  «W(*-fty)  +  ^ 

=  pxx'  -  qxy'  -  q'x'y  +  ryy', 

where  t\,  v?y  u'f,  are  arbitrary  positive  parameters.  Since  /  has  real  coefficients,  the 
polyhedron  D  is  now  symmetrical  with  respect  to  the  plane  O£T.  Hermite's  polygon 
is  the  section  of  D  by  the  plane  0£r  if  we  represent  the  roots  of  f(z,  1)  =0  in  the 
plane  0£r  (and  not  in  0£rj) .  To  obtain  the  minimum  of 

6=* 


we  must  take  uj  =  u'j2,  whence  q'  —  q,  and  then  </>  becomes  the  form  which  Hermite 
associated  with  /.    Hence  the  method  leads  to  Hermite's  reduced  forms. 

In  Part  III,  Julia16  discussed  the  reduction  of  higher  forms  with   conjugate 
variables.    Let  /  be  a  product  of  n  binary  Hermitian  forms 

-  ljxyf  -  ~b'} 


where  a,  and  GJ  are  real,  lj  and  &J  are  conjugate  imaginaries.  Let  jfi,  ...,//*  be 
indefinite  forms  of  determinants  —81,  .  .  .,  —  8^,  while  /0+i*  •  •  •>  /»  are  definite  forms 
of  determinants  8^+1,  .  .  .,  8n  (all  8's  being  positive)  .  For  ;  ^  p,  ft  is  represented  in 
the  half  -space  O^r  (r>0)  by  a  hemisphere  <TJ  whose  great  circle  in  the  plane  O&j 
is  fj(z,  1)  =0.  Picard4  of  Ch.  XV  introduced  for  the  continual  reduction  of  such  a 
form  fj  a  definite  Hermitian  form  <j>j  of  determinant  8/  whose  representative  point 
&  is  a  variable  point  of  o-y.  Associate  with  /  the  definite  Hermitian  form 


Vary  the  real  parameters  ij   and  the  complex  parameters  which  determine   the 

15  Comptes  Rendus  Paris,  164,  1917,  484-6. 
™lbid.t  571-4,  619-622,  910-913  (n  =  2). 
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points  £/,  and  effect  the  continual  reduction  of  /.  The  totality  of  substitutions  which 
reduce  <f>  replace  /  by  a  set  of  forms  including  the  reduced  forms  of  /. 

Every  binary  form  of  degree  2n  with  conjugate  variables17  which  is  invariant  under 
an  infinite  group  of  linear  substitutions  is  of  the  type  a0<£"  +  a^'1^  +  .  . .  +  an\l/ny 
where  <#>  and  \j/  are  two  distinct  Hermitian  forms  (not  necessarily  with  integral 
coefficients),  while  the  a's  are  real.  Conversely,  every  such  form  admits  the  infinite 
group  leaving  </>  and  \l/  separately  invariant  (i~bid.,  163,  1916,  599).  Since  such 
forms  evidently  decompose,  an  indecomposable  form  admits  only  a  finite  group. 

L.  E.  Dickson18  investigated  triples  of  forms  f(x)  =  /(#i,  . . .,  xn),  ®,  F  of  general 
degree  for  which  /(#)<£  (|)  =  F(X],  where  XL,  . . .,  Xn  are  bilinear  functions  of 
id,  . . .,  xn',  £1,  •  •  •,  £n.  Assume  that  the  determinant  A(|)  of  the  coefficients  of  the 
linear  functions  X^  . . .,  Xn  of  Xi,  .  . .,  xn  is  not  identically  zero,  and  likewise  for  the 
determinant  A'(#)  of  the  coefficients  of  the  linear  functions  Xly  .  . .,  Xn  of  £1,  ...,£«. 
It  is  proved  that  f(x)  admits  a  composition  f(x)f(^)=F(X).  Without  either 
assumption  it  is  proved  that  if  f(xly  x2,  x3)  and  F(X^,  Xz,  X3)  are  indecomposable 
cubic  forms  for  which  /•$(&,  £2?  ^s)=F,  then  <f>  is  the  cube  of  a  linear  form.  In 
particular,  no  indecomposable  ternary  cubic  admits  composition. 

Dickson19  gave  a  general  theory  of  forms  /  admitting  composition.  By  interpret- 
ing Xi9  . . .,  xn  as  the  coordinates  of  a  hypercomplex  number  x  —  ^xiei,  we  may  ex- 
press the  bilinear  relations  in  the  single  formula  x^  —  X.  After  applying  a  linear 
transformation  on  the  x's  which  leaves  f(x)  unaltered,  and  one  on  the  £'s  leaving 
/(£)  unaltered,  we  obtain  a  normalized  composition  x^—X  of  /  such  that  ea  is  a 
principal  unit  (modulus).  Then  each  irreducible  factor  of  /  divides  both  A(z)  and 
A' (or)  of  the  preceding  report.  Conversely,  if  /  has  a  covariant  (of  weight  8  and 
index  A)  which  is  not  identically  zero,  fs  is  divisible  by  Ax  and  A'x.  If  n<5,  the 
Hessian  of  /  is  not  identically  zero,  if  /  is  not  expressible  in  fewer  than  n  variables, 
so  that  /  has  the  same  irreducible  factors  as  A  and  A7.  Hence,  if  n=3,  f  is  a  product 
of  powers  of  linear  forms;  if  n=4:,  f  is  a  power  of  a  quadratic  form  or  a  product  of 
powers  of  linear  forms. 

On  the  composition  of  special  forms  of  degree  >2,  see  this  History,  Vol.  II, 
pp.  470,  570,  593-5,  677-8,  691,  697,  727-8. 

Report  was  made  in  Vol.  II  of  this  History  on  Minkowski's  maximum  value  of  the 
minimum  of  |/i|p+  . . .  +  |/n|*,  where  the  /*  are  linear  forms  (pp.  95,  96),  on  repre- 
sentation by  xz  +  y*  (pp.  572-8)  or  as  a  sum  of  powers  (pp.  717-729),  and  on  definite 
forms  representable  as  sums  of  squares  or  fourth  powers  of  polynomials  (pp.  720, 
723,  papers  21,  22,  38a). 

17  Comptes  Rendus  Paris,  164.  1917,  991-3. 

™Ibid.,  172,  1921,  636-640;  errata,  1262. 

39  Comptes  Rendus  du  Congres  Internat.  Math.  (Strasbourg),  1921,  131-146. 


CHAPTER  XV. 

BINARY  HERMITIAN  FORMS. 

Ch.  Hermite1  wrote  v0  =  x  —  iy  for  the  conjugate  of  v  =  x  +  iy  and  u0  for  the  con- 
jugate of  u  and  considered  the  form 

/  (  v,u  ',  VQ,  u0  )  =  Avv0  +  Bvu0  +  B0v0u  +  Cuu0, 

where  A  and  C  are  real,  while  E,  BQ  are  conjugate  imaginaries.    Thus  /  takes  only 
real  values.    Such  a  form  /  is  called  a  binary  Hermitian  form.*    The  substitution 

(1)          v  =  aV  +  bUf      Vo  =  OoV0  +  l)0U0,      u 
transforms  /  into  a  Hermitian  form 


where 

?)Cf 
A'=f(af  c-  a0,  c0),       C'=/(6,  d',  &0,  d0),      B'=a^fr 

It  follows  that 

B'B'Q-A'C'=  (ad-bc)  (M0-60c0)  (BB0-AC), 


so  that  A  =  BB0  —  AC  is  an  invariant,  called  the  determinant,  of  /.    If  in  the  last  rela- 
tion we  replace  a,  c,  ~b,  d,  by2  m,  n,  v,  u,  we  obtain 

(2)  f(v,  u;  v0,  u0)  >f(mf  n;  m0,  nQ)  =  VV0-&UU0, 

for 

U  =  nv-  mu,        V=m  J-  +nj-. 
dv         du 

Replace  V  by  7  V^Tand  hence  F0  by  ±  F0VA,  where  the  sign  is  that  of  A;  we  get 
f(Vj  u;  t'0,  UQ)  =  ±  (VVQ+UUo)&/M,      M=f(m,  n\  m0,  n0). 


Thus  /  is  definite  or  indefinite,  according  as  A  is  negative  or  positive.  In  the  first 
case,  all  numbers  represented  by  /  have  the  same  sign  ;  and  /  is  called  a  positive  or 
negative  (definite)  form  according  as  those  numbers  are  all  positive  or  all  negative. 
Let  m,  n  be  relatively  prime  complex  integers.  We  can  determine  complex  integers 
/x,  v  such  that  mv  —  nfjt,=  ~L.  In  (2)  replace  v  by  p.,  u  by  v,  and  write  x  +  yi  for 
V  =  mdf/dfji  +  ndf/dv  ;  we  get 


*  Gauss  barely  mentioned  the  general  /  and  its  determinant  in  a  posth.  MS.  of  later  than 

1834,  Werke,  Xi,  1917,  94. 
1  Jour,  fur  Math.,  47,  1854,  345-368;  Oeuvres,  I,  237-263. 

-  Incorrectly  v,  u,  m,  n  in  the  original. 
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Thus  the  substitution  (  1  )  ,  with  a,  b,  c,  d  replaced  by  in,  /*,  n,  v,  replaces  /  by 
(3)  F 


where  J\f  =  f(m,  n;  m0,  n0).  Hence  to  find  all  proper  representations  of  a  given 
integer  M  by  a  form  f,  employ  in  turn  the  various  sets  of  incongruent  solutions  x,  y 
of  x2  +  y2  =  A  (mod  M  ),  and  determine  the  substitutions  which  replace  /  by  the  form 
(3).  From  each  such  substitution 


where  mv  —  nn=  +  1,  we  obtain  a  proper  representation  of  M  by  /.  All  such  repre- 
sentations are  distinct.  This  theory  is  parallel  to  that  of  Gauss,  Disq.  Arith.,  Arts. 
154-5,  168. 

Every  positive  definite  form  can  be  transformed,  by  a  substitution  (1)  with 
integral  complex  coefficients  of  determinant  ad—bc  =  l,  into  a  reduced  form  /  in 
which  A  5=  C,  and  2m  is  numerically  ^  A  and  2n  is  numerically  g  A,  where 
m+ni=B.  It  follows  that  A  rg  V  —  2  A.  Hence  for  a  reduced  positive  form  /  with 
integral  coefficients  and  a  given  negative  determinant  A,  A  and  hence  ra  and  n  have 
only  a  limited  number  of  values,  and  likewise  for  C  since  A  =  ra2  +  rc2  —  AC.  For 
example,  if  A=-l,  then  A  =  l,  B  =  Q,  (7=1,  f=VV0+UU0.  The  application  to 
sums  of  four  squares  were  quoted  on  pp.  288-9  of  Vol.  II  of  this  History  ;  while  on 
p.  225  of  Vol.  I  were  quoted  the  auxiliary  results  on  the  number  of  solutions  of 
x2  +  Ay2  =  &  (mod  M)  and  of  general  congruences. 

E.  Picard3  employed  a  complex  variable  x  and  a  positive  real  number  y.  If  a,  b,  c,  d 
are  complex  integers,  the  substitution 


(4)  X=dX'  +  bY',      Y=cX'  +  aY',      ad-bc  =  l, 
replaces  the  positive  definite  form 

(5)  XX0  +  xXYo  +  x0X0Y  +  (xx0  +  if)YY0 

by  AX'X'.+BX'Y'.+  .  .  .,  where 

A  —  cc0  (  xx0  +  yz  )  -f  dc0x  +  d0cx0  -f  ddQ,  .... 

Hence  we  are  led  to  a  discontinuous  group  G  of  substitutions 


Write  x  =  £  +  irj,  y  =  £>0,  and  interpret  £,  -rj,  £  as  rectangular  coordinates  of  a  point  in 
space.  Any  form  (5)  can  be  transformed  by  some  substitution  (4)  with  complex 
integral  coefficients  into  a  reduced  form  (Hermite1).  Then  x'  ,  y'  are  found  by  (S). 
By  the  conditions  for  a  reduced  form,  x'x'o  -f  y'z=>  1,  and  the  coefficient  of  i  in  x'  is 
numerically  ^  £.  Hence  if  (£',  77',  f)  is  the  point  into  which  (£,  77,  £)  is  transformed. 


a  Bull.  Soc.  Math.  France,  12,  1883-4,  43-47;  extract  in  Math.  Amialen,  39,  1891,  142-4. 


CHAP.  XV]  BINARY  HEEMITIAN  FORMS.  271 

The  fundamental  polyhedron  P  of  the  group  G  is  exterior  to  the  sphere  of  radius 
unity  and  limited  by  the  four  planes  £=J,  £=  —  i>  In  =  ~k>  ^  —  —  i-  There  is  a  single 
point  of  P  corresponding  to  any  chosen  point  in  space  with  £>0. 

Picard4  considered  the  canonical  form  F—UUQ  —  WQ  of  any  indefinite  Herrnitian 
form  F=axxQ  +  .  .  .  +  cyy0  with  complex  integral  coefficients.    Let 


V=Gu+Dvf        /A/XO  = 
be  the  general  automorph  of  determinant  unity  of  F.    The  form 


becomes  ®(x,y',  x0,  y0)  when  u,  v  are  replaced  by  their  values  in  x,  y.  This  definite 
form  3>  involves  three  arbitrary  parameters  appearing  in  C  and  Df  subject  only  to  the 
condition  DD0  —  CC0  =  1.  Apply  to  3>  Hermite's  method  of  continual  reduction 
(Ch.  I53).  Suppose  we  have  found  all  the  substitutions  which,  for  all  values  of  the 
three  parameters,  replace  $  by  a  reduced  form  in  the  sense  of  Hermite,1  and  apply 
each  of  these  substitutions  to  F.  The  number  of  resulting  forms  /  is  limited,  their 
coefficients  being  limited  as  functions  of  the  determinant  A  of  F.  These  fs  are  called 
the  reduced  forms  of  F.  Two  F*s  are  arithmetically  equivalent  if  and  only  if  their  fs 
are  identical. 

The  preceding  problem  is  simplified  by  interpreting  geometrically  each  of  the  five 
conditions 


that 

3>  =  axx0  +  (m  +  ni)xy0  +(m  —  ni)x0y  +  cyy0 

be  a  positive  reduced  form.    Writing  z  —  C/D,  we  see  that  a<c  becomes 


if  F  becomes  uu0  —  vvo  for  u=ax+py,  v  =  yx+Sy.  Equating  to  zero  the  left  member 
of  the  inequality,  we  obtain  in  the  complex  z-plane  the  equation  of  a  circle  which  cuts 
orthogonally  the  circle  K  of  radius  unity  and  center  at  the  origin.  Hence  $>  is  reduced 
if  the  point  representing  z  is  inside  a  curvilinear  polygon  P  whose  sides  (at  most  five 
in  number)  are  circles  cutting  K  orthogonally.  Details  are  given  for  F=xx0  —  3yy0, 
for  which  there  are  eight  contiguous  forms. 

For  simplicity  let  the  given  indefinite  form  F  be  reduced.  The  corresponding  form 
<£  will  be  reduced  for  certain  values  of  the  parameter  z  for  which  we  may  assume 
\z\  ±i  1.  These  values  are  represented  by  points  interior  to  the  polygon  P.  When 
the  point  z  departs  from  P,  <£  ceases  to  be  reduced.  Let  the  substitution  which 
replaces  <£  by  a  reduced  form  $±  replace  F  by  F-L.  The  points  z  for  which  $!  is 
reduced  are  inside  a  contiguous  polygon  PI  having  in  common  with  P  only  a  side  or 
a  vertex.  Treating  each  of  these  polygons  contiguous  to  P  as  we  did  P,  we  obtain  a 
series  of  polygons  whose  corresponding  forms,  Fl9  etc.,  give  all  the  reduced  forms 
arithmetically  equivalent  to  F.  The  polygon  formed  of  all  the  P's  is  a  fundamental 

4  Annales  sc.  ecole  norm,  sup.,  (3),  1,  1884,  9-54;  extract  in  Comptes  Rendus  Paris,  96,  1883, 
1567-1571,  1779-1782;  97,  1883,  745-7  (corresponding  to  the  three  paragraphs  of  this 
report). 
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region  for  the  infinite  discontinuous  group  of  the  linear  fractional  substitutions 

,= 


corresponding  to  the  automorphs  of  F.    Details  are  given  for  F=xx0  — 

Picard5  proved  that  a  binary  indefinite  Hermitian  form  with  complex  integral 
coefficients  is  not  invariant  in  general  under  an  elliptic  substitution. 

L.  Bianchi6  recalled  that  Picard4  noticed  a  distinction  between  forms  F  whose 
determinant  A  is  a  sum  of  two  squares  and  those  for  which  A  is  not.  It  is  here  proved 
directly,  without  using  the  method  of  continual  reduction,  that  if  A  is  a  sum  of  two 
squares  and  has  no  square  factor  the  number  of  classes  of  forms  F  of  determinant  A 
is  2  or  3,  according  as  A  is  even  or  odd.  In  each  case  the  group  of  automorphs  of  F 
is  transformed  into  a  modular  group. 

Bianchi7  gave  a  simple  complete  theory  of  equivalence  of  forms  f=axx0  +  bxy0  + 
boXoy  +  cyyo,  where  a  and  c  are  ordinary  integers,  while  b  =  r+st,  r  and  s  being 
ordinary  integers,  and  t  is  i  or  an  imaginary  cube  root  e  of  unity,  and  &0  is  the  con- 
jugate of  &.  Employ  the  space  coordinates  £,  r),  £  and  fundamental  polyhedron  P 
defined  by  Bia.nchi5  of  Ch.  VII.  If  /  is  indefinite,  azz0  +  bz  +  boZ0  +  c=Q  represents  a 
real  circle  C  in  the  £?;-plane.  Over  it  describe  a  hemisphere,  which  is  said  to  repre- 
sent /.  If  the  hemisphere  cuts  through  the  polyhedron  P,  f  is  reduced.  Two  reduced 
forms  belong  to  the  same  period.  But  if  /  is  definite  of  determinant  Z><0,  C  is  an 
imaginary  circle,  through  which  go  a  pencil  of  spheres,  two  reducing  to  the  points 


That  one  of  these  points  which  lies  above  the  £??-plane  is  taken  as  the  point  repre- 
senting /.  If  it  lies  in  P,  f  is  reduced.  Every  /  is  equivalent  to  a  reduced  form. 

Bianchi8  extended  this  theory  to  various  imaginary  quadratic  fields. 

R.  Fricke  and  F.  Klein9  gave  an  exposition  largely  following  Bianchi.7  Further, 
they  represented  (pp.  497-8)  axxo  +  bxyQ  +  boX0y-{-cyyo  (&  =  &!  +  t&2)  by  the  point  in 
space  with  the  homogeneous  coordinates  (c,  —  &i,  &2?  &)  • 

0.  Bohler10  employed  the  Fricke-Klein9  representation  of  a  definite  positive 
form  f=  (a,  1},  b0,  c),  where  b  =  'b1  +  ib2,  by  the  point  with  the  homogeneous  coordi- 
nates a,  61,  &2,  c.  Call  /  reduced  if  the  representative  point  is  on  or  inside  the  funda- 
mental ocahedron  or  dodecahedron,  according  as  the  coefficients  of  the  substitutions 
of  the  group  are  of  the  form  u+pv,  where  p  is  an  imaginary  fourth  or  cube  root  of 
unity,  while  u  and  v  are  integers.  In  the  first  case,  the  arithmetical  conditions  are 


5  Amer.  Jour.  Math.,  II,  1889,  187-194. 

6  Atti  R.  Accad.  Lincei,  Rendiconti,  (4),  6,  I,  1890,  375-384. 

7  Math.  Annalen,  38,  1891,  313-333. 

8  Ibid.,  40,  1892,  389-412  (42,  1893,  30-57;  43.  1893,  101-135).    In  preliminary  form  in  Atti  R. 

Accad.  Lincei,  Rendiconti,  (4),  6,  I,  1890,  331-9;  (4),  7,  II,  1891,  3-11,  where  he  admits 

Pi  card's3  prior  determination  of  the  fundamental  polyhedron  for  the  domain  (1,  t). 

Groups  with  coefficients  in  any  field  were  studied  by  A.  Viterbi,  Gior.  di  Mat.,  36, 

1898,  346-361. 

9Automorphe  Funktionen,  Leipzig,  1,  1897,  92,  452-8,  467-500. 
10  Uber  die  Picard'schen  Gnippen  aus  dom  Zahlkorper  der  dritten  und  vierten  Einheits- 

wurzeln,  Diss.,  Zurich,  1905,  36-49,  96-99. 
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P.  Fatou11  called  axx0  +  bxyo  +  .  .  .  primitive  if  for  b  =  bi  +  ib2  the  integers  a,  &i, 
&2,  c  have  no  common  divisor,  and  primtive  of  the  first  or  second  species,  according 
as  the  g.c.d.  of  a,  2bi,  2b2,  c  is  1  or  2.  Let  /,  /',  ...  be  representatives  of  the  different 
classes  of  positive  primitive  forms  of  the  first  species  (i.  e.,  properly  primitive)  of 
negative  determinant  —  A.  Dirichlet's  method  is  said  to  give  the  identity 

+  +  .-.^A.S  (s>2), 


where  the  summations  on  the  left  extend  over  the  complex  integers  x,  y  for  which 
the  corresponding  form  represents  a  number  prime  to  2A,  while  the  summations  on 
the  right  extend  over  the  positive  integers  n  prime  to  2A.  Further,  Tc  denotes  the 
number  of  automorphs  of  /  with  complex  integral  coefficients  of  determinant  unity, 
fc'  the  number  of  automorphs  of  f,  etc.  Thus  if  a  representation  by  /'  is  counted  as 
1/fc',  the  total  number  of  proper  and  improper  representations  of  an  integer  m  prime 
to  2  A  by  the  totality  of  forms  f,  f,  .  .  .  ,  is  equal  to  the  sum  of  the  divisors  of  m.  For 
A  —  1,  2  or  3,  there  is  a  single  class  represented  by  xx0  +  &yy0,  whence  follows  Jacobi's 
theorem  on  the  number  of  representations  of  an  odd  integer  as  a  sum  of  4  squares 
and  two  analogous  theorems  by  Liouville. 

To  deduce  from  the  above  identity  the  class-number 


where  the  product  extends  over  the  different  odd  prime  factors  p  of  A,  we  have 
only  to  seek  the  limits  for  s=2  of  the  products  of  the  two  members  by  s  —  2.  The 
class  number  is  1  only  for  A=l,  2,  3. 

G.  Humbert12  doubted  that  the  method  used  by  Bianchi8  for  the  field  R  defined 
by  V  —  DioT  various  special  values  of  D  is  applicable  for  a  general  I>>0.  Hence  he 
returned  to  the  method  of  Hermite,  starting  with  the  reduction  of 


(A,  b,  C)=Axxo  —  bxy0  —  boXoy  +  Cyyo,        AC—bb0>Q. 

We  can  find  a  properly  equivalent  form  whose  first  coefficient  A  is  its  proper  mini- 
mum (the  least  real  integer  >0  properly  representable  by  it)  .  Then  by  replacing  x 
by  x  +  \y  we  can  find  a  form  (A,  b,  C)  for  which,  if  &  =  Z?i—  iB2VA  we  have 

(7)  -i^Bi/A,        B2/A<%, 

and  obviously  also  C  !>  A.  But  these  inequalities  do  not  now  imply  that  the  proper 
minimum  is  actually  A  ;  we  must  require  that 

(  8  )  A\\0  -  b\fJL0  -  Wo/*  +  CfJLfJLQ  ^  A 

for  all  sets  of  integers  A,  /*  of  the  field  R  for  which  the  principal  ideals  (A),  (/A)  are 
relatively  prime.  When  (7)  and  (8)  hold,  the  form  is  called  reduced.  The  form 
(A,  &,  C)  is  represented  by  the  point  (£,  17,  £)  defined  by 


11  Comptes  Rendus  Paris,  142,  1906,  505-6   (in  full,  and  after  making  various  corrections 

indicated,  ibid..  166,  1918,  581. 

12  Comptes  Rendus  Paris,  161,  1915,  189-196,  227-234. 
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Then  (8)  requires  that  (£,  77,  £)  be  on  or  without  the  sphere  (A,  /A)  whose  center  is 
the  point  z—\/\t,  in  the  plane  £=0  and  whose  radius  is  the  reciprocal  of  the  modulus 
of  fji.  The  point  representing  a  reduced  form  is  thus  in  a  prismatic  domain  bounded 
by  the  four  planes  |=  ±i  and  rj=  ±%VD,  and  proved  to  be  closed  below  by  the 
spheres  (A,  /A)  .  Proof  is  made  by  use  of  the  theory  of  ideals.  There  are  points  in 
£=Q  on  certain  spheres  (A,  /*),  but  inside  of  none,  and  called  singular  vertices  of  the 
domain.  This  domain  is  a  fundamental  region  for  the  group  of  linear  fractional 
substitutions  on  one  variable  with  integral  coefficients  in  R  of  determinant  unity. 
To  find  the  reduced  forms  whose  proper  minima  are  the  least  integers  represented 
properly  or  not  by  the  forms,  use  is  made  also  of  the  spheres  (A,  /u.)  for  which  A,  /* 
are  not  relatively  prime. 

Humbert13  gave  a  rapid  method  of  finding  a  fundamental  domain  of  the  group  of 
automorphs  of  xx0  —  Dyy0,  where  D  is  a  positive  real  integer  : 


The  domain  is  the  locus  of  the  points  £  on  or  within  the  circle  X2  +  Y2  =  D,  above  the 
X-axis,  and  exterior  to  all  the  circles 


G-.  Julia14  recalled  Picard's3'  *  result  that  every  indefinite  binary  Hermitian  form 
H  is  invariant  under  an  infinite  subgroup  G  of  the  complex  modular  group,  which 
constitutes  a  Fuchsian  group  conserving  the  half  sphere  2  representing  H.  On  such 
a  3  consider  the  half-circle  T  representing  a  quadratic  form  /  with  complex  integral 
coefficients  (Ch.  VII)  .  Then  /  is  said  to  be  contained  in  H.  There  exists  a  hyperbolic 
substitution  T  of  G  which  conserves  /.  An  /  is  contained  in  an  H  if  and  only  if 
the  norm  of  the  determinant  of  /  is  the  square  of  a  real  integer,  and  then  there  exist 
infinitely  many  H's  containing  the  /,  and  there  exists  a  modular  hyperbolic  substitu- 
tion leaving  /  invariant. 

G.  Humbert15  extended  the  method  of  Fatou11  and  obtained  the  number  of  repre- 
sentations by  a  properly  primitive  indefinite  form 


where  a  and  c  are  not  both  even  and  a,  &,  &0?  c  have  no  common  factor.  In  each  class 
of  forms  of  determinant  D  choose  one  representative  /  with  a>0  ;  let  /,  /',  ...  be  the 
forms  chosen.  From  one  representation  £,  77  of  a  positive  odd  integer  m  by  /  are 
deduced  an  infinite  series  of  representations  by  applying  to  £,  77  the  automorphs  S  of 
/;  the  group  of  the  S  has  a  fundamental  domain  R  of  points  in  a  region  exterior  to  the 
circle 


Among  the  representations   (of  the  same  series)   of  m  by  /  there  are  only  two, 

13  Comptes  Rendus  Paris,  162,  1916,  697-702. 

14  Comptes  Rendus  Paris,  163,  1916,  599-600,  691-4. 
16  Comptes  Rendus  Paris,  166,  1918,  581-7. 
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m=f(xi,yi)=f(—Xi,  —yi)  for  which  the  analytic  point  Zi  —  xi/yi  is  in  or  on  the 
boundary  of  R.  Dirichlet's  classic  method  is  said  to  give  the  identity 

(9)       *\f(*i,yi)\-+*'M'(4>  jm-'+...  =23^-3^     (*>»), 

where  the  first  summation  on  the  left  extends  over  all  complex  integers  Xi,  yi  for 
which  f(xi,  yi)  is  positive  and  prime  to  2D,  with  zt  =  xt/yt  on  or  within  the  boundary 
of  R  ;  the  second  summation  2'  relates  similarly  to  f  and  the  analogous  domain  Rf. 
The  summations  on  the  right  extend  over  the  positive  real  integers  n  prime  to  2D. 

Hence  the  total  number  of  representations  of  a  positive  integer  m  prime  to  2D 
by  the  forms  /,  f,  ...  is  double  the  sum  of  the  divisors  of  m,  provided  among  the 
representations,  m=f(h)  (x,  y),  we  count  only  those  for  which  the  analytic  point  x/y 
is  on  or  within  the  boundary  of  the  domain  Rn  which  corresponds  to  f(h)  ;  if  on  the 
boundary,  the  corresponding  representation  is  counted  as  -J  ;  if  at  one  of  a  cycle  of  v 
equivalent  vertices  of  Rih  it  is  counted  as  1/v. 

Application  is  made  to  representations  by  i}/=z2  +  t2  —  D(uz  +  v2),  where  D=l,  2, 
3,  5,  6,  when  there  is  a  single  class  of  properly  primitive  forms  of  determinant  D. 
For  example,  if  J>=1,  the  number  of  representations  of  a  positive  odd  integer  m 
by  \ff  for  which  z,  .  .  .,  v  are  real  integers  such  that 


is  quadruple  the  sum  of  the  divisors  of  m. 

Humbert16  wrote  s  =  2+p,  multiplied  the  two  members  of  his  identity  (9)  by  p 
and  evaluated  (by  the  method  of  Dirichlet)  the  two  limits  when  p  approaches  zero 
over  positive  values.  The  final  formula  evaluates  the  sum  of  the  non-euclidean  areas 
(expressed  by  integrals)  of  the  fundamental  spherical  domains  of  the  groups  of 
automorphs  of  ff  f,  ---- 

Humbert17  proved  that  if  P  is  positive  and  =  1  or  2  (mod  4),  all  properly  primitive 
indefinite  Hermitian  forms  /  of  given  positive  determinant  D  which  is  odd  or  double 
an  odd  integer,  of  the  field  R(iVlP),  belong  to  a  single  class,  when  D  and  P  have 
no  common  odd  divisor.  Each  form  represents  properly  every  odd  integer  prime  to 
DP.  If  P=l,  D  =  I  (mod  4),  the  improperly  primitive  forms  belong  to  two  classes 
(transformable  into  each  other  by  substitutions  of  determinant  i)  . 

In  /  write  x=z  +  it,  y  =  u-\-iv  to  obtain  a  real  quaternary  form.  Then  replace  z 
by  nz,  and  v  by  2mz  (where  m,  n  are  integers)  to  obtain  an  indefinite  ternary  quad- 
ratic form  <£.  To  the  latter  apply  the  theorems  quoted  at  the  end  of  the  reports  on 
A.  Meyer39'  43  of  Ch.  IX  to  conclude  that  $  represents  +  1,  so  that  we  have  the  first 
theorem  above. 

G.  Humbert18  considered  Hermitian  forms  /=  (  at  I,  &0,  c)  of  discriminant 
A=ac—  6&0,  where  a  and  c  are  real  integers  and  &  is  an  integral  algebraic  number  of 
the  field  C  defined  by  V  —  P,  P  being  a  positive  integer  without  square  factor  such 
that  P  =  l  or  2  (mod  4).  The  measure  of  the  totality  of  the  H  classes  of  positive, 

16  Comptes  Rendus  Paris,  166,  1918,  753-8.    Generalized  to  the  field  Jg(iVP),  ibid.,  171,  1920, 

377-382,  445-450. 

17  Comptes  Rendus  Paris,  166,  1918,  865-870. 

18  Comptes  Rendus  Paris,  168,  1919,  1240-6.    Proofs  in  Humbert.21 
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properly  primitive  forms  f(a,  c  not  both  even,  a,  1),  b0,  c  with  no  real  integral  factor 
in  common),  of  given  discriminant  A,  having  no  common  odd  factor  with  P,  is 
defined  to  be  If  (A)  =2<l/kj,  where  kj  is  the  number  of  transformations  whose  coeffi- 
cients are  integers  of  C  of  determinant  unity  of  fj  into  itself,  if  /1?  .  .  .  ,  fn  are  rep- 
resentatives of  the  classes.  It  is  stated  that  (proof  in  Humbert21) 


where  8  ranges  over  the  real  odd  prime  factors  >  1  of  A,  and  w  over  those  of  P.    For 
P=l  this  becomes  Fatou's11  final  result. 

The  measure  of  the  totality  of  classes  of  positive,  primitive  or  imprimitive,  but 
proper  forms  (a,  c  not  both  even),  of  given  discriminant  A,  prime  to  2P,  is19 


summed  for  all  positive  integral  divisors  d  (including  1)  of  P. 

For  P=l,  the  number  of  classes  of  positive,  proper  forms  of  odd  discriminant  A  is 

i 


where  T(A)  is  the  number  of  divisors  8  of  A.  Corresponding  results  are  given 
forP=2. 

In  a  positive,  proper  reduced  form  of  Hermite,  let  6  =  &i  + A/2&2.  The  corre- 
sponding quadratic  form  (a,  &i,  c)  is  a  positive,  proper  reduced  form  of  determinant 
—  A  —  26  ~,  0<2|&2|<a.  Conversely,  if  the  latter  is  given,  we  obtain  the  proper 
reduced  forms  (a,  bly  ±b2,  c).  Hence  a  certain  sum  of  class-numbers  of  quadratic 
forms  of  determinants  —  A  —  2b^  with  b2  variable,  is  equal  to  the  number  of  classes  of 
Hermitian  forms  of  discriminant  A.  Similarly  for  P=  1. 

Humbert20  discussed  the  determination  of  a  fundamental  domain  of  a  linear  frac- 
tional group  T  leaving  invariant  a  circle.  It  is  shown  that  the  method  of  "  rayonne- 
ment,"  previously  regarded  as  purely  theoretic,  can  be  reduced  to  computations  and 
made  as  manageable  as  the  usual  method  of  symmetry. 

Humbert21  considered  positive  Hermitian  forms  /,  with  d,  c,  A  positive,  and  used 
his18  former  notations.  Let  I  be  an  ideal,  and  70  its  conjugate,  of  the  field  <?  If 
u,  v,  aje  algebraic  integers  ofl,f(ufv)  is  the  product  of  //0  by  a  rational  integer  m, 
and  we  may  write  m=f(u/I,  v/I)  symbolically,  and  say  that  we  have  a  generalized 
representation,  belonging  to  I,  of  m  by  /.  The  representation  is  proper  if  I  is  the 
g.c.d.  of  u,  v.  The  numbers  obtained  by  representations  belonging  to  /  coincide  with 
those  obtained  by  representations  belonging  to  any  equivalent  ideal. 

From  each  of  the  H  classes  of  properly  primitive,  positive  forms  select  a  repre- 
sentative form  fj.  To  each  proper  representation,  belonging  to  I,  of  a  positive  integer 
m,  prime  to  2A,  by  fj  corresponds  a  solution  B  of 

BB0/PIl=-&  (mod  m), 

19  Proof,  Comptes  Rendus  Paris,  169,  1919,  448-454. 

2»/6wf.,  169,  1919,  205-211. 

21  Comptes  Rendus  Paris,  169,  1919,  309-315,  360-5,  407-414. 
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where  B  is  in  the  ideal  P,  and  conversely.  Two  solutions  B  and  Bf  are  called  distinct 
if  (B'  —  B)/m  is  not  in  P.  The  number  of  proper  representations,  belonging  to  I, 
of  m  by  the  totality  of  the  forms  fj  is  the  number  of  distinct  solutions  of  the  con- 
gruence, provided  a  representation  is  counted  as  l//fy,  where  kj  is  the  number  of 
transformations  whose  coefficients  are  integers  of  C  of  determinant  unity  of  // 
into  itself.  If  A  has  no  odd  divisor  in  common  with  P,  the  number  of  solutions  of 
the  congruence  is 


if  m  =  Upa  •  IT//,  the  primes  p  not  dividing  P,  while  the  p's  are  odd  prime  factors  of 
P  of  which  —A  is  a  quadratic  residue.  Since  N  is  independent  of  I,  it  gives  the 
number  of  ordinary  proper  representations  of  m  by  the  //.  Hence 


,-=1  x,y       j 

where  the  second  summation  on  the  left  extends  over  all  sets  of  algebraic  integers 
x,  y  of  C  such  that  x/I  and  y/I  are  relatively  prime  ideals  and  fj  is  prime  to  2  A, 
while  the  summation  on  the  right  extends  over  the  above  integers  m  =  H.pa"IlpP  prime 
to  2A. 

From  each  of  the  h  classes  of  ideals  of  C  select  an  ideal  Ic.  After  modifying  the 
second  member  of  the  preceding  formula  by  the  classic  method  of  Dirichlet,  we  get 
the  fundamental  formula 


where  r&  ranges  over  all  positive  odd  integers  prime  to  2A,  and  <o  over  all  the  distinct 
odd  prime  factors  of  P,  while  X,  Y  are  algebraic  integers  of  Ic  such  that  //  is  prime 
to  2  A.  Passing  to  the  limit  s=2,  we  obtain  his18  expression  for  M  (A)  . 

Humbert22  gave  an  immediate  extension  of  his18  formula  for  Jlf(A)  to  apply  when 
P  and  A  have  any  common  divisor,  also  for  the  new  case  P  =  3  (mod  4),  and  treated 
completely  also  the  case  of  improperly  primitive  forms. 

Humbert23  proved  that,  if  A  is  not  a  quadratic  residue  of  all  odd  prime  factors 
of  P  (so  that  a  form  has  only  two  automorphs),  the  number  of  classes  of  positive, 
proper  Hermitian  forms,  whether  primitive  or  not,  of  discriminant  A  of  the  field 


defined  by  V  —  P,  is  the  double  of  the  measure  «^(A)  of  the  totality  of  the  classes 
(Humbert18).  As  an  application  there  is  deduced  a  relation  between  class-numbers 
of  binary  quadratic  forms  of  discriminants  A-f  5£2,  <  =  0,  1,  .... 

Humbert24  employed  an  ideal  I  of  the  field  R  defined  by  i  VP,  where  P  =  1,  2  or  3 
(mod  4).  If  A,  /n,  v,  p  are  numbers  of  I  and  if  in  the  Hermitian  form  f(x,  y)  we 
replace  x,  y  by  the  respective  symbolic  expressions 


22  Comptes  Rendus  Paris,  170,  1920,  349-355. 

23  Ibid.,  481-6.    Errata,  171,  1920,  450. 
-4  Ibid.,  170,  1920,  541-7,  625-630. 
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and  xQ,  y0  by  the  expressions  conjugate  to  them,,  and  if  we  replace  II0  by  its  real 
integral  value,  we  obtain  a  Hermit  ian  form  which,  like  /,  has  integral  algebraic  coeffi- 
cients in  R(i^fP).  This  symbolic  substitution  is  said  to  belong  to  /.  If  we  employ 
for  /  the  non-equivalent  ambiguous  ideals  and  take  Xp  —  fiv=II0)  we  obtain  a  group 
T  essentially  that  of  Bianchi8  (Math.  Annalen,  42,  1893).  Defining  equivalence  and 
classes  with  respect  to  this  new  group,  we  obtain  the  measure  of  its  classes  by  an 
extension  of  Humbert's21  method.  The  fundamental  domain  of  T  is  determined. 
For  P=6  there  is  found  the  number  of  these  extended  classes  of  positive  proper 
Hermitian  forms  of  discriminant  A.  There  is  deduced  a  relation  between  class- 
numbers  of  binary  quadratic  forms  of  discriminants  A  +  6£2,  2  =  0,  1, 

Humbert25  noted  that  his17  theorem  holds  also  for  the  forms  of  the  ring  defined 
by  tV^P,  when  P  =  3  (mod  4).  He  made  here  a  further21  study  of  representations, 
belonging  to  an  ideal  I  of  the  field  or  ring,  of  m  by  /=  (a,  ~b,  1Q,  c),  and  especially 
of  restricted  representations  in  which  (X,  Y)  gives  a  point  of  the  fundamental 
domain  ^  There  is  given  the  analogue  for  indefinite  forms  of  his21  fundamental 
formula  for  positive  forms.  If  ^  is  the  domain  symmetrical  with  0  with  respect 
to  the  origin,  the  number  of  representations  of  a  positive  integer  m  prime  to  2D  by 
x2+y2— D(zz  +  t2),  such  that  the  point  (x+iy)  :  (z+it)  belongs  to  the  domain 
composed  of  both  @>  and  ^,  is  the  quadruple  of  the  sum  of  the  divisors  of  m. 

25  Comptes  Rendus  Paris,  171,  1920,  287-293.    Errata,  450. 


CHAPTER  XVI. 

HERMITIAtf  FORMS  IN  n  VARIABLES  AND  THEIR  CONJUGATES. 

Ch.  Hermite1  considered  the  form 

+  .  .  .  +aonv)  +  .  .  .  +  v0( 


in  the  n+1  complex  variables  x,y,  .  .  .,  v  and  their  conjugates  x0,  .  .  .,  v0,  such  that 
a,jk  and  aicj  are  conjugate  imaginaries.  It  is  proved  that  there  exists  a  linear  substitu- 
tion 8  on  x,  .  .  .,  v  with  complex  integral  coefficients  of  determinant  unity  such  that 
S  and  the  conjugate  substitution  S0  on  XQ,  .  .  .  ,  v0  transform  any  given  definite  form 
into  a  form  f  having 

w+1)rf         d  = 


and  called  a  reduced  form.  Assume  that  also  the  coefficients  of  the  form  are  com- 
plex integers.  By  the  last  relation,  each  real  integer  a//  is  limited  in  terms  of  the 
invariant  d.  Since  /  is  definite,  tty  /O**—  «/*#*/>  0,  whence  the  absolute  value  of  &&  is 
limited.  Hence  there  is  a  limited  number  of  reduced  forms  (and  hence  of  classes) 
of  a  given  determinant  d. 

C.  Jordan2  noted  that  the  method  used  by  Korkine  and  Zolotareff18  of  Ch.  XI  for 
the  reduction  of  n-ary  quadratic  forms  may  be  extended  to  Hermitian  forms 


in  which  x,  xf  are  conjugate  complex  variables  and  N(x)  denotes  xxf  .    Since 


we  ultimately  "obtain 


n 


g= 

3=1 

where  the  mj  are  positive  real  numbers  and  the  €/&  are  complex  numbers. 

Consider  the  systems  of  values  of  the  complex  variables  rci,  .  .  .  ,  xn  for  which 
</<g,  where  q  is  any  assigned  positive  number.  Then  mjN(yj}<^q,  so  that  the 
moduli  of  xn,  xn-\,  •  •  .,  #1  are  limited.  Hence  there  is  a  limited  number  of  sets  of 
complex  integers  x±,  .  .  .,  xn  for  which  g<q.  Let  a±,  .  .  .,  an  be  one  of  these  sets  for 

1  Jour,  fur  Math.,  53,  1857,  182-192  ;  Oeuvres,  I,  415-428. 

2  Jour,  ecole  polyt.,  t.  29,  cah.  48,  1880,  111,  119-134;  summary  in  Comptes  Rendtis  Paris,  90, 

1880,  1422-3.    For  application  to  forms  of  degree  m,  see  Ch.  XIV.6 
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which  g  has  a  minimum  value  /*i.    Evidently  the  a's  have  no  common  divisor  not  a 
unit.     Hence  there  exist  complex  integers  J3j,  y/,  .  .  .  such  that  the  determinant  of 


is  unity.  Substituting  these  for  #1,  .  .  .,  xn  and  their  conjugates  for  x(,  .  .  .,  x'n  in  g, 
we  obtain  a  Hermitian  form  g'  having  ^  as  the  coefficient  of  x\x'  Hence,  as  above, 
we  may  write  g^=fjL^N(y1)  +gf  ,  where  g(  involves  neither  X-L  nor  x'  '.  At  least  one 
system  of  complex  integral  values  of  x2,  -  -  .,  xn  makes  g'  a  minimum  /u2.  Then 
p-z  ^  J/AI.  Proceeding  with  g'  as  we  did  with  g,  etc.,  we  see  that  there  exists  a  linear 
substitution  with  complex  integral  coefficients  of  determinant  unity  which  replaces 


r= 


with  i/'s  as  above.  Replacing  Xj  by  a;/  +  8/y+1a;;+i  +  .  .  .  +$jnxn  for  /=  1,  .  .  .  ,  i^,  we  can 
choose  complex  integers  8/fc  such  that  -ZV(e/fc)  ^  -J.  Such  a  form  r  is  called  reduced. 
Hence  any  #  is  arithmetically  equivalent  to  a  reduced  form. 

The  determinants  A  and  /*!/z2  .  :  ./A«  of  g  and  r  are  equal.  If  A  ^  0  it  follows  that 
f*J^i^  cA/fii,  where  c  depends  only  on  r\,,  j.  Hence  the  modulus  of  each  coefficient 
CM  of  r=2<ciciXkx'l  has  a  superior  limit  depending  on  /AI  and  A. 

Assume  that  g  has  complex  integral  coefficients.  Then  evidently  ^  ^  1,  so  that 
each  /Afc  has  a  superior  limit  depending  on  A  only,  and  the  same  is  true  of  the  modulus 
of  each  coefficient  Cki  of  r.  Hence  every  form  g  of  a  given  determinant  A  =^=  0  witn 
complex  integral  coefficients  is  arithmetically  equivalent  to  a  reduced  form  r  the 
moduli  of  whose  coefficients  have  superior  limits  depending  on  A  only.  Since  the 
coefficients  of  r  are  also  complex  integers,  they  have  only  a  finite  number  of  values. 
Hence  the  forms  g  of  a  given  determinant  A  =£•  0  with  complex  integral  coefficients 
fall  into  a  finite  number  of  classes. 

Finally,  for  the  substitutions  with  complex  integral  coefficients  of  determinant 
unity  which  transform  any  reduced  form  r  into  another  reduced  form,  it  is  proved 
that  the  modulus  of  each  coefficient  has  a  superior  limit  depending  only  on  the  num- 
ber n  of  variables. 

E.  Picard3  considered  a  ternary  Hermitian  form 


(  1  )          /  =  axx0  +  a'yy0  4-  a"zz0  +  ~byz 

where  a,  a',  a"  are  real,  &  and  60  are  conjugate  imaginaries,  etc.    Call 


a        &"       b'0 

&;;    ^      b 

&'       &          a" 


the  determinant  of  /.    Under  the  linear  substitution 

Y  +  y"Z, 


3  Acta  Math.,  1,  1882-3,  297-320.    Summary  of  first  part  in  Comptes  Rendus  Paris,  95,  1882, 
763-6. 
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of  determinant  D,  and  Xo  =  a0X0-{-  ft0Y0  +  70^0?  etc.,  /  becomes  a  form  whose  determi- 
nant is  equal  to  DD0S.    If  a  and  l  =  aa'  —  b"b"  are  not  zero,  we  have 


(3)  u=ax+b"y  +  b'z,      v  =  ly+(abQ  —  l)'b")z,    w=z. 

If  I  and  oS  are  positive,  <j>  is  a  sum  of  positive  terms,  and  /  is  called  definite  and  is 
reducible  to  ±  (  UU0  +  VV0  +  WW0)  .  Otherwise,  /  is  reducible  to  ±  (  UU0  +  VV0  - 
TT'JFo)  snd  is  indefinite. 

Let  the  coefficients  of  /  and  the  substitution  (2)  be  integral  algebraic  numbers  of 
an  imaginary  quadratic  field.  From  (2),  (3)  and  the  similar  relations  U=aX  + 
b"Y+b'Z,  .  .  .,  W=Z,  we  at  once  obtain  u,  v,  w  as  linear  functions  of  U,  Vf  W, 
whose  coefficients  are  fractions  whose  denominators  divide  al.  This  gives  an  auto- 
morph  of  <f>  if  (2)  is  an  automorph  of  /.  It  follows  that  a  definite  form  /  has  only  a 
finite  number  of  automorphs  with  integral  algebraic  coefficients. 

Next,  consider  an  indefinite  form  auu0  +  (3vvo  —  yww0,  where  a,  ft,  y  are  positive 
real  integers.  It  has  an  infinitude  of  automorphs 


(4)       U=Mu+Pv+Rw,      V=M'u+P'v  +  R'w,      W  =  M"u+P"v+R"w, 

with  integral  algebraic  coefficients.    The  group  of  corresponding  substitutions 

Y_      Mx  +  Py  +  R  Y_    M'x  +  P'y  +  R' 

~  M"x  +  P"y  +  Rf"  ~  M"x  +  P"y  +  E"  ' 


is  proved  to  be  discontinuous  for  all  pairs  of  values  x  =  x'  +  ix",  y  =  y'  +  iy"  of  the 
domain  D  defined  by 


There  are  defined  uniform  functions  of  xf  y,  obtained  as  series  convergent  in  the 
domain  D,  which  are  invariant  under  the  group  of  substitutions  (5).  These  hyper- 
fuchsian  functions  are  the  analogues  of  the  thetafuchsian  functions  of  one  variable 
obtained  by  Poincare. 

Picard4  investigated  arithmetically  forms  F  of  type  (1)  in  which  the  coefficients 
are  complex  integers,  but  stated  that  the  conclusions  may  be  readily  extended  to  the 
case  of  integral  algebraic  numbers  of  an  imaginary  quadratic  field.  Let  F  be  re- 
ducible to  F=uuo-\-vvo  —  ww0  by  the  substitution 


where  a,  .  .  .,  y/r  need  not  be  complex  integers.    Let  (4)  be  the  general  automorph  of 
F.    With  F  associate  the  definite  form 


where  U,  V,  W  are  given  by  (4)  .    By  the  conditions  for  an  automorph, 
$  =  F  +  2  •  Norm  (Wu  +  P"v  +  R"w  )  , 

where  the  three  parameters  are  subject  to  the  single  condition 
(  6  )  M"M','  +  P"P'9'  -R"R'.'=-1. 

4  Acta  Math.,  5,  1884-5,  121-182. 
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For  certain  values  of  these  parameters  seek  a  substitution  with  complex  integral 
coefficients  which  reduces  <£,  according  to  Jordan's2  definition  of  a  reduced  form. 
When  the  parameters  vary  continuously  subject  to  (6),  the  substitution  will  cease 
after  a  time  to  reduce  <£  and  a  new  substitution  must  be  employed.  This  process  is 
called  the  continual  reduction  of  $. 

We  say  that  the  indefinite  form  F  is  reduced  when  the  corresponding  definite  form 
$  is  reduced  for  certain  values  of  the  parameters  W  ',  P",  R"  '.  The  number  of 
reduced  forms  arithmetically  equivalent  to  a  given  form  F  of  determinant  A  =^  0  is 
finite.  For,  the  number  of  reduced  forms  F  of  determinant  A  is  limited,  since  each 
coefficient  of  $  is  limited  as  a  function  of  A. 

To  simplify  the  further  discussion,5  write  £  =  M"/R",  i,  =  P"/R",  <}>  =  3>/(R"R'0'). 
In  view  of  (6),  we  have 


The  points  (£,  77)  for  which  ££0  +  w>  ^  1  form  a  domain  8.  The  points  interior  to 
8  for  which  <j>  is  a  reduced  form  constitute  a  domain  D,  corresponding  to  F.  It  is 
shown  that  D  has  at  most  one  point  in  common  with  the  boundary  £|0  +  TO  =  1  of  $. 
The  domain  D  of  a  reduced  form  (1)  has  a  point  on  the  boundary  of  8  if  and  only  if 
a=Q,  &"=0.  Whatever  be  the  given  indefinite  form  (1)  there  exists  an  arith- 
metically equivalent  reduced  form  with  a=b"  =  Q.  Zero  can  be  represented  by 
every  indefinite  form  (1),  in  contrast  with  the  theory  of  ternary  quadratic  forms. 
When  the  point  (£,  rj)  departs  from  the  domain  D,  we  again  employ  a  substitution  to 
reduce  <£;  all  such  substitutions  give  rise  to  adjacent  reduced  forms  to  which  corre- 
spond domains  D',  D",  ....  They  with  D  determine  a  domain  8  which  is  a  funda- 
mental region  of  the  infinite  discontinuous  group  G  of  linear  fractional  substitutions 
on  £  and  rj  obtained  when  the  point  (£,  77)  departs  from  8.  To  each  point  interior  to 
8  corresponds  by  a  substitution  of  G  one  or  a  limited  number  of  points  within  8,  and 
only  one  point  of  sub-domain  R  called  a  fundamental  domain  of  G. 

Finally,6  there  is  an  investigation  of  the  hyperfuchsian  invariants  of  the  group  G 
in  the  neighborhood  of  a  point  £  =  0,  rj=  —  1  in  common  with  R  and  the  boundary  of  8. 

H.  Poincare7  started  with  the  canonical  forms  of  ternary  linear  homogeneous 
substitutions,  found  the  conditions  that  each  leaves  invariant  a  ternary  Hermitian 
form,  and  classified  the  resulting  substitutions  as  elliptic,  hyperbolic,  parabolic  and 
loxodromic. 

Picard8  obtained  results  similar  to  those  of  Poincare. 

L.  Kollros9  considered  a  positive  definite  Hermitian  form 

/  =  OuXXo  +  a12xy<>  +  OinXZo  +  (h\yxQ  +  .  .  .  +  a3Szz09       aki  =  conjugate  of  a  ,-/,. 


Writing  a-L2  =  bi2  +  ic12}  x  =  Xi  +  iyi,  etc.,  we  obtain  a  real  quadratic  form  to  which  is 
applied  the  reduction  process  of  Hermite  (Jour,  fur  Math.,  40,  1850,  302).  From  / 
is»obtained  a  corresponding  form  by  changing  i  to  —i.  One  of  such  a  pair  of  corre- 

•"'  Summary  in  Comptes  Rendus  Paris,  97,  1883,  845-8. 

«  Summary  in  Comptes  Rendus  Paris,  97,  1883,  1045-8. 

7  Comptes  Rendus  Paris,  98,  1884,  349-352. 

*  Ibid.,  416-7. 

»  Comptes  Rendus  Paris,  131,  1900,  173-5. 
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spending  forms  /  can  always  be  transformed,,  by  a  linear  substitution  with  complex 
integral  coefficients  of  determinant  ±1  or  ±i,  in  general  in  a  single  way,  into  a 
reduced  form  characterized  by  one  of  two  sets  of  20  or  18  inequalities  between  the 
a>a,  bij,  Cij.  It  is  conjectured  that  a^a2^zz  =  4D  in  a  reduced  form. 

R.  Alezais10  studied  the  automorphs  of  uu0  +  vw0  +  v0w  in  connection  with  hyper- 
fuchsian  functions. 

L.  E.  Dickson11  started  with  any  field  (or  domain  of  rationality)  F  such  that 
there  exists  a  quadratic  equation  whose  coefficients  are  numbers  in  F,  but  whose  roots 
W  and  a/  are  not  in  F.  Then  if  af  b  range  independently  over  F,  the  numbers 
e  =  a+b<»  constitute  a  field  Q.  Write  e'  =  a+fco/.  Then  H=^aij^  is  called  a 
Hermitian  form  in  Q  if  each  aij  is  in  Q,  while  a^=oy<.  If  |<M/|^0,  we  can  find  a 
linear  transformation  £<=2/b^,  ££=3/3£*q£,  with  coefficients  in  Q,  which  reduces 
H  to  ^ytT/i??',  where  each  yi  is  in  F.  In  case  F  is  a  finite  (Galois)  field,  we  may  take 
each  yi  —  1.  Also  the  cases  in  which  F  is  the  field  of  all  rational  or  all  real  numbers 
are  solved  completely. 

E.  Picard12  proved  that  the  subgroup  of  substitutions  (5)  with  real  integral  coeffi- 
cients defined  by  the  automorphs  (4)  with  real  integral  coefficients  of  uuo  +  VVQ  —  unuQ 
is  discontinuous  at  every  real  point  (ulf  V-L)  for  which  ul+  ^i<l  and  at  every  point 
(u  =  Ui  +  iu2,  v  =  V!  +  ivz)  which  is  not  real  (ul  +  ^a^O),  but  is  at  a  finite  distance. 
He  investigated  briefly  the  functions  invariant  under  this  subgroup. 

G.  Giraud13  classified  the  linear  substitutions  leaving  xx0  +  yy0—zzo  invariant  and 
studied  the  fundamental  domain  of  the  group  of  Picard. 

G.  Humbert14  found  the  measure  (cf.  CH.  XV18)  of  the  number  of  representations 
by  a  ternary  Hermitian  form  in  the  field  defined  by  ~\A—  T  or  V  —  2  and  the  measure 
of  their  classes. 

G.  Giraud15  studied  the  group  T  of  the  automorphs  of 


where  x°  is  the  conjugate  imaginary  of  x,  and  certain  integrals  invariant  under  r. 

10  Annales  sc.  ecole  norm,  sup.,  (3),  19,  1902,  261-323;  (3),  21,  1904,  269-295  (These). 

11  Trans.  Amer.  Math.,  Soc.,  7,  1906,  280-^3. 

12  Annales  sc.  ecole  norm,  sup.,  (3),  33,  1916,  363-371;  extract  in  Comptes  Rendus  Paris,  163, 

1916,  284-9. 

13  Annales  sc.  ecole  norm,  sup.,  (3),  38,  1921,  43-164. 

14  Jour,  de  Math.,  (8),  4,  1921,  3-35.    Summary  in  Comptes  Rendus  Paris,  172,  1921,  497-511. 

15  Legons  sur  les  fonctions  automorphes,  Paris,  1920,  Ch.  II. 
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CHAPTER  XVII. 

BILINEAR  FORMS,  MATRICES,  LINEAR  SUBSTITUTIONS. 

If  in  a  bilinear  form  ^dijXiyj  of  matrix  A=  (a*./)  we  introduce  new  variables  by 
means  of  linear  substitutions 


the  determinants  of  whose  matrices  P=  (pa),  Q=  (qa)  are  =^=  0.  we  obtain  a  bilinear 
form  in  the  x',,  y'  whose  matrix  is  ~M.—PfAQ,  where  P'  =  (pn)  is  obtained  from  P  by 
interchanging  rows  and  columns.  Write  R  for  Pf  .  Accordingly,  two  matrices  A 
and  M  with  integral  elements,  or  two  bilinear  forms  whose  matrices  are  A  and  M, 
are  called  equivalent  if  there  exist  matrices  R  and  Q  whose  elements  are  integers  of 
determinants  1  or  —1  such  that  M  =  RAQ. 

Ch.  Hermite1  showed  how  to  find  a  fr-rowed  square  matrix  with  integral  elements 
of  determinant  ±  1,  the  elements  of  whose  first  row  are  Ic  given  integers  whose  g.c.d. 
is  1.  Another  method  was  based  by  K.  Weihrauch2  upon  his  solution  of  a  linear 
Diophantine  equation  (this  History,  Vol.  II,  p.  75).  G.  Eisenstein3  had  solved  the 
problem  when  Tc  =  3  by  means  of  a  canonical  form  of  a  substitution  with  integral 
coefficients. 

H.  J.  S.  Smith4  wrote  Vo  =  l  and  Vfc  for  the  g.c.d.  of  the  fc-rowed  minors  of  an 
n-rowed  square  matrix  A  with  integral  elements  and  proved  that  we  can  always  find 
two  ri-rowed  unit  matrices  R  and  Q  (with  integral  elements  of  determinant  unity) 
such  that  RAQ  is  the  matrix  whose  diagonal  elements  are  e\9  .  .  .,  e,h  where 

=V*-+i/V»-/j  s°  that  M  is  the  matrix  of 


He  first  proved  that  Vt  is  also  the  g.c.d.  of  the  7<xrowed  minors  of  RAQ,  when  R  and 
Q  are  any  unit  matrices.  Also  ej  is  divisible  by  e,-+i.  There  are  noted  generalizations 
to  the  case  in  which  A  is  rectangular  and  not  a  square  matrix.  He5  later  established 
related  results. 

L.  Kronecker6  proved  that  every  n-ary  linear  substitution  with  integral  coefficients 
of  determinant  unity  is  generated7  by  Xi  =  x(  +  x(,  xi  —  x\  (i>l)  and  the  n  —  1  sub- 

1  Jour,  de  Math.,  14,  1849,  21-30;  Oeuvres,  I,  265-273. 

2  Zeitschrift  Math.  Phys.,  21,  1876,  134-7. 

3  Jour,  fur  Math.,  28,  1844,  327-9. 

4  Phil.  Trans.  London,  151,  1861,  293-326;  Coll.  Math.  Papers,  I,  367-409.    Report  was  made 

under  Smith20  of  Ch.  Ill  of  the  part  dealing  with  matrices  with  assigned  minors. 

5  Proc.  London  Math.  Soc.,  4,  1873,  236-253;  Coll.  Math.  Papers,  II,  67-S5. 
6Monatsber.  Akad.  Berlin,  1866,  597-612;  reprinted  in  Jour,  fur  Math.,  68,  1868,  273-285; 

Werkc,  I,  145-162. 

7  A.  Krazer,  Annali  di  Mat.,  (2),  12,  1884,  283-300,  noted  that  three  generators  suffice,  their 
coefficients  being  0,  ±  1. 

284 


CHAP.  XVII]  BILINEAR  FORMS,  MATRICES.  285 

stitutions  Xi  =  —  x'k,  xk  =  x(,  xi  =  x\  (i  =^=  1,  k)  for  k  =  2,  .  .  .  ,  n.  He  gave  n  +  2  simple 
generators  of  all  substitutions  with  integral  coefficients  which  leave  unaltered  the 
bilinear  form 


r=l 

He  also  investigated  algebraically  the  substitutions  which  multiply  the  last  form  by 
a  constant. 

G.  Frobenius8  considered  a  matrix  A—  (an)  with  ra  rows  and  n  columns  whose 
elements  dij  are  integers  (or  polynomials  in  a  parameter  with  integral  coefficients). 
Write  dk  for  the  g.c.d.  of  the  fc-rowed  minors  of  A.  Then  d*  is  evidently  divisible 
by  dfc_i.  The  quotient  ejc  =  dk/dk_1  (with  e-L  =  dl)  is  called  the  kth  elementary  divisor 
of  A.  It  is  shown  that  ek  is  divisible  by  ek-i,  and  that  two  matrices  (or  bilinear 
forms)  are  equivalent  if  and  only  if  each  elementary  divisor  of  one  is  equal  to  the 
corresponding  one  of  the  other.  This  was  proved  by  transforming9  the  bilinear  form 
of  matrix  A  into  the  reduced  form  e^x-^y^  .  .  .  +etxiyi,  where  I  is  the  rank  of  A  and 
is  such  that  ei  =^=  (X,  ez+1  =  0. 

In  particular  (p.  160),  let  l—m  —  n,  so  that  A  is  a  square  matrix  of  determinant 
±  d  =^=  0.  Then,  the  bilinear  form  of  matrix  A  can  be  reduced  to 


where  the  fs  are  integers.  Thus  d  =  J"ft~l  .  .  ./n.  The  number  of  ways  in  which  d 
can  be  so  decomposed  is  therefore  the  number  h(d)  of  classes  of  bilinear  forms  of 
determinant  ±  d  =£  0  in  two  sets  each  of  n  variables.  If  d  is  the  product  d'd"  of  two 
relatively  prime  factors,  then  h(d)  =h(d')  -h(d").  It  thus  remains  to  find  h(pa), 
where  p  is  a  prime  ;  this  is  the  number  ha  of  sets  of  integral  solutions  a*  ^  0  of 

a  =  nai+  (n—  I)a2+  .  .  .  +  an, 

and  hence  (Vol.  II,  Ch.  Ill,  of  this  History)  is  the  coefficient  of  xa  in  the  develop- 
ment of  the  reciprocal  of  (1  —  x)  (1  —  x2  )...(!  —  xn)  into  a  power  series  in  x.  Hence 
if  ±d=  ~n.pa,  h(d)  =Tlha,  which  is  independent  of  the  primes  p. 

The  equation  (p.  151)  2oijXiXj  =  f  is  solvable10  in  integers  if  and  only  if  /  is 
divisible  by  the  g.c.d.  of  the  aij. 

An  alternate  bilinear  form  (p.  165) 


with  integral  coefficients  can  be  transformed  cogrediently  (the  same  substitution  on 
the  x's  as  on  the  y's  and  having  integral  coefficients  of  determinant  unity)  into 


—  x4y3   +  .  . 

where  21  is  the  rank,  and  e2kr=e2t_1(Jk=l,  .  .  .,  Z)  are  the  elementary  divisors.    Hence 
two  equivalent  alternate  forms  can  be  transformed  into  each  other  cogrediently. 

8  Jour,  fur  Math.,  86,  1879,  146-208. 

9  The  possibility  of  this  reduction  when  m  =  n  was  later  proved  by  induction  on  n  by 

L.  Kronecker,  Jour,  fur  Math,  107,  1891,  135-6. 

10  Generalized  to  algebraic  domains  of  genus  zero  by  M.  Lerch,  Monatsh.  Math.  Phys.,  2, 

1891,  465-8. 
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Two  pairs  (pp.  202-4)  of  bilinear  forms  with  coefficients  in  a  field  F,  such  that  the 
determinants  of  the  first  forms  of  each  pair  are  not  zero,  are  equivalent  in  F  if  and 
only  if  their  'characteristic  matrices  have  the  same  elementary  divisors  (due  to 
Weierstrass  when  F  is  the  field  of  all  complex  numbers) . 

Two  bilinear  forms  are  called  congruent  modulo  k  if  their  corresponding  coeffi- 
cients are  congruent  (p.  187).  Two  forms  are  called  equivalent  modulo  k  if  each 
can  be  transformed  into  a  form  congruent  to  the  other  by  substitutions  with  integral 
coefficients  whose  determinants  are  prime  to  Jc. 

Frobenius11  continued  his  discussion  of  the  final  topic  and  proved  that  every 
bilinear  form  is  equivalent  modulo  k  to  a  reduced  form  gixiyi+  . . .  +grxryr,  where 
gp  is  divisible  by  gp^  for  every  /o>l,  and  k  is  divisible  by  and  exceeds  gr.  Here  r  is 
the  rank  modulo  k.  The  question  whether  or  not  one  bilinear  form  contains  another 
in  the  ordinary  arithmetical  sense  is  reduced  to  the  corresponding  question  with 
respect  to  the  modulus  which  is  the  final  elementary  divisor.  Given  two  square 
matrices  A  and  B  with  integral  elements,  we  can  find  square  matrices  P  and  Q  with 
integral  elements  such  that  PAQ  =  B  if  and  only  if  each  elementary  divisor  of  B  is  a 
multiple  of  the  corresponding  elementary  divisor  of  A. 

Frobenius12  gave  an  elegant  algebraic  proof  of  the  last  theorem  by  means  of 
identities  between  determinants. 

K.  Hensel13  gave  another  simple  proof  of  the  same  theorem. 

L.  Kronecker14  applied  to  Axly1  +  Bxly2  —  Cx2yi-\-Dx2y2  of  determinant  A  =  AD 
+  BC  the  same  transformation  T—  (JJ  §)  on  the  y's  as  on  the  x's  and  obtained 
A'xiyi  +  ...  of  determinant  e2A,  where  e  =  a&  —  /?y.  These  bilinear  forms  are  called 
equivalent  if  their  coefficients  and  those  of  T  are  integers  and  c=l.  Then  B  +  C, 
as  well  as  A,  is  an  invariant.  Between  the  values  of  A,  B  —  C,  D  and  the  values  of 
A',  B'  —  C',  D'  evidently  hold  the  same  relations  as  between  the  coefficients  of 
Q  =  Ax2+(B  —  C)xy  +  Dy2  and  the  form  by  which  T  replaces  Q.  Write  0=A  — 
\(B  +  C)2  for  the  negative  of  the  determinant  of  Q.  Hence  we  obtain  representatives 
of  all  classes  of  equivalent  bilinear  forms  of  determinant  A  if  we  take  f or  B  +  C  all 
values  numerically  <2\/A  and  for  each  such  value  take  all  sets  of  values  of  A, 
B  —  C,D  given  by  representative  quadratic  forms  Q  of  determinant  —6.  Call  the 
bilinear  form  reduced  if  Q  is  reduced.  Two  bilinear  forms  are  called  completely 
equivalent  if  one  can  be  transformed  into  the  other  by  the  same  transformation  T 
on  the  y's  as  on  the  x's,  where  T  is  of  determinant  unity  and  T=  (JJ)  (mod  2). 
For  his  analogous  definition  for  quadratic  forms,  see  Kronecker113  of  Ch.  I.  Appli- 
cations to  class  number  are  cited  under  Kronecker144  of  Ch.  VI. 

T.  J.  Stieltjes15  gave  an  exposition  of  the  results  by  Smith4  and  proved  that  two 
systems  of  linear  forms  represent  the  same  systems  of  numbers  if  and  only  if  they 
are  equivalent. 

11  Jour,  fur  Math.,  88,  1879,  96-116. 

12  Sitzungsber.  Akad.  Wiss.  Berlin,  1894,  31-44.    Reproduced  by  Bachmann." 

13  Jour,  fur  Math.,  114,  1895,  109-115  (25-30  for  an  arithmetical  proof  of  theorems  on  regular 

minors  employed  by  Frobenius12). 

i*  Abh.  Akad.  Wiss.  Berlin,  2,  1883,  No.  2 ;  Werke,  II,  425-495. 
15  Annales  Fac.  Sc.  Toulouse,  4,  1890,  final  paper,  85-97. 
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G.  Landsberg16  called  two  rectangular  matrices,  each  with  s  rows  and  i  columns, 
equivalent  if  their  corresponding  integral  elements  are  congruent  modulo  p,  a  prime. 
Hence  there  are  pst  non-equivalent  matrices.  He  found  how  many  of  them  are  of  a 
given  rank  modulo  p. 

Landsberg17  gave  a  modification,  more  convenient  to  apply,  of  Frobenius'8  proof 
of  his  theorem  that  two  pairs  of  bilinear  forms  with  the  same  elementary  divisors 
can  be  transformed  into  each  other  rationally. 

P.  Bachmann18  gave  an  exposition  of  the  theory  of  the  equivalence  of  matrices. 

P.  Muth19  gave  an  exposition  of  the  theory  of  pairs  of  bilinear  forms,  including 
the  generalization  to  elements  which  are  polynomials  or  integers  of  an  algebraic  field. 

L.  Kronecker20  treated  square  matrices  with  integral  coefficients  and  (pp.  78,  90) 
the  arithmetical  equivalence  of  forms  axx'  +  a'xy'  +  byx' '  +  b'yy'. 

L.  E.  Dickson21  found  the  necessary  and  sufficient  conditions  for  the  existence  of 
a  bilinear  form,  with  coefficients  in  any  given  field  (domain  of  rationality)  F,  in- 
variant under  a  given  substitution  S  with  coefficients  in  F  and  cogredient  in  the  two 
sets  of  variables  &,  77*.  When  these  conditions  are  satisfied  the  existing  bilinear 
forms  are  all  reducible  to  a  single  one  by  a  transformation  on  the  |?s  commutative 
with  St  and  a  (possibly  different)  transformation  on  the  rfs  commutative  with  8-r,- 

A.  Ranum22  discussed  linear  substitutions  of  finite  period  with  rational  or 
integral23  coefficients.  Of.  Minkowski27' 28  of  Ch.  XI. 

0.  Nicoletti24  and  L.  E.  Dickson25  each  proved  Frobenius'8  theorem  on  the  equiva- 
lence of  pairs  of  bilinear  forms  in  a  general  field  by  a  suitable  modification  of 
Weierstrass'  earlier  proof  for  the  case  of  the  field  of  all  complex  numbers. 

A.  Chatelet26  called  the  matrix  T  =(%%',)  a  principal  reduced  matrix  if  a>0, 
a//3>l,  -l<a'/7?'<0.  He  called  T  equivalent  to  T1  if  T=MT^  where  M  is  a 
matrix  whose  elements  are  integers  of  determinant  ±1. 

S.  Lattes27  noted  that  if  to  each  root  of  the  characteristic  equation 


of  a  substitution  8  there  corresponds  a  single  elementary  divisor,  8  has  the  rational 
canonical  form 

n 
•y    ~Y    -y        ~Y    "C    f . HI  . 

i=l 

For  a  general  8  there  are  several  such  sets  of  variables,  one  set  for  each  factor  of  the 
above  type  of  the  characteristic  determinant  of  S.    But  this  canonical  form  is  not 

is  Jour,  fur  Math,  111,  1893,  87-88. 

17  Jour.  fur.  Math.,  116,  1896,  331-349. 

is  Die  Arithmetik  der  Quad.  Formen,  Leipzig,  1898,  275-316. 

19Theorie  und  Anwendung  der  Elementartheiler,  Leipzig,  1899,  43-69;  Preface,  xiv,  xv. 

20  Vorlesungen  liber  Determinanten,  1,  1903,  64-84,  163-171,  373-390. 

21  Trans.  Amer.  Math.  Soc,  7,  1906,  283-5. 

22  Trans.  Amer.  Math.  Soc,  9,  1908,  183-202 ;  Jahresb.  d.  Deutschen  Math.-Veremigung,  17, 

1908,  234-6. 

23  Bull.  Amer.  Math.  Soc,  15,  1908-9,  4-6. 

24  Annali  di  Mat,  (3),  14,  1908,  265-325.    B.  Calo,  ibid.,  (2),  23,  1895,  159-179,  had  given  an 

algebraic  (but  not  rational)  proof  of  the  case  of  Weierstrass. 

25  Trans.  Amer.  Math.  Soc,  10,  1909,  347-351. 

MComptes  Rendus  Paris,  148,  1909,  1746-9;  150,  1910,  1502-5.    Legons  sur  la  Theone  des 

Nombres,  Paris.  1913,  Ch.  VI. 
27  Comptes  Rendus  Paris,  155,  1912,  1482^. 
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as  convenient  for  applications  as  the  classic  canonical  form,  involving  conjugate 
irrationalities,  which  was  extended  to  substitutions  in  an  arbitrary  field  by  L.  E. 
Dickson.28 

E.  Cahen29  treated  bilinear  forms  in  two  sets  each  of  n  variables  and  square 
matrices  with  integral  coefficients. 

C.  Cellitti30  expressed  a  binary  substitution  as  a  product  of  powers  of 


/10\ 

U  o/ 


W.  H.  Bussey31  discussed  the  linear  dependence  of  ra  sets  of  n  integers  modulo  p. 
0.  Veblen  and  P.  Franklin32  gave  an  exposition  of  the  theory  of  matrices  whose 
elements  are  integers. 

For  miscellaneous  theorems  on  minors  of  a  matrix  with  integral  coefficients,  see 
Encyclopedic  des  sc.  math.,  t.  I,  vol.  3,  pp.  87-89. 

For  reports  on  the  literature  of  systems  of  linear  forms,  equations,  and  congru- 
ences, and  on  matrices,  see  this  History,  Vol.  II,  pp.  82-98. 

28  Amer.  Jour.  Math.,  24,  1902,  101-8. 

29  Theorie  des  nombres,  1,  1914,  268-284,  329-367,  376-7,  387-8. 

30  Atti  R.  Accad.  Lincei,  Rendiconti,  (5),  23,  II,  1914,  208-212. 

31  Amer.  Math.  Monthly,  21,  1914,  7-11. 

32  Annals  of  Math.,  (2),  23,  1922,  1-15. 


CHAPTER  XVIII. 

REPRESENTATION  BY  POLYNOMIALS  MODULO  p. 

ANALYTIC  REPRESENTATION  OF  SUBSTITUTIONS,  POLYNOMIALS  REPRESENTING  ALL 

INTEGERS  MODULO  p. 

When  x  ranges  over  a  complete  set  of  residues  modulo  5,  x*  ranges  over  the  same 
residues  rearranged  and  hence  represents  the  substitution 


/O  1  2  3  4A 
VO  1  3  2  4/ 


which  replaces  each  number  in  the  first  row  by  the  number  below  it.  The  problem 
is  to  find  polynomials  (like  x3)  which  represent  all  integers  modulo  p.  The  most 
important  papers  are  those  by  Hermite4  and  Dickson.14 

E.  Betti1  proved  that  all  120  substitutions  on  5  letters  are  represented  by  ax  +  b 
and  (  ax+  b)  z  +  c  modulo  5. 

Betti2  noted  that  if  x  and  each  Bi  are  elements  of  the  Galois  field  of  order  pv  (see 
this  History,  Vol.  I,  pp.  233-252),  the  function 

V~ 


will  represent  a  substitution  on  the  p"  elements  of  the  GF[pr~\  if  and  only  if  *f/(x)  =  Jc0 
has  one  and  only  one  root  in  the  field  whatever  value  Jc0  has  in  the  field. 

E.  Mathieu3  noted  that  the  preceding  \f/(x)  represents  a  substitution  if  and  only 
if  SBiXt*  vanishes  only  when  x  =  Q.    The  function  if/(x)  is  the  case  rj  =  l  of 


t=0 

where  x  and  each  Bi  are  elements  of  the  GF[pr>1'']  . 

Ch.  Hermite4  noted  that,  if  p  is  a  prime,  the  substitution  which  replaces  0,1,  .  .  ., 
p—  1  by  a  rearrangement  a0.  a^  ...,  dp-i  of  them  is  represented  analytically  by 
Lagrange's  interpolation  formula 

0(x)  =  **      "'t-ffrt'       *(*)  =  'n1  (*-!)»*'-*  (mod  p), 

t=0    (X  —  l)<f>    (t)  t=0 

whence  <j>'(x)  =  —  1.    Thus  6(x)  is  a  polynomial  in  a;  of  degree  p  —  2  with  integral 
coefficients  if  p>2.    Any  such  polynomial  represents  a  substitution  modulo  p  if  and 


1  Annali  di  Sc.  Mat.  e  Fis.,  2,  1851,  17-19. 

2  Ibid.,  3,  1852,  72-74  (6,  1855,  5-34). 

s  Jour,  de  Math.,  (2),  6,  1861,  275  (282-7),  301. 

4  Comptes  Rendus  Paris,  57,  1863,  750;  Oeuvres,  II,  280-8.    Report  in  J.  A.  Serret's  Algebre 
Superieure,  ed.  5,  2,  1885,  383-390,  405-412. 
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only  if  the  tih  power  of  6(  z),  for  t  =  l,  .  .  .,  p  —  2,  reduces  to  a  polynomial  of  degree 
^p  —  2  on  applying  XP  =  X  (mod  p).  He  applied  this  theorem  to  find  all  poly- 
nomials which  represent  substitutions  on  p=7  letters. 

F.  Brioschi5  gave  properties  of  substitutions  represented  by 


A.  de  Polignac6  gave  a  long  proof  of  a  result  which  is  a  corollary  to  Hermite's 
expansion  of  the  interpolation  formula. 

F.  Brioschi7  proved  that,  if  p  is  a  prime,  xp~2  +  ax(p~'L^2  +  'bx  cannot  represent  a 
substitution  on  p  letters  unless  p=  7,  &  =  3a2  (mod  7). 

A.  Grandi8  proved  the  generalization  that 


cannot  represent  a  substitution  on  p  letters  if  p>4.(s—  1)  d+1,  where  d  is  the  g.c.d. 
of  p  —  1  and  (p  —  s—  1)/2.  If  p  lies  under  this  limit  and  exceeds  2(s—l)d  +  l,  then 
must  b  =  ^(p  —  1)  (s  —  l)a2  (mod  p).  Grandi9  gave  the  further  generalization  that 


cannot  represent  a  substitution  on  p  letters  if  the  g.c.d.  d  of  p  and  s  is  <  $p/(hs—  1) 
and  no  one  of  ai,  .  .  .  ,  ah,  &  is  divisible  by  p.    But  if 


-1),      b  =ziO  (mod  p}, 
a  necessary  condition  that  it  represent  a  substitution  is 

&=/x(2s— l)fli     (mod  p). 

G.  Raussnitz10  proved  that  f(x)  =  a0xP-2  +  a^^5  +  .  . .  +Op_2  represents  a  substitu- 
tion on  p  letters,  where  p  is  a  prime,  if  and  only  if 


do  .    .    .  dj)-3  dp. 

a3 . .  .  ap_2  —  fc     d0 


,-2  —  k     aQ         flj .  .  .  flu< 


=  0  (mod  p) 


forfc  =  0,l,  ...,0^,-1,0^,-hl,  ...,p-l.    For. /sO,./- 1  =  0,  . . ., /- (p-1)  *0 

(mod  p)  must  each  have  a  real  root,  and  not  the  root  0  except  for  /  —  &p_2  =  0.  Hence 
the  theorem  follows  from  his  result  quoted  in  this  History,  Vol.  I,  p.  226. 

*F.  Rinecker11  discussed  the  cases  p  =  5,  7,  11. 

L.  J.  Rogers12  proved  that  xr\f(x*}  j^P-15/*  represents  a  substitution  on  p  letters 
(p  a  prime)  if  r  is  less  than  and  prime  to  p—  1  and  f(x8)  is  a  polynomial  in  x*  with 

6G6ttinRen  Nachr.,  1869,  491;  Math.  Annalen,  2,  1870,  467-470;  Comptes  Rendus  Paris,  95, 

1882,665  (816,  1254). 
«  Bull.  Soc.  Math,  de  France,  9,  1881,  59-67.    Cf.  Dickson.1* 

7  Reale  Istituto  Lombardo  di  Sc.  Let.,  Rendiconti,  Milan,  (2),  12,  1879/483-5. 

8  Giornale  di  Mat.,  19,  1881,  238-244. 

&  Reale  Istituto  Lombardo  di  Sc.  Let.,  Rendiconti,  Milan,  (2),  16,  1883,  101-110. 

10  Math,  und  Naturw.  Berichte  aus  Ungarn,  1,  1882-3,  275-8. 

11Ueber  Substitutionsfunktionen  modulo  11  und  die  analytische  Darstellung  der  Permuta- 

tionen  von  5,  7.  11  Elementen,  Diss.  Erlangcn,  1886,  29  pp. 
12  Proc.  London  Math.  Soc.,  22,  1890,  37-52. 
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integral  coefficients  which  is  never  zero  modulo  p.  He  treated  at  length  (and  espe- 
cially the  interpretation  by  a  polygon  of  7  sides)  the  representation  of  substitutions 
on  7  letters,  showing  how  to  compute  the  inverse  of  such  a  substitution  (his  proof 
being  objectionable  since  he  used  x6  =  1  mod  7  and  then  took  x  =  Q). 

Rogers13  proved  that  if  a  congruence  has  all  its  roots  real  for  a  prime  modulus  p 
and  if  Sfe  =  0-{  fc=l,  .  .  .,  $(p  —  1)  K  where  Sk  is  the  sum  of  the  fcth  powers  of  its  roots, 
then  will  Sk  =  Q-{k  =  %(p  +  l),  ...,  p  —  2}-.  Hence  we  need  employ  only  the  first 
J(p  —  1)  conditions  of  Hermite  to  decide  whether  or  not  a  given  polynomial  repre- 
sents a  substitution. 

L.  E.  Dickson14  generalized  the  theorems  of  Hermite4  and  Rogers12  to  substitutions 
on  pn  letters  by  employing  Galois  imaginaries  of  the  6rF[j9n],  found  all  polynomials 
of  degree  <  7  suitable  to  represent  substitutions  on  pn  letters,  and  proved  that,  if  k 
is  an  odd  integer  prime  to  p*"  —  1, 


represents  a  substitution  on  the  pn  elements  of  the  GF[pn],  since  it  is  the  sum  of  the 
&th  powers  of  the  roots  of  x2  —  £x  —  a  =  Q.  Also  for  £(£*  —  v)p/d>  if  d  is  a  divisor  of 
p  =  pr  —  1  and  if  v  is  not  the  dth  power  of  an  element  of  the  GF[pn~\  .  It  is  shown  that 
MathieuV  function 


X(Z)= 


t=l 


with  coefficients  A*  in  the  GF[pmn~\,  represents  a  substitution  on  its  pmn  elements 
if  and  only  if 


A, 

A, 

....  Am 

Af 

At 

Af 

Af" 

Af" 

....  Afn 

A'm"(m-" 

A  wn  (  m-l  ) 
A{ 

....   A£~" 

this  being  the  resultant  of  x(%)  =0  and  Zt  =  l,  where  t  =  pnm  —  l.  The  group  of  all 
such  substitutions  is  proved  (p.  178)  to  be  identical  with  the  group  of  all  w-ary 
linear  homogeneous  substitutions  with  coefficients  in  the  GF[pn~\. 

POLYNOMIALS  REPRESENTING  ONLY  NUMBERS  OF  PRESCRIBED  NATURE. 
H.  W.  Lloyd  Tanner15  considered  a  polynomial  F(x)  with  integral  coefficients 
such  that  for  any  integer  x  not  divisible  by  the  odd  prime  p  the  value  of  F(x)  is 
1  or   —1.     We  may  set  F(x)  =f(x2)  +  xQ<j>(x2),  where  /  and  <f>  are  of  the  form 
a+bx2  +  cx*+  . . .  +fca?~3,  while  q  is  the  largest  odd  factor  of  p  —  \.    Then 

(fx2±x^(f>x2)2  =  l;        x^f(x2)cj>(x2)=Q  (modp). 
Thus  for  each  x  ^  0,  either  f(x2)  =0  or</>(z2)  =0. 

13  Messenger  Math.,  21,  1891-2,  44-47. 

14  Annals  of  Math.,  11, 1896-7,  65-120,  161-183.    Partial  summary  in  Dickson's  Linear  Groups, 

Leipzig,  1901,  54-71,  covering  also  Amer.  Jour.  Math.,  18,  1896,  210-8;  22,  1900,  49-54. 

15  Messenger  of  Math.,  21,  1891-2,  139-144. 
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The  function  F1(x)=3  +  2x+2x2+  .  .  .  +2tf>-2  is  congruent  to   -1  when  x=l 
and  to  +1  when  x  =  2,  .  .  .,  p  —  1.     Hence  the  product 


is  congruent  to  —  1  when  x=a,b,  .  .  .,k,  and  to  +  1  for  the  remaining  x's  ^  0.  The 
product  is  computed  by  a  device. 

L.  E.  Dickson16  proved  that  a  ternary  cubic  form  C  vanishes  for  no  set  of  values 
of  x,  y,  z  in  the  GF[pn~\,  p>2,  other  than  x=y  =  z  =  Q  if  and  only  if  its  Hessian  is  a 
constant  multiple  of  C,  and  if  the  binary  form  C(x,  y,  0)  is  irreducible  in  the  field. 
All  such  forms  C  are  equivalent  under  linear  transformation  in  the  field.  Another 
criterion  for  forms  C  is  found. 

Dickson17  proved  for  m  =  2  and  m  =  3  that  every  form  of  degree  m  in  ra  +  1  vari- 
ables with  coefficients  in  the  6r.F[pn],  p>m,  vanishes  for  values,  not  all  zero,  in  the 
field.  No  binary  cubic  form  represents  only  cubes  in  the  GF[pn~\,  pn  =  l  (mod  3). 
An  investigation  is  made  of  sextic  forms  in  two  or  more  variables  which  represent 
only  cubes. 

Dickson18  investigated  quartic  and  sextic  forms  in  two  or  more  variables  which 
represent  only  quadratic  residues.  For  example,  a  binary  quartic  modulo  ^>2  which 
represents  only  quadratic  residues  of  p  is  identically  congruent  to  the  square  of  a 
quadratic  form. 

Dickson19  treated  forms  F(x1)  .  ..,  xn)  of  degree  m  with  integral  coefficients 
which  are  congruent  to  zero  modulo  2  only  when  each  Xi  =  0  (mod  2)  .  After  replac- 
ing each  Xt  (a>l)  by  Xi,  F  becomes  Il(l  +  Xi)  —  l(mod  2.)  For  ra  =  4,  n  =  3,  F  can 
be  transformed  linearly  into 


[eg  kr]  =  x\  +  x\  +  x\  +  x\x,  +  ex\x\ 


or  ^x\Jr^x\xl-{-x-LX2Xz(xi-\-  o^  +  ^s),  which  is  unaltered  under  all  linear  transforma- 
tions. The  latter  and  [1100],  [1001],  [1111],  [1000],  [1101],  [0010]  give  all  the 
non-equivalent  types.  The  case  m  =  6,  n  =  3,  is  treated  partially. 

^  Bull.  Amer.  Math.  Soc,  14,  1908,  160-9. 
17  Ibid.,  15,  1909,  338-347. 
is  Trans.  Amer.  Math.  Soc.,  10,  1909,  109-122. 
is  Quar.  Jour.  Math.,  42,  1911,  162-171. 


CHAPTER  XIX. 

CONGRUENCIAL  THEORY  OF  FORMS. 
MODULAR  INVARIANTS  AND  COVARIANTS. 

Let  /i,  .  . .,  fi  be  any  system  of  forms  in  the  arbitrary  variables  xl}  ...,  xm  with 
undetermined  integral  coefficients  taken  modulo  pf  a  prime.  Let  c±,  c2,  ...  denote 
the  coefficients  arranged  in  any  order.  Under  the  transformation 

m 

T:     Xi  =   2  tux',  (mod  p)          (t=l,  ...,  m), 

with  integral  coefficients,  let  fi  become  /',  and  let  c[,  cj,  ...  denote  the  coefficients  of 
fi>  •  •  •  >  fi  corresponding  in  position  to  Ci,  c2,  . . . ,  respectively.  A  polynomial 
K(CI,  Cz,  .  . .  ;  xlf  . . .,  xm)  with  integral  coefficients  taken  modulo  p  is  called  a 
modular  covariant  of  the  forms  /i,  . . .,  fi  if,  for  every  transformation  T, 

K(c(,  c't,  .  . .  ;  x'ly  .  . .,  x'm)  =  {tij^-Kfa,  Cz,  .  . . ;  xl9  .  . .,  zm)    (modp) 

holds  identically  in  ci,  c2,  . . .,  #,  . . .,  <  after  xly  ...,xm  have  been  eliminated  by 
means  of  the  congruences  T,  and  c(,  cj,  ...  have  been  replaced  by  their  expressions 
in  terms  of  c±,  C2,  . . . ,  and  finally  the  exponent  of  each  d  has  been  reduced  to  a  value 
<p  by  means  of  Fermat's  theorem  cp==c  (mod  p).  The  exponent  ^  is  called  the 
index  of  K. 

As  an  immediate  generalization,  we  may  take  the  coefficients  d,  tij  and  the  coeffi- 
cients of  K  to  be  Galois  imaginaries  of  the  GF[pn]  (cf.  Vol.  I,  pp.  233-252).  For 
n—  1,  we  have  the  above  case. 

The  ordinary  algebraic  covariants  of  a  system  of  algebraic  forms  /»  become  modular 
covariants  when  the  coefficients  of  the  fi  are  interpreted  as  arbitrary  elements  of 
any  GF[pn~\.  But  we  obtain  in  this  way  only  a  relatively  small  proportion  of  the 
modular  covariants. 

The  fundamental  paper  is  that  by  Dickson4  who  based  a  complete  theory  on  the 
notion  of  classes ;  the  report  gives  a  simple  example. 

L.  E.  Dickson1  extended  to  modular  invariants  the  annihilators  of  algebraic 
invariants  and  computed  a  complete  set  of  linearly  independent  invariants  of  the 
binary  quadratic  form  in  the  GF[pn]  and  binary  cubic  form  in  the  ^^[5]  or 
6rF[3n].  The  binary  form  ^aixm~iyi  in  the  QF[pn~\  has  the  absolute  invariant 

5  (a?-* -I). 

t=0 

Dickson2  found  for  the  m-ary  quadratic  form  modulo  2,  with  m<6,  a  complete 
set  (m  in  number)  of  independent  invariants,  as  well  as  a  complete  set  of  linearly 

1  Trans.  Amer.  Math.  Soc.,  8,  1907,  205-232. 

2  Proc.  London  Math.  Soc.,  (2),  5.  1907,  301-324. 
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independent  invariants;  also  certain  invariants  when  m  =  6.  The  canonical  forms 
are  characterized  by  the  invariants. 

Dickson3  gave  an  invariantive  reduction  of  quadratic  forms 

1,  ...,m 

Qm=     2     djXiXj  +  liX^ 

i<) 

in  the  QF[2n~\.  Its  algebraic  discriminant  A  is  a  skewsymmetic  determinant  modulo 
2  and  hence  is  zero  if  m  is  odd.  In  that  case  we  define  the  semi-discriminant  of  Qm 
to  be  the  expression  derived  algebraically  by  dividing  by  2  each  of  the  (even)  coeffi- 
cients in  the  expansion  of  A.  According  as  m  is  even  or  odd,  the  vanishing  of  the 
discriminant  A  or  semi-discriminant  is  a  necessary  and  sufficient  condition  that  an 
ra-ary  quadratic  form  in  the  GF[2n~]  shall  be  transformable  linearly  into  a  form  of 
fewer  than  m  variables.  It  is  reducible  to  a  form  in  r  (but  not  fewer  than  r)  vari- 
ables if  and  only  if  every  /*(m),  .  .  .,  /t(r+1)  vanishes,  but  not  every  /A(r),  where  fi(a) 
ranges  over  the  minors  or  semi-minors  of  order  s  of  A,  according  as  s  is  even  or  odd. 

For  n  fi  4  all  invariants  of  Q3  are  expressible  in  terms  of  three. 

Dickson4  gave  a  simple,  complete  theory  of  modular  invariants  from  a  new  stand- 
point. In  his  former  papers  the  test  for  the  invariance  of  a  polynomial  P  was  the 
direct  verification  that  it  remained  unaltered  (up  to  a  power  of  the  determinant  of 
transformation)  under  the  total  linear  group  G  in  the  field.  Now  the  transformation 
concept  is  employed  only  to  furnish  a  complete  set  of  non-equivalent  classes  (70,  .  .  .  , 
Ck-i  of  systems  of  s  forms  under  the  group  G.  Then  P  is  an  absolute  invariant  if  it 
takes  the  same  value  for  all  systems  of  s  forms  in  a  class. 

For  example,  consider  a  single  form  f=ax2  +  2bxy  +  cy2  whose  coefficients  are 
undetermined  integers  taken  modulo  p,  a  prime  >2.  The  particular  forms  /  which 
are  congruent  to  squares  of  linear  functions  constitute  a  class  Ci,  ±  with  the  repre- 
sentative form'z2.  Again,  there  is  a  class  Ci,  2  represented  by  vxz,  where  v  is  a  fixed 
quadratic  non-residue  of  p.  Also,  for  D  =  ~L,  2,  ...,/?—!,  there  are  classes  (72,  D  rep- 
resented by  x2-\-Dy2.  Finally,  there  is  the  class  C0  of  forms  all  of  whose  coefficients 
are  divisible  by  p.  A  single-valued  function  of  the  coefficients  of  /  is  called  a  modular 
invariant  of  /  if  and  only  if  the  function  has  the  same  value  modulo  p  for  all  forms 
in  the  class  Cf1,  lf  the  same  (usually  new)  value  for  all  forms  in  the  class  Clf  2,  and 
similarly  for  each  class  Cz,  D  and  (70-  One  such  function  is  the  determinant  D=b2-ac 
of  /.  Another  modular  invariant  is 


which  has  the  value  1  for  any  form  of  class  C0  and  the  value  0  for  all  remaining 
forms  /.    Finally,  the  function 


is  an  invariant  of  /.  For,  if  D  ^  0,  A  =  0.  If  Z>  =  <z=c  =  0,  f  is  in  class  C0  and  A  =  0. 
If  D  =  Q,  a^£  0,  then  f  =  a(x  +  yb/a)2  is  in  the  class  Ci,  i  or  <?i,  2,  according  as  a  is  a 
quadratic  residue  or  non-residue  of  p,  and  A  =  +  1  or  —  1,  respectively.  If  D  =  a  =  0, 
c  ^  0,  then  f  =  cy2,  A  =  ct(p-l).  Hence  A  has  the  same  value  for  all  the  forms  in  each 

3  Amer.  Jour.  Math.,  30,  1908,  26S-281.    Cf.  Dickson.* 

*  Trans.  Amer.  Math.,  Soc.,  10,  1909,  123-158.    Cf.  Dickson,"  4-15. 
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class.  Further,  the  values  of  D,  I0,  A  fully  differentiate  the  various  classes.  Hence 
they  form  a  fundamental  system  of  modular  invariants  of  /.  A  complete  system  of 
linearly  independent  invariants  of  /  is  furnished  by  I0,  A,  D'  (j  =  Q,  1,  .  • .,  p  —  1). 

In  general,  the  number  of  linearly  independent  modular  invariants  of  any  system 
of  forms  is  the  number  of  classes.  There  are  developed  complete  theories  of  reduc- 
tion and  invariants  of  an  m-ary  quadratic  form  and  binary  cubic  form  is  the  GF[pn~\, 
p>2  or  p  =  2. 

Dickson5  considered  combinants  of  a  system  of  s  forms  fi,  viz.,  invariants  which 
remain  unaltered,  apart  from  the  factor  8V,  when  the  fi  are  replaced  by  linear  homo- 
geneous functions  of  themselves  of  determinant  8  =^=  0.  The  theory  of  classes4  is 
applicable  here  and  leads  to  a  general  theory  of  combinants.  There  is  found  a  funda- 
mental system  of  combinants  of  two  binary  or  two  ternary  quadratic  forms  in  the 
GF[pn],p>2. 

Dickson6  found,  by  the  theory  of  classes,  a  complete  set  of  linearly  independent 
invariants  of  q  linear  forms  on  m  variables  in  the  GF[pn'\.  When  q>m,  every 
invariant  is  a  polynomial  in  the  invariants  of  systems  of  m  forms  in  m  variables. 

Dickson7  considered  the  classes  d  of  systems  of  forms  under  any  linear  group  in 
any  field  (finite  or  infinite).  Let  the  invariants  /i,  72,  ...  completely  characterize 
the  classes,  i.  e.,  let  each  Ik  have  the  same  value  for  two  classes  only  when  the  latter 
are  identical.  Then  any  (single-valued)  invariant  is  a  single-valued  function  of  I1} 
I2,  ....  But  it  does  not  always  follow,  as  stated,  that  a  polynomial  invariant  is  a 
polynomial  in  71?  I2, 

For  the  GF[pn~\,  the  characteristic  invariants  h  are  exhibited  explicitly.  There 
is  found  a  complete  set  of  linearly  independent  invariants  of  a  binary  quadratic  and 
linear  form  and  of  two  binary  quadratic  forms  in  the  GF[pn~\,  both  for  p=2  and 
p>2. 

Dickson8  had  already  treated  the  last  problem  without  the  theory  of  classes  and  by 
a  very  long  computation  found  the  invariants  of  two  binary  quadratic  forms  in  the 
6rF[2n],  n  =  l,  2,  3.  It  was  the  meditation  on  those  results  that  led  him  to  conceive 
the  idea  of  a  theory  based  on  classes,  which  so  greatly  simplified  the  whole  subject. 

Dickson9  laid  the  foundation  of  the  theory  of  modular  covariants  by  finding  the 
universal  modular  covariants  of  all  systems  of  binary  forms.  In  fact,  he  proved  that 
every  polynomial  in  x,  y  with  coefficients  in  the  GF[pn~\  which  is  (relatively)  in- 
variant under  all  binary  linear  transformations  in  that  field  is  a  polynomial,  with 
coefficients  in  the  field,  in  the  two  invariants 


L= 


+L. 


x     y 
L  and  Q  are  congruent  to  the  products  of  all  non-proportional  linear  and  irreducible 

5  Quar.  Jour.  Math.,  40,  1909,  349-366. 

6Proc.  London  Math.  Soc.,  (2),  7,  1909,  430-444. 

•  Amer.  Jour.  Math.,  31,  1909,  337-354. 

8  Ibid.,  103-146. 

9  Trans.  Amer.  Math.  Soc.,  12,  1911,  1-18.    Simplified  by  Dickson,15  pp.  33-38,  61-64.    Still 

simpler  is  the  proof  that  certain  coefficients  of  an  invariant  are  zero,  Quar.  Jour.  Math., 
42,  1911,  158-161. 
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quadratic  forms  in  the  field,  respectively.    There  is  a  remarkable  application  to  the 
classification  of  all  irreducible  binary  forms. 

Dickson10  extended  the  results  last  cited  to  ra  variables.  By  induction  on  m  it  is 
proved  that  a  fundamental  system  of  polynomial  invariants  of  the  group  Gm  of  all 
linear  homogeneous  substitutions  on  x\,  . . .,  xm  with  coefficients  in  the  GF[k],  where 
k  =  pn,  are  furnished  by 


if  m-l 
*  *  *    Xm 


r 
Xm 


----   x 


*+1 


a?! 


(*=!,...,  m-l), 


Here  Lm  is  the  product  of  all  non-proportional  linear  forms  in  the  field.  There  is 
found  a  complete  solution  of  the  form  problem  for  the  group  Gm,  viz.?  the  determina- 
tion of  the  sets  of  values  of  x\,  . . . ,  xm  for  which  the  fundamental  absolute  invariants 
•k^T1?  Q™,  i,  •  •  • ,  Qm,  w-i  take  assigned  values  in  the  infinite  field  composed  of  all  roots 
of  all  congruences  modulo  p.  For  a  simple  account  of  this  theory  when  m  =  2,  see 
Dickson/5  pp.  58-61.  Finally  there  are  found  simple  expressions  for  the  product 
of  all  distinct  ternary  cubic  forms  equivalent  to  irreducible  binary  forms,  the  product 
of  all  non-vanishing  ternary  cubic  forms,  the  product  of  all  distinct  ternary  quad- 
ratic forms  of  non-vanishing  discriminant,  etc.  E.  Le  Vavasseur11  had  obtained  the 
product  D  =  Q  of  all  congruences  of  the  first  and  second  degrees  in  x,  y  modulo  p  by 
replacing  xlf  . . .,  x6  in  L&  (with  n=l)  by  x2.  xy,  y2,  x,  y,  1.  Let  L3  (with  n=l) 
become  B  when  x1}  x2,  x3  are  replaced  by  x,  y,  1,  so  that  B  =  Q  is  the  product  of  the 
linear  congruences.  Dividing  D  by  B&***2  to  remove  the  factorable  quadratic  con- 
gruences, we  see  that  the  quotient  is  the  product  of  all  irreducible  quadratic 
congruences. 

Dickson12  obtained  a  fundamental  system  of  invariants  of  each  type  of  subgroup 
of  the  group  of  all  binary  substitutions  of  determinant  unity  in  the  GF[pn],  p>2. 

Dickson13  proved  that  the  set  of  all  modular  covariants  of  any  system  of  forms  in 
m  variables  is  finite t  in  the  sense  that  they  are  all  polynomials,  with  coefficients  in  the 
initial  finite  field,  of  a  finite  number  of  covariants  of  the  set.  There  is  found  a  fun- 
damental system  of  covariants  of  the  binary  quadratic  form  modulo  3. 

Dickson14  found  for  the  binary  quartic  form  modulo  2  a  complete  system  of  20 
linearly  independent  semi-invariants,  one  of  10  invariants,  and  one  of  10  linear 
covariants. 

Dickson15  gave  an  exposition  of  known  results,  found  (pp.  21-32)  a  fundamental 
system  of  semi-invariants  of  a  binary  modular  form  of  order  n,  and  deduced  from 

10  Trans.  Amer.  Math.  Soc.,  12,  1911,  75-98. 

J1  Mem.  Acad.  Sc.  Toulouse,  (10),  3,  1903,  43-44. 

12  Amer.  Jour.  Math.,  33,  1911,  175-192;  Bull.  Amer.  Math.,  Soc.,  20,  1913,  132-4. 

13  Trans.  Amer.  Math.  Soc.,  14,  1913,  299-310. 

14  Annals  of  Math.,  (2),  15,  1913-4,  114-7. 

15  On  Invariants  and  the  Theory  of  Numbers,  Tho  Madison  Colloquium   of  1913,  Amer. 

Math.  Soc.,  1914,  110  pp.  Report  in  Bull.  Amer.  Math.  Soc.,  20,  1913-4,  116-9;  21, 
1914-5,  464-470. 
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them  a  fundamental  system  of  invariants  of  the  quadratic  modulo  p  and  cubic  modulo 
3.  He  discussed  (pp.  65-73)  the  modular  geometry16  and  covariantive  theory  of  the 
general  quadratic  form  in  ra  variables  modulo  2,  found  (pp.  73-98)  a  fundamental 
system  of  covariants  of  the  ternary  quadratic  form  modulo  2,  and  (pp.  99-110)  gave 
a  theory  of  plane  cubic  curves  with  a  real  inflexion  point  valid  in  ordinary  and  in 
modular  geometry,  treating  especially  the  number  of  real  inflexion  points. 

Dickson17  determined  a  fundamental  set  of  invariants  of  the  system  of  a  binary 
cubic  /  and  quadratic  g,  and  of  the  system  /,  g  and  a  linear  form  modulo  2  and  also 
modulo  3. 

W.  C.  Krathwohl18  proved  that  a  fundamental  system  of  invariants  modulo  p 
under  linear  transformation  acting  cogrediently  on  xi,  y\  and  x2,  yz  is  furnished  by 


-*•£«,  M= 


F.  B.  Wiley19  proved  the  finiteness  of  the  modular  covariants  of  any  system  of 
binary  forms  and  cogredient  points,  thus  generalizing  theorems  of  Dickson  and 
Krathwohl. 

Dickson20  gave  a  new  method  of  deriving  all  modular  invariants  from  the  semi- 
invariants  which  is  more  direct  and  simpler  than  his15  former  method. 

Dickson21  obtained  a  fundamental  system  of  semi-invariants  of  the  ternary  and 
quarternary  quadratic  form  modulo  2  by  a  method  simpler  than  his15  former  one  for 
the  ternary  case ;  also  the  linear  and  quadratic  covariants  of  the  quaternary  form. 

Dickson22  proved  that  the  inflexion  and  singular  points  of  a  plane  cubic  curve 
u  =  Q  (mod  2)  are  given  by  its  intersections  with  Hz=Q,  where  PI  is  cubic  form  which 
plays  a  role  analogous  to  the  Hessian  in  the  theory  of  algebraic  curves.  Two  u's  are 
equivalent  under  the  group  G  of  linear  transformations  with  integral  coefficients 
modulo  2  if  and  only  if  they  have  the  same  number  of  real  points  (i.  e.,  with  integral 
coordinates),  real  inflexion  points,  and  real  or  imaginary  singular  points.  The  22 
canonical  types  under  G  are  characterized  by  modular  invariants.  There  are  only 
10  types  under  imaginary  transformations. 

Dickson23  classified  quartic  curves  modulo  2  by  means  of  their  real  or  imaginary 
bitangents  and  distinguished  the  numerous  types  invariantively.  The  process  yields 
a  fundamental  set  of  modular  invariants. 

Dickson24  noted  that  with  a  conic  modulo  2  is  associated  covariantly  its  apex  and 
covariant  line.  Two  pairs  of  conies  are  projectively  equivalent  modulo  2  if  and  only 

16  To  the  references  (p.  98)  on  modular  geometry,  add  G.  Tarry,  Assoc.  franc,,  av.  sc.,  33, 

1910,  22-47,  on  the  existence  of  primitive  angles  (cf.  Arnoux's  book). 

17  Quar.  Jour.  Math.,  45,  1914,  373-384. 

18  Amer.  Jour.  Math.,  36,  1914,  449-460. 

19  Trans.  Amer.  Math.  Soc.,  15,  1914,  431-8. 

20  Ibid.,  502-3. 

"Bull.  Amer.  Math.  Soc.,  21.  1914-5,  174-9. 

22  Amer.  Jour.  Math.,  37,  1915,  107-116.    Report  in  Proc.  Nat.  Acad.  Sc.,  1,  1915,  1-4. 

23  Amer.  Jour.  Math.,  37,  1915,  337-354. 

**Ibid.,  355-8.    Abstract  in  Bull.  Amer.  Math.  Soc.,  19,  1912-13,  456-7. 
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if  they  have  the  same  properties  as  regards  existence  of  apices  and  covariant  lines, 
distinctness  of  apices  and  lines,  and  incidence  of  apices  and  lines.  A  fundamental 
system  of  invariants  of  two  conies  modulo  2  is  obtained,  as  well  as  certain  formal 
invariants. 

J.  E.  McAtee25  gave  a  complete  invariantive  classification  of  rt-ary  quadratic 
forms  modulo  P\  where  P  is  an  odd  prime,  and  found  modular  invariants  which 
completely  characterize  the  classes.  The  invariants  determine  the  values  of  a,  ft, 
.  .  .  ,  p,  q,  ...  in  Jordan's28  canonical  form.  He  found  numerous  modular  invariants 
of  a  binary  quadratic  form  modulo  Px,  P  any  prime  ^  2,  and  a  fundamental  system 
modulo  22. 

0.  C.  Hazlett26  extended  Hermite's  results  on  covariants  associated  with  a  binary 
form  /  (Jour,  fur  Math.,  52,  1856,  21-23)  to  modular  covariants.  If  the  order  of  / 
is  not  divisible  by  p,  the  product  of  any  modular  covariant  of  /  in  the  GF[pn~\  by  a 
power  of  /  is  expressible  as  the  sum  of  a  polynomial  in  Q  and  the  covariants  asso- 
ciated with  /  together  with  the  product  of  L  by  a  modular  covariant.  Hence  if  the 
variables  x,  y  are  restricted  to  values  in  the  field,  the  product  of  a  power  of  /  by  any 
modular  covariant  of  /  is  congruent  to  an  ordinary  algebraic  covariant  of  /. 

Hazlett27  gave  a  new  proof  of  DicksonV3  theorem  on  the  finiteness  of  modular 
covariants  and  of  Wiley's19  theorem. 

KEDUCTION  OF  MODULAR  FORMS  TO  CANONICAL  TYPES. 

Many  of  the  preceding  papers  derived  the  canonical  types  as  a  basis  of  the  con- 
struction of  the  modular  invariants.  The  following  papers  give  no  invariants,  but 
stop  with  the  determination  of  the  canonical  types. 

C.  Jordan28  proved  that,  if  P  is  an  odd  prime,  every  quadratic  form  with  integral 
coefficients  can  be  transformed  linearly  modulo  P  into  6xl  +  xl+  .  .  .+x$,  where  6  is 
1  or  a  particular  quadratic  non-residue  of  P.  It  can  be  transformed  linearly 
modulo  Px  into 


For  modulus  2X,  we  obtain  2a2a  +  2^j8  -f-  .  .  .,  where  each  2P  is  of  one  of  the  four 
types 

Sp,        Sp+az2, 


where  Sp=xiy1+  .  .  .  +xpyp-,  a—  I,  3,  5,  or  7;  A  and  AI  odd,  A  ±i  Ai} 
At<8.  Further  restrictions  on  a,  A,  A-^  are  found  when  the  form  contains  two  or 
more  2P  of  the  same  type.  There  is  no  mention  of  the  question  as  to  whether  or  not 
no  two  of  the  resulting  canonical  forms  are  equivalent. 

L.  E.  Dickson29  found  independently  of  Jordan  that  his  first  result  holds  true  also 
for  the  Galois  field  of  order  pn,  p>2  (defined  in  this  History,  Vol.  I,  pp.  233-252). 

26  Amer.  Jour.  Math.,  41,  1919,  22,5-242. 

26  Amer.  Jour.  Math.,  43,  1921,  189-198. 

27  Trans.  Amer.  Math.  Soc.,  22,  1921,  144-157. 

28  Jour,  de  Math,  (2),  17,  1872,  368-402;  (7),  2,  1916,  253-80  (for  modulus  p,  p>2).    Cf. 

McAtee.25 

29  Amer.  Jour.  Math,  21,  1899,  194,  222-5.     Linear  Groups,  Leipzig,  1901,  157-8,  197-200 

(126,  218,  for  automorphs  of  higher  forms).    Also,  Dickson.15 
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Any  fc-ary  quadratic  form  /  in  the  Galois  field  of  order  2n,  such  that  /  cannot  be 
expressed  as  a  quadratic  form  in  fewer  than  k  variables,  can  be  transformed  linearly 
into 

&  +  S  ttrn,         Ag  +  A^+  3  fat, 

7  =  1  1  =  1 

according  as  k  is  odd  or  even,  where  A  is  0  or  a  particular  element  such  that 
A£?+£ir7i  +  A?7i2  is  irreducible  in  the  field.  The  groups  leaving  these  forms  invariant 
were  investigated  at  length. 

C.  Jordan30  investigated  the  quadratic  forms  /  invariant  modulo  p  under  a  given 
linear  substitution  S,  where  p  is  a  prime.  By  use  of  the  canonical  form  of  8,  there 
are  obtained  necessary  and  sufficient  conditions  for  the  existence  of  forms  /  of 
determinant  prime  to  p.  When  these  conditions  are  satisfied,  the  general  /  is  found 
and  reduced  to  canonical  types  by  linear  transformation  of  the  variables  not 
altering  8. 

J.  A.  de  Seguier31  made  the  analogous  investigation  for  bilinear  forms. 

Dickson32  obtained  the  canonical  forms  and  linear  automorphs  of  all  ternary 
cubic  forms  in  the  Galois  field  of  order  3n. 

Dickson33  found  all  the  canonical  types  of  families  Xq^  +  nqz  of  ternary  quadratic 
forms  for  any  finite  field,  and  for  the  fields  of  all  real  or  all  complex  numbers. 

A.  H.  Wilson34  obtained  all  canonical  types  of  nets  of  modular  conies 


in  the  GF[pn~\  under  linear  transformation  on  ti,  t2,  t3  and  also  on  x,  y,  z. 

Dickson35  found  the  canonical  types  of  all  cubic  forms  in  four  variables  with 
integral  coefficients  under  linear  transformation  modulo  2.  For  each  type  without 
a  singular  point,  all  the  real  straight  lines  on  the  cubic  surface  are  given.  He36  later 
examined  in  detail  the  configuration  of  real  and  imaginary  lines  on  typical  cubic 
surfaces  modulo  2. 

Dickson37  proved  that  a  quartic  curve  modulo  2  has  at  most  7  bitangents  except 
a  special  type  which  has  an  infinitude.  There  are  found  all  non-equivalent  quartic 
curves  with  0,  5,  6  or  7  real  points.  He38  elsewhere  gave  another  classification. 

FORMAL  MODULAR  INVARIANTS  AND  COVARIANTS. 

The  definition  of  a  formal  modular  invariant  differs  from  that  on  page  293  in 
two  respects.  First,  the  coefficients  Ci,  c2,  ...  of  the  ground  forms  are  now  arbitrary 

30  Jour,  de  Math.,  (6),  1,  1905,  217-284.    Abstract  in  Comptes  Rendus  Paris,  138,  1904,  537- 

541,  725-8. 

31  Jour,  de  Math.,  (6),  5,  1909,  1-63  (44,  52).    Abstract  in  Comptes  Rendus  Paris,  146,  1908, 

1247-8. 

32  Amer.  Jour.  Math.,  30,  1908,  117-128. 

33  Quar.  Jour.  Math.,  39,  1908,  316-333. 
s^  Amer.  Jour.  Math.,  36,  1914,  187-210. 

35  Annals  of  Math.,  (2),  16,  1914-5,  139-157. 

36  Proc.  Nat.  Acad.  Sc.,  1,  1915,  24&-25S. 

37  Trans.  Amer.  Math.  Soc.,  16,  1915,  111-120. 

38  Messenger  Math.,  44,  1914-5,  189-192. 
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variables  and  not  undetermined  integers  taken  modulo  p.  Second,  the  final  con- 
gruence is  to  hold  identically  in  Ci,  c2,  . . .,  x[,  .  . .,  x'm,  without  reducing  exponents 
of  the  Ci  by  Fermat's  theorem. 

A.  Hurwitz39  gave  the  first  example  of  a  formal  modular  invariant  of  a  binary 
form  /,  with  its  interpretation  as  to  the  number  of  solutions  of  /  =  0  (mod  p).  For 
a  report,  also  of  the  generalizations  by  H.  Kiihne  and  Dickson,  see  this  History, 
Vol.  I,  pp.  231-3.  Hurwitz  raised  the  question  of  the  finiteness  of  a  fundamental 
system  of  formal  invariants  of  a  given  group  L  of  linear  substitutions  with  integral 
coefficients  taken  modulo  p,  and  answered  it  affirmatively  for  the  special  case  in  which 
the  order  of  L  is  prime  to  p.  He  regarded  the  general  case  as  offering  an  essential 
difficulty,  not  removable  by  known  methods. 

M.  Sanderson40  proved  the  existence  of  a  formal  modular  invariant  /  of  any 
system  of  forms  under  any  modular  group  G  such  that  I  =  i  (mod  p)  for  all  integral 
values  of  the  coefficients  of  the  forms,  where  i  is  any  given  modular  invariant  of  the 
forms  under  G.  This  theorem  enables  us,  as  in  the  algebraic  theory,  to  construct 
covariants  of  binary  forms  from  invariants  of  this  system  and  an  additional  linear 
form  whose  coefficients  are  y  and  —x,  provided  the  invariants  have  been  made 
formally  invariant  as  regards  x,  y.  Certain  modular  covariants  of  a  binary  quad- 
ratic form  are  expressed  in  symbolic  notation. 

L.  E.  Dickson15  (pp.  40-58)  was  the  first  to  construct  complete  systems  of  formal 
invariants  and  semi-invariants.  This  was  done  for  the  binary  quadratic  form  for 
p  =  2  and  for  any  p>2.  For  a  binary  cubic,  all  formal  semi-invariants  are  found 
when  p=%  and  p  =  5,  while  certain  formal  invariants  are  found  for  any  p^3. 
Illustrations  of  Miss  Sanderson's  theorem  are  given  (pp.  54—55). 

Dickson41  gave  a  simple,  effective  method  of  finding  formal  modular  invariants. 
For  example,  the  only  points  with  integral  coordinates  modulo  2  are  (1,  0),  (0,  1) 
and  (1,  1).  The  values  of  Q  =  ax2  +  bxy  +  cy2  at  these  points  are  a,  c,  s=a+b  +  c. 
Their  elementary  symmetric  functions  furnish  a  fundamental  set  of  formal  in- 
variants of  Q  modulo  2.  Similarly,  the  values  of  l  =  r)X+£y  at  the  same  points  are 
TJ,  |,  ??  +  £,  which  undergo  the  same  permutations  as  the  points  when  I  is  transformed 
linearly.  Hence  any  symmetric  function  of  <f>(a,  17),  <f>(c,  £),  (j>(s,  y  +  g)  is  a  formal 
invariant  of  Q  and  I  modulo  2,  where  <f>  is  any  polynomial.  For  moduli  >2,  we  first 
raise  to  suitable  powers  the  values  of  the  ground  forms  at  the  points  with  integral 
coordinates.  The  method  applies  also  to  semi-invariants.  It  leads  simply  to  criteria 
for  the  equivalence  of  forms. 

0.  E.  Glenn42  gave  simple  differential  operators  which  convert  one  formal  modular 
covariant  into  another.  He  also  employed  modular  transvectants. 

Glenn43  employed  an  annihilates  of  formal  modular  invariants  as  had  Dickson 
for  modular  invariants.  He  noted  that  Dickson's  universal  covariant  Q  is  a  co- 
variant of  L ;  take  the  Jacobian  Ji  of  the  Hessian  of  L  with  L,  the  Jacobian  J2  of 
Jl  with  Lf  .  . .  ;  after  p  —  2  such  operations  we  obtain  Q.  He  expressed  at  trans- 

»•  Archiv  Math.  Phys.,  (3),  5,  1903,  17-27. 

40  Trans.  Amer.  Math.  Soc.,  14,  1913,  489-500. 

41  Trans.  Amer.  Math.  Soc.,  15,  1914,  497-503. 

42  Bull.  Amer.  Math.  Soc.,  21,  1914-5,  167-173. 
«  Amer.  Jour.  Math,  37,  1915,  73-78. 
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vectants  many  formal  covariants  of  the  binary  cubic  modulo  2  and  the  binary  quad- 
ratic modulo  3. 

Glenn44  considered  the  construction  of  covariants  with  given  formal  semi-invariant 
leaders.  He  reduced  the  question  of  the  finiteness  of  the  formal  covariants  of  a 
binary  form  fm  of  degree  ra  modulo  2  to  the  question  for  systems  of  forms  /1?  /2,  /3- 
The  product  of  any  formal  covariant  of  order  >3  of  /3  modulo  2  by  a  power  of 
K  —  a^  +  dz  is  expressible  in  terms  of  certain  14  covariants. 

Glenn45  conjectured  that  p2  —  1  is  the  maximum  order  of  an  irreducible  covariant 
of  any  system  of  binary  forms  modulo  p. 

Glenn46  discussed  the  determination  of  formal  modular  covariants  <j>i}  <j>2  of  the 
binary  form  fm  of  order  m  modulo  p  for  which 

fm  =  (?</>i  +  L<j>2  (mod  p), 

identically  in  the  coefficients  and  variables  of  /,„. 

Glenn47  obtained  a  fundamental  system  of  20  formal  covariants  of  the  binary 
cubic  modulo  2  and  one  of  18  for  the  binary  quadratic  form  modulo  3,  making  use 
of  DicksonV5  fundamental  system  of  formal  semi-invariants. 

0.  C.  Hazlett48  proved  the  conjecture  of  Miss  Sanderson40  that  if  8  be  any  system 
of  binary  forms  in  £,  77  and  if  8'  be  the  system  consisting  of  S  and  xrj  —  yg,  every 
modular  covariant  of  S  is  polynomial  in  L  and  a  specified  set  of  modular  invariants 
of  S'.  The  theorem  is  extended  to  binary  forms  in  any  number  of  pairs  of  cogredient 
variables. 

Glenn49  gave  processes  to  construct  formal  modular  semi-invariants  and  covariants 
of  binary  forms  fm  of  order  m,  found  a  complete  system  of  6  semi-invariants  and 
19  covariants  of  the  pair  fl9  /2  modulo  2,  a  complete  system  of  9  semi-invariants 
(and  many  covariants)  of  /4  modulo  3,  and  a  complete  system  of  19  covariants.  of 
/4  modulo  2. 

Hazlett  gave  a  theorem  on  formal  covariants  analogous  to  that  quoted26  for  modular 
covariants. 

W.  L.  G.  Williams50  gave  general  theorems  on  the  formal  semi-invariants  of  the 
binary  cubic  modulo  p  and  obtained  a  fundamental  system  for  p  =  5  and  p  =  7. 

The  following  Chicago  dissertations  are  in  course  of  publication :  B.  F.  Yanney, 
modular  invariants  of  a  binary  quartic ;  J.  S.  Turner,  invariants  of  the  binary  group 
modulo  p2 ;  M.  M.  Felstein,  invariants  of  the  n-ary  group  modulo  p* ;  Constance  R. 
Ballantine,  invariants  of  the  binary  group  with  a  composite  modulus. 

44  Trans.  Amer.  Math.  Soc.,  17,  1916,  545-556. 

45  Ibid.,  18,  1917,  460-2. 

4fi  Annals  of  Math.,  (2),  19,  1917-8.  201-6. 

47  Trans.  Amer.  Math.  Soc.,  19,  1918,  109-118;  20,  1919,  154-168.    Lists  reproduced  in  Proc. 

Nat.  Acad.  Sc.,  5,  1919,  107-110. 

48  Trans.  Amer.  Math.  Soc.,  21,  1920,  247-254;  22,  1921,  148-157  for  related  results. 

49  Ibid. ,21,  1920,  285-312. 

50  Trans.  Amer.  Math.  Soc.,  22,  1921,  56-79. 
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Abelian  function,  140-2,  166,  245 

Algebraic    numbers    (see    binary,    ternary), 

2,  20,  29,  33,  38,  47,  70,  73,  86-87,  90, 

125,   159,   186,   192,    197,   200,   205,  258, 

276-8,  281 

Asymptotic  (see  binary,  class  number) 
Automorphs   (see  binary,  quadratic  forms, 

quaternary,  ternary) 

Bernoullian  numbers,  55,  102,  124,  182 
Bilinear  forms,  129,  130,  240,  284-8,  299 
Binary   quadratic    forms    (see   class  num- 
ber), 1-205,  254 

algebraic  coefficients,  201-2,  204 
ambiguous,  13,  25,  28,  34,  48,  53,  64,  67,  77, 

83,  85,  89,  90,  94,  120,  135,  145,  199 
associated,  16 

asymptotic  (see  mean,  median),  45,  49,  96, 
99,   115,  120,  123,   129,  134,  143-4,  146, 
151,  153,  166,  184-5,  188,  192 
automorphs,  15,  23,  25,  41,  44,  93,  96,  124, 

198,  201 

character,  81-88,  90,  199,  201 

class  (see  representatives),  14,  16,  26,  30- 

33,  37,  40,  41,  49,  50,  53,  58,  63,  64,  69,  70, 

73,  77.  79-81,  83,  85-90,  92-197,  200-5, 

224,  246 

class  equations,  86,  148 
class  invariant,  Dedekind's  valence  of  w, 

125-6 

,  Kronecker's  A,  139,  148 

,  Kronecker's  /,  126-8,  130,  140 

.  Weber's,  86,  106,  148 

complex  coefficients,  198-205 
composition,  60-79,  82,  95,  122,  127,  155, 

199,  204 

compounded,  61,  69 
concordant,  66,  69 
conjugate,  19,  94 

contains,  12,  13,  17,  25,  26,  46 
continual  reduction,  22,  49 
correspond  to  ideals,  70,  73,  87,  125,  159, 
192,  197 

decomposition.  27 

definite,  17,  202 

derived,  80 

determinant  (see  irregular),  2,  93 

discriminant.  2,  93 

divisor  Csoo  linear,  order,  quadratic),  4-6, 

8,  10.  21,  25,  48,  49,  51,  58,  69,  105,  201 
duplication,  64,  67,  69,  82,  83,  85-88,  199 

equivalence,  6,  7,  12,  16,  22,  29,  31,  33,  36, 
39,  40,  44,  47,  49,  50,  52,  69,  125-6,  130-1, 
200-1 

—  complete,  37,  126,  129-130 


Binary  quadratic  forms — Cont. 

equivalence  of  reduced,  7,  9,  10,  14   16  24 

35,  40-42,  53 
— ,  proper,  improper,  2,  5,  8,  13,  16,  17,  41, 

198 

— ,  relative,  181 
even,  semi-even,  199 

fundamental,  93 

—  region,  21,  32,  34,  35,  40,  41,  43-45,  51, 
52,  125,  126,  128,  130-1,  140-2,  157,  197, 
200 

genera,  80,  82-91,  94,  95,  104,  109,  155,  158, 

199,  201 
geometrical,  17,  21,  28,  30-35,  40-45,  47,  52, 

73,  96-99,  115,  125-6,  146,  159,  167-8,  175, 

184-5,  199-202 

intermediate,  23,  32 

invariant  (see  class),  35,  42,  46,  80 

—  equation,  149 
irregular  determinants,  89-91 

Kronecker  form,  92,  138,  151-3,  169,  179 
linear  forms  of  divisors,  3,  8-11,  18,  20,  54 

mean  number  of  representations,  38,  39, 

49,  50,  96,  115,  146 

of  genera,  84 

median  value,  83,  84,  95,  123 

minima,  9,  18,  22,  25,  33,  47,  50,  51,  53   120 

175-6,  178,  180,  182,  185-6,  191-3 

neighboring,  12,  15,  23,  24,  36 

null,  39 

number  of  representations,  11,  19,  20,  23, 

26-31,  38,  39,  41,  48,  50,  51,  54,  97,  115, 

117,  123,  178  (single  one,  18,  22,  25,  30, 

47)  (see  mean) 
by  a  system  of  forms,  96-7,  99, 

115,  117,  123,  146-7,  178 

odd,  93 

opposite,  12,  15,  64 

order,  26,  80-88,  94,  95,  114,  124,  135,  175 

p-adic  coefficients,  202 

parallel,  78 

period,  16,  23-25,  31,  35,  37,  40,  42,  53,  64, 

67,  85,  104,  188 

polynomial  coefficients,  198,  201 
positive,  17,  73 
primitive,  80,  92,  138 


principal  class,  64,  70 
—  redu 


luced,  23,  32,  49,  51,  52,  185-6,  191, 
200 
properly  primitive,  62,  80 

quadratic  divisor,  10,  11,  18,  93,  103 
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Binary  quadratic  forms  —  Cont. 

reciprocal,  11 

reduced  (see  equivalence,  principal),  6,  9, 
10,  14-16,  22,  24,  25,  28,  30,  31,  35,  37,  39, 
41,  43,  44,  48-53,  85,  94,  123,  157,  163,  175, 
184,  188,  198,  200-2 

—  parallelogram,  21 

representation  (see  mean,  number),  2,  6, 
11-23,  25,  26,  28,  29,  31,  32,  34,  35,  38, 
39,  41,  44,  49-51,  54-59,  66,  67,  81,  86,  99, 
198,  201 

—  belongs  to  root,  12,  14,  66 

—  by  ternary  (see  ternary) 

—  ,  proper,  improper,  2,  3,  5,  9,  77 
representatives  of  classes,  97,  99-100,  106, 

123-4,  138,  147-8,  153,  155,  169,  178,  181, 

192 

restricted,  74,  77 
roots  of,  24/27,  30,  43,  51 

schlicht,  74,  77,  155 
simplest,  74,  82,  95 
species,  198-9 
subaltern  class.  126 
symbols,  93,  108-9,  123,  127 

tables  5,  8,  10,  11,  20,  22,  31,  40,  49,  50,  54, 
56,  57,  59,  85,  89-91,  93-5,  97,  109,  111, 
150,  "172,  187-8,  196 

transformations  (all)  into  another  form, 
13,  15-17,  21,  25,  47-48,  105,  198,  201 

trinary  divisor.  11 

triplication,  103 


.  5,  7,  10,  15,  17,  51,  55-57,  59,  60, 

111,  122,  134-5,  142-5,  162,  175-7,  191 
xz  +2y*,  3-5,  7-10,  15,  17,  19,  20,  23-25.  29, 

35,  37-39,  42,  46,  47,  49,  51,  54,  56-59, 

134,  145 
x*  +  Zy\  3-5,  15,  17,  20,  23,  25,  29-31,  35, 

38,  42,  46,  47,  54-59,  134,  162 
x2  ±  5y*,  3,  7,  29,  53,  57,  59 
xs-yz,8 
y?  —  2y2,  3,  7,  9,  10,  19,  25,  29,  35,  47,  50,  54, 

59,  135,  161,  175,  191 
x*+xy±y\  45,  47,  48,  59 
x2  +  27y2,  55,  57-59 

Biquadratic  character,  17,  55,  57 

—  reciprocity,  18 

Class  number  of  binary  quadratic  forms 

approximation,  153.  164 

arithmetical  methods,  134,  157,  184 

as  coefficient,  124-5,  134-5,  143-5,  160,  188, 

190,  195 

as  exponent  of  —  1,  103,  182 
asymptotic  mean.  133-4,  143,  146,  184-5 

—  median,  95,  123,  143-4,  151 

by  correspondence  with  ideals,  125.  159, 
192,  197 

complex  coefficients,  203-5 
computation  formulas,  157,  170,  188 
congruencial   conditions  on    (see  parity), 

94,  117,  151.  164-5,  182 
--  modulo  2m,  155,  171,  179-80 
--  modulo  3,  103,  159 
--  modulo  8,  164 
convention,  109 


Class  number  of  binary  quadratic  forms — 

Cont. 
determinant  negative,  92-136,  140-50,  154- 

5,  157-67,  171-9,  181-97 
fundamental,  93,  97-8,  100-3,  118-9, 

124-5,   132-3,   154-5,   158,   166-7,   171-3, 

182 

—  positive,   94-7,   99-105,    107,    111,    115, 
117-20,  150,  185-6 

fundamental,  100-2,  107,  118-9 

—  prime,  97-8,  102-3,  119,  122,  125,  132-5, 
154,  158,  166-7,  171-3,  182 

discriminant  negative,  137-40,  146-7,  151- 
8,  162,  16&-71,  178-9,  181,  183-4 

fundamental,  93,  137,  14&-7,  151-8, 

162,  169,  178-9,  181,  183 

—  positive,  137-40,  151,  153,  169-70 
fundamental,  137,  151,  164 

—  prime,  155 

—  product  of  fundamental  discriminants, 
169,  170,  179-81 

divisible  by  three,  103,  159 

even  classes,  127,  130-2,  137,  142-3,  150, 

161-2,  176-7,  184,  189,  196 
restricted  by  Humbert,  193 

formula  analogous  to  Gauss  sums,  170 

—  of  Cauchy,  103,  124,  169 

Lebesgue,    103,   118,   151,   155,   169, 

171,  179 
fundamental   equation   of   Dirichlet,    100, 

138,  152-3,  166.  169 

—  formulas  of  Kronecker,  139,  148,  151 

Gauss  problem  (see  ratio),  95,  114 

improperly  primitive  classes,  99.  100,  103, 
105,  107,  109-10,  124,  126-7,  135,  148-50, 
175,  181 

indefinite  forms.  120 

involving  minima,  120-1,  175,  186 

limit  ratio  of  Kronecker,  148,  165 
linear  function  of  divisors,  186,  195 
lower  bound  of,  178 

odd  classes  (see  properly),  111-16.  121-5, 
130,  133-6,  14&-4,  147,  160-2,  175-7,  185- 
97 

,  Humbert's  restricted,  192-3 

>  Joubert's  restricted.  111 

of  D  in  terms  of  h(—  D),  140,  153 

parity    (see    congruencial),   94,    107,    117, 

151,  155.  164-5,  179 
primitive,  138-40,  146-7,  152-9,  163-4,  168- 

71,  178-81,  183-4 
properly  primitive,  97-104,  107.  Ill,  115, 

117-20,  122-7,  132-3,  135.  148.  150,  154-5, 

159-60,  163-8,  172-4,  178-9,  181-2 
product  of  class  numbers,  171 

ratio  of  class  numbers  for  different  orders 

(see  CMUSS  problem),  109,  114,  124,  135, 

148,  175,  203-5 
rmirn-nrc    formula    (see    relations),    191, 

105 
relations  (see  sum),  92,  105-6,  108-17,  121- 

2     124-5.   128-38,   140-5,   149-50,   160-2, 

174-7,  185-91,  195-7 
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Class  number  of  binary  quadratic  forms — 

Cont. 

relations,    arithmetical    deduction,    114-7, 
174,  183,  185,  190,  197 

—  involving  minima,  176-8,  180,  186,  193 
indefinite,  form,  135,  162,  175,  191 

— ,  Kronecker-Hurwitz     type     of,     124-5, 

145,  162,  175 

— ,  Liouville's  first  type  of,  121,  161,  175 
— ,  —  second  type  of,  121,  161,  175 

—  of  grade  (126)  one,  130,  140,  149 

two,  106,  128,  161,  191 

three,  132,  150,  177,  191 

four,  128 

five,  127,  132,  150,  186-7 

seven,  128,  132,  141-2 

eight,  128,  140 

eleven,  132,  137-8 

thirteen,  132 

sixteen,  128 

-  q  a  prime,  140-2,  150 
— ,  reversion  of,  195-6 

same  formula  for  Cl(Do)  and  Cl( — Do), 

139,  152 
similar  formulas  for  h(D)   and  h( — D), 

119 

square  of  class  number,  171,  173 
sum  of,  133,  136,  143-4,  147,  158,  168-70, 

184 

unity,  163-4,  183-4,  186 
upper  bound  of,  172-4 

Classes  of  forms  modulo  p,  294-5 

Cogredient,  130,  285-6,  297,  301 

Combinants,  295 

Conies  modulo  p,  297,  299 

Continued  fractions,  10,  15,  16,  18,  19,  21, 

24-26,  28,  30,  32,  33,  35,  37,  41,  44,  48,  49, 

51,  53,  54,  200-1,  219 
Covariant,  33,  293-301 
Crystallography,  224 
Cubic  curves  modulo  p,  297 
Cubic  forms,  253-268 

and  algebraic  numbers,  258 

modulo  p,  299-301 

tables,  255,  258 

Cubic  residue,  58,  159,  292 

—  surfaces  modulo  p,  299 

Cyclotomy,  55-58,  98,  102,  117-8,  151,  166, 
170-3,  179 

Decomposable  forms,  235-6,  259,  261,  263-6 
Determinant    (see   binary,   forms,  ternary), 

68,  78,  155,  236,  268,  290-1,  294,  296 
Dirichlet  series,  97,  128-9,  13&-40,  147-8,  157, 

165,  1883  192 
Divisors,  functions  of,  23,  29,  108-9,  115,  122, 

128,  130-1,  136,  142,  176-7,  180-1,  186, 

189,  193,  196 

Elementary  chord,  42 

—  divisor,  285 

—  triangle,  42,  167 

Elliptic  function,  20,   105,   106,   108-9,   113, 

121,  134,  136,  162,  185-6,  204 
.  complex  multiplication  of,   105,   120, 

151 


Elliptic    modular    function,    32,    36,    125-8, 
130-1,  140-1,  148,  150,  197 

—  modulus,  94,  105-111,  120,  126 
Equivalent  numbers,  32,  44,  53 

,  relatively,  126,  140-1 

Euler's  constant,  45,  84,  146,  164,  184 

Factoring,  8 

Farey  series,  42,  43,  53 

Form  problem,  296 

Forms  never  =0  (inod  p),  292 

Forms  of  degree  n  >  4",~  262-8 

composition,  268 

continual  reduction,  262-3,  266- 

8 
determinant,  263 

—  — geometrical,  266-8 

Forms  representing  only  cubic  residues,  292 

quadratic  residues,  292 

Fourier  series,  98,  137 

Gamma  function,  42,  129,  157-8,  164-5,  170, 

243,  245,  251-2 

Gauss  sums,  101,  117,  152,  158,  168,  170 
Genus    of   surface,    modular   function,    and 

sub-group,  127-8,  132 
Greatest  integer  symbol,  37,  132-3,  136,  146, 

244 

,  generalized,  181 

1  modified,  156,  168 

•Geometry    (see    binary,    forms,   Hermitian. 

lattice,  modular,  quadratic,  ternary) 
Group  (see  modular),  40,  53,  69,  70,  85,  86, 

90,  126^8,  132,  152,  197,  199,  201-2,  221-2, 

224,  230,  232,  244-5,  270-2,  274,  276,  278, 

281-3,  289,  294-6,  300 

Hermitian  forms,  binary,  269-278 

class  number,  273,  276-7 

continual  reduction,  271,  273 

geometrical,  271-2,  274 

measure,  275,  277-8 

number  of  representations,  273-5,  277 
Hermitian  forms  in  n  variables,  279-283 

continual  reduction,  282 

determinant,  280 
Hyperabelian  curve,  88 

Icosahedron  equation,  126-7,  150 

Infinite  series  (see  Dirichlet),  20,  23,  29,  33, 

35,  36,  39,  42,  46,  47,  51,  84,  98,  118,  137, 

154,  158,  168,  179 
Integral,  normalized,  140-1 
Invariant    (see  binary,   modular,  quadratic 

forms) 

—  equation,  149 

—  sub-group,  40,  128,  132 

Largest  square  <  x,  133 

Lattice,  17,  21,  33-35,  41,  45,  72,  73,  96-99, 

184-5,  212,  218,  233,  245 
Legendre's  symbol  (a/b),  11 
,  generalized  by  Kronecker,  138,  151, 

183 
Linear  (see  binary,  substitution,  ternary) 

Markoff  numbers,  50 
Matrices,  63,  68,  284-8 
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Modul,  70,  73,  128 

Modular  correspondence,  128,  130-2,  140-2 

—  curve,  126.  150 

—  equation,  105-7,  110,  120,  125-6,  128,  130, 

140,  148-150 

—  function  (see  elliptic) 

—  geometry,  297-300 

—  group,  51,  125-7,  130-1,  140,  197,  274 

—  invariants,  293-301 

Moebius  function  /*,  123,  147,  152,  169 

Pell  equation,  13,  15,  16,  28-30,  90,  95,  100, 

102^5,  117,  120,  138,  160,  203-5 
Primary  complex  number,  203 
Prime,  test  for,  22 

Quadratic  characters  in  a  half  interval,  98, 
101-3,  122,  137,  151,  170,  173,  182-3,  196 

third  interval,  157,  172 

quadrant,  97,  101,  157,  172,  178,  196 

sextant,  165,  172 

octant,  97,  101,  125,  172 

tenth  interval,  165 

twelfth  interval,  97,  157 

twenty-fourth  interval,  165 

gth  interval,  172 

Quadratic  forms  (see  binary,  class  number, 
ternary,  quaternary) 

in  n  variables  modulo  p,  294,  297-9 

Quadratic   forms   in  n  variables,   44,  234- 
252 

automorphs,  236.  244-5,  248,  252 

characters,  238,  241-2 

classes,  234-5,  240,  242 

concomitant,  237 

equivalence,  234,  240,  244-5,  247-8 

—  modulo  m,  241 

—  of  pairs,  251 
extreme,  239,  243,  247,  250 
genera,  236,  238,  241-2 
geometrical,  247,  249-251 
invariants,  244 

mass  (see  weight) 

minima,  235,  239,  245,  249,  251 

number  of  representations,  196,  236-7,  243, 

252 

,  mean,  239,  243,  252 

order,  238,  241 

perfect,  249 

reduced,  234-5,  237,  240,  242-5,  247,  250 

representation  (see  number),  236,  240,  242, 

244,  246 

weight,  238,  242-3 
with  given  automorph,  248 
Quadratic  residue  (see  reciprocity),  11,  12, 

49.  57,  81,  97,  98,  101,  103,  137,  140,  154, 

156,  159-60,  165,  169,  172-4,  181-2,  196, 

292 

Quartic  curves  modulo  p,  297,  299 
Quaternary  quadratic   forms,  225-233 
automorphs,  232-3 
classes,  232 

composition,  226,  231-3 
minima,  229,  233 
number  of  representations  by,   138,   163, 

177.  187,  225,  227-233 
reduction,  230,  232-3 
representing  all  positive  integers,  225,  227, 

229,  233 
tables,  230 


Reciprocity   law   quadratic   residues,    1,    10, 

11,  18,  83,  84,  199 
Representation  by  polynomials  modulo  p. 

289-292 

Riemann  surface,  126,  130,  140,  142 
Right  triangle,  2 

Smith-curve,  126 
Squares,  largest  <  x,  133 
Substitutions 

Abelian,  246 

adjoint,  207 

analytic  representation  of,  289-292 

classified,  282 

elliptic,  197,  282 

equivalent,  104,  214 

even,  53 

identity,  16 

incongruent  modulo  m,  243 

linear,  284-8 

normal,  32,  126 

proper,  improper,  12 

rational  coefficients,  88,  216,  238,  247-8 

reduced,  240,  260 

representative,  127-8,  131,  141,  149 

similar,  214 

transposed,  207 

Sum  of  squares,  136,  196 

2  squares  (see  binary) 

3  squares,  109,  113,  133,  144,  161,  185-6. 

194,  206,  211,  214 
4  squares,  138,  144,  163,  177,  187,  189, 

236 

Symbols,  (a,  b,  c),  2;  (£§),  24,  207;  (J  Jf), 
206;  Legendre's  (fc/e),  11  (note)  ; 
Jacobi's  (m/P)=:(m/p)(m/p')  .... 
if  P  is  a  product  of  odd  primes  p,  p', 
.  .  .  ,  84;  Kronecker's  (D//i),  138,  179; 
Of(x),  123;  n(x),  123;  val(u),  125; 
Symbols  Cl,  etc.,  for  class  number,  93; 
theta  function  symbols,  93-94;  ./(«), 
126;  ;'(«),  148;  [x]=E(x),  132,  181; 
E*(x),  156;  #(£>)=  fundamental  unit, 
138;  A,  139;  d\m,  168;  T,  U  least  posi- 
tive solutions  of  x*  —  Dy*  =  1,  95;  norm 
N,  198;  [fe/m],  203;  <Kn)=sum  divisors 
of  n,  23,  227;  (a,  b,  c,  d)=  cubic  form, 
253;  (au)=  matrix,  284;  GF[p»],  293; 
L,  Q,  invariants,  295 ;  r  ordinary  gamma 
function;  Euler's  <f>(n}  denotes  the 
number  of  positive  integers  not  exceed- 
ing n  which  are  prime  to  n. 

Tables   (see  binary,  cubic,  quaternary,  ter- 
nary) 
Ternary  quadratic  forms,  206-224 

adjoint,  206 

algebraic  coefficients,  224 

and  linear  form,  220 

:,utomorphs,  210-1,  213-5,  217-8,  221-4 

characters.  211,  216 

class.  207-8.  211-4,220,222-4 

composition.  215 

contains,  207 

continual  reduction,  214 

contravariant,  215-6 

(l.-fmitr-,  207 
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Ternary  quadratic  forms — Cont. 
density  (see  weight) 
determinant,  206 
—  zero,  210 
discriminant,  215 
equivalent,  207,  211,  221-2 
genera,  211~2,  216-7,  219-221 
geometrical,  211-2,  218-9,  223 
indefinite,  207,  214 
mass  (see  weight) 
minima,  222-3 
negative,  207 
null,  219 

number  of  representations,  133,  216,  224 
order,  211 

p-adic  coefficients,  202 
positive,  207,  210 

reduced,  207-8,  210,  212-3,  217-9,  221 
representation   (see  number),  208-9,  216, 

224 
representing  a  binary,  199,  208-9,  216,  220, 

222 


Ternary  quadratic  forms — Cont. 
tables,  210,  212^,  216,  221-2 
weight,  211,  216,  224 
xy  +  xz  +  yz,  115,  160,  196-7,  224 

Theta  function  (see  transformation),  93-94, 
111-4,  134-6,  139-142,  144-5,  154,  160-2, 
166,  175-9,  182,  187-192,  194-5 

expansions,  equating  coefficients  in, 

109,  111-4,  124-5,  134-6,  144-8,  160-2, 
174-8,  181,  187-191,  194-7 

Totient  point,  159 

Transformation  equation,  126 

—  of  theta  functions  of  order  two,  161,  175 

three,  162,  177,  188-190 

five,  162-3,  187 

.  —  Of  several  arguments,  140-2 

Triangular  number,  195-6 

Trilinear  form,  76 

Valence  of  a,  125-6 
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